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630. 

ON    AN    EXPRESSION    FOR    l±sm{2p  +  l)u    IN    TERMS    OF    siiiw. 

[From  the  Messenger  of  Mathematics,  vol,  v.  (1876),  pp.  7,  8.] 

Write  sin  u  —  x,  then  we  have 

,  =   X,  cos    u  =  V(l  - 1^'')> 

.wZu  =  Zx-    4a^,  cos  Sit  =    (1 -4n)!0  V'(l-^). 

in  5m  =  5a!  -  20*^  +  lQx\  cos  5m  =    (1  -  12«=  +  16a7*)  v'(l  -  ^'), 
&c.  &c. 

It  is  hence  clear,  that  in  general 

where    (1,   xf    denotes    a    rational    and    integral    function    of   w    of    the    order   p,   and 
(1,  — ic)P  the  same  function  of  —x;   for  it  is  only  in  this  manner  that  we  can  have 


We,  in  fact,  find 


cos={2p+l)i*  =  (l-a^)l[l,  x^Yf. 

1  +  sin   i(  =  1+  iB, 

l-9in3w  =  (l  +  a;)(l-2a!)^ 

1  +  sin  5m  =  (1  +  «)  (1  +  2a!  -  fe')^ 

1  -  Bin  7m  =  (1  +  a;)  (1  ~  4ai  -  4fl?  +  iia?f. 


and  it  thus  appears  that  the  form  is 

l+(-)Psin(2p  +  l)M  =  (l  +  a7)Kl,  x)v\ 
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To   find   herein   the   expression   of  the   factor   (1,  a:)P,  wiite   w  =  ^7r—  0  and   conseipently 
ai  =  cos  0  ;   we  have  therefore 

1  +  cos  (2p  +  1)  (9  =  (1  +  cos  $)  {{1,  xy]\ 
where   in   the   second   factor  on  the  right-hand  side  te  is  retained  to   stand  for  its  value 
cos  0,     This  gives 

2eosMi'+i)^=2cos=i^{(l,  wy]^ 

or,  what  is  the  same  thing, 

viz.  this  is 

which  is 

We  have 

COS  jj^  + 1  sin^^  =  {a  +  i  V(l  -  *'^)1'' 

=  X  +  i  V(l  —  a?)  y,  suppose, 

where    X,    Y   are    rational    and    integral    functions   of   x    of    the    ordei'S   p    and   p  —  1 
respectively;   that  is, 

cosp^  =  X,     sin  p0  =  sm0.Y, 
and  we  have  therefore 

(1,  ^)»=jr-7(i-«). 

which   is   the  required   expression   for   {I,  xy.     For   instance 

_p  =  3,     X  +  i^(l-a>'')Y=\x  +  i>J(l-a?)Y; 
that  is, 

X=     -Sx  +  4*" 

Y=-l  +  4^,  and  .-.     -(l-a:)Y=l-   a; - fe^  +  4a^ 


so  that  X-(l-m)Y=l-ix-ix'+8af,  ={1,  .-v)', 

and   hence 

1  -  sin  7m  ^(l-\-x)(l-4sc-ia!'+  Sa^f, 

which  agrees  with  a  result  already  obtained. 

The  foregoing  value  of  (1,  asy  may  also  he  ivritten 

(1,  a^)*'=^{sin(p-j-l)^-sinp^j, 

which  however  is  not  practically  so  convenient. 

The  formula  corresponds  to  a  Jike  formula  in  elliptic  functions,  viz.  writing  sinamM  =  a!, 
the  numerator  of  1  -1- (— )J'sinam  (2^+ 1)m  is 

which  is  (1  +  x)  multiplied  by  the  square  of  a  rational  and  integral  function  of  a:. 
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SYNOPSIS    OF    THE    THEORY    OF    EQUATIONS. 

[From  the  Messenger  of  Mathematics,  vol.  v.  (1876),  pp.  S9 — 49.] 

The  foliowing  was  proposed  as  one  of  the  subjects  of  a  Dissertation  for  the 
Trinity  Fellowships: 

Synopsis  of  the  theory  of  equations;  i.e.  a  statement  in  a  logical  order,  of  the 
divisions  of  the  subject  amd  the  leading  questions  and  theorems,  but  without  demonstrations. 

In  the  subject  "Theory  of  Equations,"  the  term  equation  is  used  to  denote  an 
equation  of  the  form  a;"— ^iic"~^+  ...  ±j3n  =  0,  where  pj,  Pi,--,  p,i  are  regarded  as  known, 
and  iC  as  a  quantity  to  be  determined ;   for  shortness,  the  equation  is  written  f(x)  =0. 

The  equation  may  be  numerical;  that  is,  the  coefficients  Pi,p2f,Pn  M'e  then 
numbers;  understanding  by  number,  a  quantity  of  the  form  a  +  ^i,  where  a  and  /3  have 
any  positive  or  negative  real  values  whatever;  or  aay,  each  of  these  is  regarded  as 
susceptible  of  continuous  variation  from  an  indefinitely  large  negative  to  an  indefinitely 
large  positive  value:    and  i  denotes  \/(— !)■ 

Or  the  equation  may  be  algebraic;  viz.  the  coefficients  are  then  not  restricted  to 
denote,  or  are  not  explicitly  considered  as  denoting,  numbers. 

I,     We  consider  first  numerical  equations. 

A  number  a  (real  or  imaginary),  such  that  substituted  for  a;  it  makes  the  fiinetion 
a;"— j5,ic"*'+ ...  j:2)„  to  be  =0,  or  say,  such  that  it  satisfies  the  equation,  is  said  to 
be  a  root  of  the  equation ;  viz.  a  being  a  root,  we  have 

a"— Pi(i''~'+ ... +p„  =  0,  or  say/(a)  =  0; 
and   it   is   then   shown   that   x  —  a   is   a   factor   of  the   function  /{a^},  viz.   that   we   have 
f{a:)  =  (a)-a)f(a:),  where  fi(io)    is  a  function  «"-'  -51*'*-'-+  ...  +  {^.i,  of  the  order  n-1, 
with  numerical  coefficients  gi,  q-.,..,  qn--\- 

1—2 


Hosted  by 


Google 


4  SYNOPSIS    OF   THE   THEORY   OF   EQUATIONS.  [631 

111  general,  a  is  not  a  root  of  the  equation  /^  {x)  =  0;  but  it  may  be  so,  viz. 
/i (as)  may  contain  the  factor  a;  —  a;  when  this  is  so,  /"(ic)  will  contain  the  factor 
{x  —  ay-,  writing  then  f(x)  =  (x~  aff^  («),  and  assuming  that  a  is  not  a  root  of  the 
equation  /^  {x)  =  0,  w  =  a  is  then  said  to  be  a  double  root  of  the  equation.  Similarly, 
f(w)  may  contain  the  factor  (x  —  a)'  and  no  higher  power,  and  then  x  =  a  is  said  to 
be  a  triple  root ;   and  so  on. 

Supposing,  in  general,  that  f{ai)  =  {x—aYF(x),  where  a  is  a  positive  integer  which 
may  be  =1,  and  Fee  is  of  the  order  n  —  a,  then  if  6  is  a  root  different  from  a,  we 
shall  have  x  —  h  a  factor  (in  general  a  simple  one,  but  it  may  be  a  multiple  one)  of 
F{x),  and  f{ai)  will  in  this  case  become  =  (a;  —  a)"  (»■  —  6)*  "I"  (a;),  where  ^  is  a  positive 
integer  which  may  be  =1,  and  ^x  is  of  the  order  w  — a— yS.  The  original  equation 
^  =  0  is  in  this  case  said  to  have  a.  roots  each  =a,  0  roots  each  =  b,  and  so  on. 

We  have  the  theorem,  a  numerical  equation  of  the  order  n  has  in  every  case  n 
roots,  viz.  there  exist  n  numbers  a,  b,...  (in  genei'al,  all  of  them  distinct,  but  they 
may  arrange  themselves  in  groups  of  equal  values)  such  that 

f(x)  =  {x-a)(x-'b){i>:-o)...   identically. 

If  an  equation  has  equal  roots,  these  can  in  general  be  determined ;  the  case  is  at 
any  rate  a  special  one,  which  may  be  here  omitted  from  consideration.  It  is  there- 
fore, in  general,  assumed  that  the  equation  f{x)  ~  0  under  consideration  has  all  its 
roots  unequal.  If  the  coefficients  pi,  p^,...  are  all  or  any  one  or  more  of  them 
imaginary,  then  the  equation  f{x)  =  0,  separating  the  real  and  imaginary  parts,  may 
be  written  F{x)-\-i<^{x)  =  (i,  where  F{x),  <^{x)  are  each  of  them  a  function  with  real 
coefficients;  and  it  thns  appears  that  the  equation  f{x)  =  Q  with  imaginary  coefficients 
has  not  in  genera!  any  real  root ;  supposing  it  to  have  a  real  root  a,  this  must  be 
at  once  a  root  of  each  of  the  equations  F{io)  =  0  and  ^{x)  =  Q. 

But  an  equation  with  real  coefficients  may  have  as  well  imaginary  as  real  roots ; 
and  we  have  further  the  theorem  that  for  such  an  equation  the  imaginary  roots  enter 
in  pairs,  viz.  a  +  ;8i  being  a  root,  then  will  also  a  -  &i  be  a  root. 

Considering  an  equation  with  real  coefficients,  the  question  arises  as  to  the  number 
and  situation  of  its  real  roots ;  this  is  completely  resolved  by  means  of  Sturm's 
theorem,  viz.  we  form  a  series  of  functions  f(x),  f  {(c),  fi{x),..,  f„{x)  (a  constant)  of 
the  degrees  n,  n~l,. . ,  2,  1,  0  respectively ;  and  substituting  therein  for  x  any  two 
i-eal  values  a  and  b,  we  find  by  means  of  the  resulting  signs  of  these  functions  how 
many  real  roots  of/(a;)  lie  between  the  limits  a,  b. 

The  same  thing  can  frequently  be  effected  with  greater  facility  by  other  means, 
but  the  only  general  method  is  the  one  just  referred  to. 

In  the  general  case  of  an  equation  with  imaginary  (it  may  be  real)  coefficients, 
the  like  question  arises  as  to  the  situation  of  the  (real  or  imaginary)  roots,  viz.  if 
for  facility  of  conception  we  regard  the  constituents  o,  j3  of  a  root  a  +  ^i  as  the 
coordinates  of  a  point  in  piano,  and  accordingly  represent  the  root  by  such  point ; 
then  drawing  in  the  plane  any  closed  curve  or  "contour,"  the  question  is  how  many 
roots  lie  within  such  contour. 
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This  is  solved  theoretically  by  means  of  a  theorem  of  Cauehy's,  viz.  writing  in 
the  origiual  equation  x  +  iy  in  place  of  jc,  the  function  f{a;  +  iy)  becomes  =  P  +  liQ, 
where  P  and  Q  are  each  of  them  a  rational  and  integral  function  (with  real  coefEcienta) 
of  (ic,  y).     Imagining  the   point   {x,  y)  to   travel  along   the   contour,  and  considering  the 

number  of  changes   of  sign  from   —   to   +  and   from   +  to   —  of  the  fraction   -=y    corre- 

spending  to  passages  of  the  fraction  through  zero  (that  is,  to  values  for  which  1' 
becomes  =  0,  disregarding  those  for  which  Q  becomes  =  0),  the  difference  of  these 
numbers  determines  the  number  of  roots  within  the  contour.  The  investigation  leads 
to  a  proof  of  the  before- mentioned  theorem,  that  a  numerica!  equation  of  the  order 
M  has  precisely  n  roots. 

But,  for  the  actual  determination,  it  is  necessary  to  consider  a  rectangular  contour, 
and  to  apply  to  each  of  its  sides  separately  a  method  such  as  that  of  Sturm's 
theorem ;  and  thus  the  actual  determination  ultimately  depends  on  a  method  such  as 
that  of  Sturm's  theorem. 

Recurring  to  the  case  of  an  equation  with  real  coefHcients,  it  is  important  to 
separate  the  real  roots,  viz,  to  determine  limits,  such  that  each  real  root  lies  alone 
by  itself  between  two  limits  I  and  m.  This  can  be  done  (with  more  or  less  difficulty 
according  to  the  nearness  of  the  real  roots)  by  repeated  applications  of  Sturm's 
theorem,  or  otherwise. 

The  same  thing  would  be  useful,  and  can  theoretically  be  effected,  in  regard  to 
the  roots  of  an  equation  generally,  viz.  we  may,  by  lines  parallel  to  the  axes  of 
X  and  y  respectively,  divide  the  plane  into  rectangles  such  that  each  (real  or  imaginary) 
root  lies  alone  by  itself  in  a  given  rectangle;  but  the  ulterior  theory,  even  as  regards 
the  imaginary  roots  of  an  equation  with  real  coefficients,  has  not  been  developed,  and 
the  remarks  which  immediately  follow  have  reference  only  to  equations  with  real 
coefficients,  and  to  the  i-eal  roots  of  such  equations. 

Supposing  the  roots  separated  as  above,  so  that  a  certain  root  is  known  to  Lie 
alone  by  itself  between  two  given  limits,  then  it  is  possible  by  various  processes 
(Horner's,  or  Lagrange's  method  of  continued  fractions)  to  obtain  to  any  degree  of 
approximation  the  numerical  value  of  the  real  root  in  question,  and  thus  to  obtain 
(approximately  as  above)  the  values  of  the  several  real  I'oots. 

The  real  roots  can  also  frequently  be  obtained,  without  the  necessity  of  a  previous 
separation  of  the  roots,  by  other  processes  of  approximation— Newton's,  as  completed 
by  Fourier,  or  by  a  method  given  by  Encke— and  the  problem  of  their  determination 
to  any  degree  of  approximation  may  be  regarded  as  completely  solved.  But  this  is 
far  from  being  practically  the  case  even  as  regards  the  imaginary  roots  of  such 
equations,  or  as  regards  the  roots  of  an  equation  with  imaginary  coefficients. 

A  class  of  numerical  equations  which  need  to  be  considered,  are  the  binomial 
equations  ic"  — a  =  0,  where  a,  =a  +  ^i,  is  a  complex  number.  The  foregoing  conclusions 
apply,  viz.  there  are  always  n  roots,  which  it  may  be  shown  are  all  unequal.     Supposing 
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one  of  these  is  0,  so  that  ^  =  a,  theii,  assuming  x  =  dy,  we  have  j/"  —  1  =  0,  which 
equation  (like  the  more  general  one  a;"  —  a  =  0)  has  precisely  n  roots ;  it  is  shown 
that  these  are  1,  a,  m', ..,  m""',  where  w  is  a  complex  number  a  +  /9i  such  that 
a?  +  ^  =  l,  or,  what    is    the    same    thing,  a    complex  number    of  the    form    cos^  +  »sin^; 

and    it    then    at    once    appears    that    0   may    be    taken    =  — .     We    have    thus    the 

trigonometrical  solution  of  the  equation  a:"  —  1  =^  0,  We  may  also  obtain  a  like 
trigonometrical   solution    of    the    first- mentioned    equation   «"  — a  =  0.     We   are   thus   led 

to  the  notion  {a  numerical)  of  the  radical  a",  regarded  as  an  w-valued  function,  viz. 
any  one   of  these   being   denoted   by  \/(a),  then   the   series   of  values   is 

</(»),  »<y(i.),..,  »— ^(o). 

Or  we  may,  if  we  please,  use  v^(a),  instead  of  a",  as  a  symbol  to  denote  the  )t-valued 
function. 

It  is  not  necessary,  as  regards  the  equation  ic"  —  1  =  0,  to  refer  here  to  the 
distinctions  between  the  cases  n  a  prime,  and  a  composite,  number. 

As  the  coefficients  of  an  algebraical  equation  may  be  numerical,  all  which  follows  in 
regard  to  algebraical  equations,  is  (with,  it  may  be,  some  few  modifications)  applicable 
to  numerical  equations;  and  hence,  concluding  for  the  present  this  subject,  it  will  be 
convenient  to  pass  on  to  algebraical  equations. 

II,     We   consider,  secondly,  an  algebraical  equation 

a^'-piic"-i -)-...  =0, 

and  we  here  assume  the  existence  of  roots,  viz.  we  assume  that  there  ai-e  n  quantities 
a,  b,  c, ...  (in  general,  all  of  them  different,  but  in  particular  cases  they  may  become 
equal  in  sets  in  any  manner),  such  that 

^--fts."+....(a.-»)(-t-6).... 

Or,  looking  at   the   question   in   a   different   point  of  view,  and   starting   with   the   roots 

a,   b,   c,...    as   given,   we   express   the   product   of  the   n  factors    ai~a,   x  —  b,...   in   the 

foregoing   form,  and   thus    arrive    at   an    equation  of    the   order  n   having    the   n    roots 

a,  b,  c In  either  case,  we  have 

p,  =  Xa,  Pi  =  2a&, . . ,  i>n  =  <ibc ..., 

viz.  regarding  the  coefficients  p,,  pi,..,  pn  as  given,  then  we  assume  the  existence  of 
roots  a,  b,  c, . . .  such  that  p,  =  2a,  &c.,  or  regarding  the  roots  as  given,  then  we  write 
p,,  p3,  &c.,  to  denote  the  functions  Xa,  Xab,  &c. 

It  is  to  be  noticed  that,  in  virtue  of 

ic" - p^x-^-'  +  ...^{x-a){a;-b%  &c.. 
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or  of  the  equivalent  equations  p,  =  Sa,  &c.,  then 

«''-^ia"-'  +  ...=0, 

b"  -pj}"-'  +  ...  =0, 

&c., 

(viz.   it  is   for   this    reason   that   a,    b,...    are   said   to   be   roots   of   a^"  —  pt®""' +  . . .  =  0) ; 

and,  moreover,  that   conversely  from   the   last-mentioned  equations,  assuming  that  a,  b,... 

are  ail  different,  we  deduce 

P,  =  Xa,  pi  =  Xab,  Sdc, 
and 

a,'-p,^'-  +  ....(^-a)(^-b).... 

Obsei-ve  that,  if  for  instance  a~b,  then  the  two  equations  a'" —p,a^~^  + ...  =0, 
&"— Pi6"~'-|- ...  =  0  would  reduce  themselves  to  a  single  equation,  which  would  not  of 
itself  express  that  a  was  a  double  root,  that  is,  that  (x  —  ay  was  a  factor  of 
a:"  —  p,a^^  +  &G. ;  but  by  considering  b  as  the  limit  of  a  +  h,  h  indefinitely  small,  we 
obtain  a  second  equation 

„„.^._(„_l)j,,„.-.  +  ...=0. 

which,  with  the  first,  expresses  that  ra  is  a  double  root;  and  then  the  whole  system 
of  equations  leads,  as  before,  to  the  equations  p,  =  Sa,  &c.  But  this  in  passing :  the 
general  case  is  when  the  roots  are  all  unequal. 

We  have  then  the  theorem  that  every  rational  symmetrica!  function  of  the  roots 
is  a  rational  function  of  the  coefficients;  this  is  an  easy  consequence  from  the  less 
general  theorem,  eveiy  rational  and  integral  symmetrical  function  of  the  roots  is  a 
rational  and  integral  function  of  the  coefficients. 

In  particular,  the  sums  of  powers  Sa",  Set*,  &c.,  are  rational  and  integral  functions 
of  the  coefficients. 

An  ordinary  process,  as  regards  the  expression  of  other  functions  Swi^,  &e.,  in 
terms  of  the  coefficients,  is  to  make  them  depend  on  the  functions  So.',  &c.,  but  this 
is  verp  objectionable;  the  true  theory  consists  in  showing  that  we  have  systems  of 
equations 

f    w-  =  Xab, 


pi 

'=2i 

^=  + 

iXab, 

p. 

. 

iabc, 

IP. 

= 

■Za-b  +  S-Zcihc, 

p.' 

'-t. 

i^  + 

3S(j"6  +  eiabe. 

&c., 

&c. 

where,  in  each  system,  there  are  precisely  as  many  equations  as  there  are  root-functions 
on  the  right-hand  side,  e.g.  3  equations  and  3  functions  Xabc,  Sa'6,  2a'.  Hence,  in 
each  system,  the  root-functions  can  be  determined  linearly  in  terms  of  the  powers  and 
products  of  the  coefficients. 
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It  follows  that  it  is  possible  to  determine  an  equation  (of  an  assignable  order) 
having  for  roots  any  given  (unsymmetrical)  functions  of  the  roots  of  a  given  equation. 
For  example,  in  the  case  of  a  quartic  equation,  I'oots  (a,  6,  c,  d),  it  is  possible  to  find 
an  equation  having  the  I'oots  ab,  ac,  ad,  be,  bd,  cd,  being  therefore  a  sextic  equation ; 
viz.  in  the  product  {y  —  ah)  {y  —  ac)  (y  —  ad)  {y  —  be)  {y  —  hd)  (y  —  cd),  the  coeflicients  of 
the  several  powers  of  y  will  be  symmetrical  functions  of  a,  b,  c,  d,  and  therefore 
rational  and  integral  functions  of  the  coefficients  of  the  original  qitartic  equation. 

In  connexion  herewith,  the  question  arises  as  to  the  number  of  values  (obtained 
by  permutations  of  the  roots)  of  given  unsymmetrical  functions  of  the  roots ;  for  instance, 
with  roots  (a,  b,  c,  d)  as  before,  how  many  values  are  there  of  the  function  ab  +  cd; 
or,  better,  how  many  functions  are  there  of  this  form ;  the  answer  is  3,  viz.  ab  +  cd, 
ac  +  bd,  ad  +  bc;  or,  again,  we  may  ask  whether  it  is  possible  to  obtain  functions  of  o 
given  number  of  values,  3-valued,  4-valued  functions,  &c. 

We  have,  moreover,  the  very  important  theorem  that,  given  the  value  of  any 
unsymmetrical  function,  e.g.  ab  +  cd,  it  is  in  general  possible  to  determine  I'ationally 
the  value  of  any  similar  function,  e.g.  (a  +  bf  +  (o  +  df. 

The  a.  priori  ground  of  this  theorem  may  be  illustrated  by  means  of  a  numeiical 
equation.  Suppose,  e.g.  that  the  roots  of  a  quartic  equation  are  1,  2,  3,  4 ;  then  if  it 
is  given  that  ab  +  cd=li,  this  in  effect  determines  a,  b  to  be  1,  2  (viz.  ffl  =  l,  6  =  2, 
or  else  a  =2,  &  =  1)  and  c,  d  to  be  3,  4  (viz.  c  =  3,  d  =  i,  or  else  c  =  4,  (J=3);  and 
it  therefore  in  effect  determines  (a  +  6)^  +  (c  +  d)'  to  be  =  370,  and  not  any  other 
value.  And  we  can  in  the  same  way  account  for  cases  of  failure  as  regards  particular 
equations ;  thus,  the  roots  being  1,  2,  3,  4,  as  above,  a^b  =  2  determines  a  to  be  =  1 
and  b  to  be  =  2 ;  but  if  the  roots  had  been  1,  2,  4,  16,  then  a^b  =  16  does  noi 
uniquely  determine  a  and  b,  but  only  makes  them  to  be  1  and  16,  or  else  2  and  4, 
respectively. 

As  to  the  d  posteriori  proof,  assume,  for  instance,  ti  =  ab  +  cd,  ^i  =  (a  +  b)'  +  (c  +  d)", 
and  so  (2  =  ac  +  db,  y2  =  (a  +  c)'  +  (d  +  b)',  &c. — in  the  present  ease  there  are  only  the 
functions  (,,  (3,  ^3  and  y^,  y^,  y, — then  yi  +  y^  +  y,,  tiyi  +  t^yi  +  tiya,  t^^  +  t^^ys  +  U^y,  will 
be  respectively  symmetrical  functions  of  the  roots  of  the  quartic,  and  therefore  rational 
and  integral  functions  of  its  coefficients,  that  is,  they  will  be  known. 

Imagine,  in  the  first  instance,  that  (,,  t^,  t,  are  all  known;  then  the  equations 
being  linear  in  y^,  y^,  y^,  these  can  be  expressed  rationally  in  terms  of  known  functions 
of  the  coefficients  and  of  (j,  (2,  (5,  that  is,  y-,,  y^,  y^  will  be  known.  But  observe 
further,  that  y^  is  obtained  as  a  function  of  f,,  %,  t^  symmetrical  as  regards  ij,  (j; 
it  can  consequently  be  expressed  as  a  rational  function  of  (,  and  of  *3  +  (j,  t^ti,  or, 
what  is  the  same  thing,  of  (,  and  ti  +  lk  +  U,  (jij  +  *i(j  +  ^3(3,  ^3^;  but  these  last  will 
be  symmetrical  functions  of  the  roots,  and  as  such  expressible  rationally  in  terms  of 
the  coefficients ;  that  is,  y,  will  be  expressed  as  a  rational  function  of  (1  and  of  the 
coefficients,  or,  t^  being  known,  1/1  will  be  rationally  determined. 

We  may  consider  now  the  question  of  the  algebraical  solution  of  equations,  or, 
more  accurately,  that  of  the  solution  of  equations  by  radicals. 
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In  the  case  of  a  quadric  equation  x'^  +  px  +  q  =  0,  we  can  find  for  w,  by  the 
assistance  of  the  sign  V(  )  or  (  f,  an  expression  for  a;  as  a  two-valued  function 
of  the  coefficients  p,  q,  such  that,  substituting  this  value  in  the  equation,  the  equation 
is  thereby  identically  satisfied,  viz.  we  have 


«!  =  ~ip  +  V(ip'-?), 

+  1  =        +? 

-s) 

af+p^J  +  q    =0, 

and  the  equation  is  on  this  account  said  to  be  algebraically  solvable,  or,  more  accurately, 
to  be  solvable  bi/ radicals.  Or  we  may,  by  ^vriting  x  =  —  ^p  +  2,  reduce  the  equation 
to  s^^^p^  —  q,  viz.  to  an  equation  of  the  form  s'=a,  and,  in  vii'fcue  of  its  being  thus 
reducible,  we  may  say  that  the  equation  is  solvable  by  radicals.  And  the  question  for 
an   equation   of  any  higher   order   is,  say  of  the   order  n,  can  we  by  means   of  radicals, 

that  is,  by  aid  of  the  sign  ^(  )  or  (  )",  using  as  many  as  we  please  of  such 
signs  and  with  any  values  of  in,  find  an  )i-valued  function  (or  any  function)  of  the 
coefficients,  which  substituted  for  tv  in  the  equation  shall  satisfy  it  identically. 

It  will  be  observed  that  the  coeSicients  p,  q,...  are  nob  explicitly  considered  as 
numbers,  but  that  even  if  they  do  denote  numbers,  the  question  whether  a  numerical 
equation  admits  of  solution  by  radicals  is  wholly  unconnected  with  the  before-mentioned 
theorem  of  the  existence  of  the  n  roots  of  such  an  equation.  It  does  not  even  follow 
that,  in  the  case  of  a  numerical  equation  solvable  by  radicals,  the  algebraical  expression 
of  jc  gives  the  numerical  solution;  but  this  requires  explanation.  Consider,  first,  a 
numerical  quadric  equation  with  imaginary  coefficients ;  in  the  formula  ie  =  —  ^p±  i\l{^p^  —  q), 
substituting  for  p,  q  their  given  numerical  values  we  obtain  for  x  an  expression  of  the 
form  x=a  + ^i±\/(^  +  hi),  where  a,  /3,  y,  S  are  real  numbers;  this  value  substituted 
in  the  numerical  equation  would  satisfy  it  identically  and  it  is  thus  an  algebraical 
solution ;  but  there  is  no  obvious  d  priori  reason  why  the  expression  ^(7  +  ^)  should 
have  a  value  =c  +di,  where  c  and  d  are  real  numbers  calculable  by  the  extraction 
of  a  root  or  roots  of  real  numbers ;  it  appears  upon  investigation  that  VCy  +  Si)  has 
s\)ch  a  value  calculable  by  means  of  the  radical  expression  -^{^(7'  +  S')  ±  7} ;  and  hence 
that  the  algebraical  solution  of  a  quadric  equation  does  in  every  case  give  the 
numerical  solution  of  a  numerical  quadric.  The  case  of  a  numerical  cubic  will  be 
considered  presently. 

A  cubic  equation  can  be  solved  by  radicals,  viz.  taking  for  greater  simplicity  the 
cubic  in  the  reduced  form  a?—  qx  —  r  =  0,  and  writing  x  =  a  +  h,  this  will  be  a  solution 
if  only  ^ah  =  q,  and  a'-^-V^r,  or  say  ^{w'  +  })')  =  \r;   whence 
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and  therefore 

a   six-valued   function   of  q,  r.     But   then   writing   h  —  ~-,   we   have,   as   may  be   shown, 

a  +  h  a  three-valued  tunction  of  the  coefficients ;  it  would  have  been  wrong  to  com- 
plete the  solution  by  writing  h  =  ^{\r±tj{\r'  —  -^(f)],  since  here  {a  +  h)  would  be 
given  as  a  9-valued  function,  having  only  3  of  its  values  roots,  and  the  other  6  values 
being  irrelevant.     An    interesting    variation    of    the    solution   is   to   write   (e  =  ah(a  +  b), 


giving   a^b^ia 

.=  +  6')  =  '-  and 

So*  =  5 

',  or  say 

i(« 

'  +  h')  =  i-,  a-b 

!««■ 

-¥)]•  = 

|<* 

'■•-*«, 

and  therefore 

-^K^ 

4v«.. 

-A9-)}. 

!.= 

■7Ki^« 

-iVrtf, 

and  here  although  a,  b  are  each  of  them  a  6-valued  function,  yet,  as  may  be  shown, 
ab  (a  +  b)  is  only  a  3-valued  function. 

In  the  case  of  a  numerical  cubic,  even  when  the  coefficients  are  real,  substituting 
their  values  in  the  expression 

'«-^lir±VGi--A«l  +  [i!-^H'-+V(ir'-,V?'))J 

this  may  depend  on  an  expression  of  the  form  ^(y  +  Bi),  where  7  and  S  are  veal 
numbers  (viz.  it  will  do  so  if  ^r^-^^  is  a  negative  number),  and  here  we  cannot 
by  the  extraction  of  any  root  or  roots  of  real  numbers  reduce  v''(7  +  ^0  to  the  form 
c  +  di,  e  and  d  real  numbers ;  hence,  here  the  algebraical  solution  does  not  give  the 
numerical  solution.  It  is  to  be  added  that  the  case  in  question,  called  the  "  irreducible 
case,"  is  that  wherein  the  three  roots  of  the  cubic  equation  are  all  real ;  if  the  roots 
are  one  real  and  two  imaginary,  then,  contrariwise,  the  quantity  under  the  cube  root  is 
teal,  and  the  algebraical  solution  gives  the  numerical  one. 

The  irreducible  case  is  solvable  by  a  trigonometrical  formula,  but  this  is  not  a 
solution  by  radicals;  it  consists,  in  effect,  in  reducing  the  given  numerical  cubic  (not 
to  a  cubic  of  the  form  z^  =  a,  solvable  by  the  extraction  of  a  cube  root,  but)  to  a 
cubic  of  the  form  ^sd'  —  Sx  =  a,  corresponding  to  the  equation  4  cos'  ^  —  3  cos  6  =  cos  3^ 
which  serves  to  determine  cos  B  when  cos  SO  is  known. 

A  quartic  equation  is  solvable  by  radicals ;  and  it  may  he  remarked,  that  the 
existence  of  such  a  solution  depends  on  the  existence  of  3-valued  functions  such  as 
ab  +  cd,  of  the  four  roots  (a,  b,  c,  d);  by  what  precedes,  ab  +  cd  is  the  root  of  a  cubic 
equation,  which  equation  is  solvable  by  radicals ;  hence  ab  -j-  cd  can  be  found  by  radicals ; 
and  since  abed  is  a  given  value,  ab  and  cd  can  each  be  found  by  radicals.  But  by 
what  precedes,  if  ab  be  known,  then  any  similar  function,  say  a  +  b,  is  obtainable 
rationally ;    and,    consequently,    from    the    values    of    a  +  b    and    ab    we    may    by    radicals 
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obtain  the  value  of  a  or  h,  that  is,  an  expression  for  a  root  of  the  given  quai-tic 
expressioii ;  the  expression  finally  obtained  is  4-valTied,  correspoiiding  to  the  different 
values  of  the  several  radicals  which  enter  therein,  and  we  have  therefore  the  expression 
by  radicals  of  each  of  the  four  roots  of  the  quartic  equation.  But  when  the  quartic 
is  numerical,  the  same  thing  arises  as  in  the  cubic :  the  algebraical  expression  does 
not  in  every  case  give  the  numerical  one. 

It  will  be  underatood  from  the  foregoing  explanation  as  to  the  quartic,  how  in 
the  next  following  case,  that  of  a  quintic  equation,  the  question  of  the  solvability  by 
radicals  depends  on  the  existence  or  non-existence  of  A:-valued  functions  of  the  live 
roots  (a,  b,  e,  d,  e);  a  fundamental  theorem  on  the  subject  is  that  a  rational  function 
of  5  letters,  if  it  has  less  than  5,  cannot  have  more  than  2  values ;  viz,  that  there 
are  no  3-vaIued,  or  4-valued,  functions  of  5  letters ;  and  by  reasoning,  depending  in 
part  upon  this  theorem,  Abel  showed  that  a  general  quintic  equation  is  not  solvable 
by  radicals :  and  a  fortiori  the  general  equation  of  any  order  higher  than  5  is  not 
solvable  by  radicals. 

The  general  theory  of  the  solvability  of  an  equation  by  radicals  depends  very 
much  on  Vandermonde's  remark,  that  supposing  an  equation  is  solvable  (by  radicals) 
and  that  we  have  therefore  an  algebraical  expression  of  x  in  terms  of  the  coefScients, 
then  substituting  for  the  coefficients  their  values  in  terms  of  the  roots,  the  resulting 
value  of  the  expression  must  reduce  itself  to  any  one  at  pleasure  of  the  r6ots  a,  b,  c, ...; 
thus  in  the  case  of  the  quadric  equation  where  the  solution  is  ie  =  +  ^p  ±  >/(ip^  ~  q), 
writing  for  p,  q  their  values  a  +  b,  ab,  this  is  iv  =  ^[(a  +  b)  ±  ^{{a  —  bf}'},  =a  or  b 
according  to  the  value  of  the  radical.  But  it  is  not  considered  necessary  in  the 
present  sketch  to  go  further  into  the  theory  of  the  solvability  of  an  equation  by 
radicals.  It  may  oe  proper  to  remark  that,  for  quintic  equations,  there  are  solutions 
analogous  to  the  trigonometrical  solution  of  a  cubic  equation,  viz.  the  quintic  equation 
is  here  in  effect  reduced  to  some  special  form  of  quintic  equation ;  for  instance,  to 
Jei-rard's  form  3?  +  aa:  +  b  =  0  or  to  some  form  presenting  itself  in  the  theory  of  elliptic 
functions ;  but  the  solutions  in  question  are  not  solutions  by  radicals.  And  there  are 
various  other  interesting  parts  of  the  theory  which  have  been  excluded  from  consideration. 
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ON    AKONHOLD'S    INTEGRATION- FORMULA. 


[From  the  Messenger  of  Mathematics,  vol.  v.  (1876),  pp.  88 — 90.] 

The  fundamental  theorem  in  Aronhold's  Memoir,  "Ueber  eine  noue  algebraisehe 
Bebandlungsweise  der  Intcgi-ale...n(a;,  y)dif:,  &c.,"  Crelle,  t.  lxi.  (1863),  pp.  95 — 145,  is 
a  theorem  of  indefinite  integration.     The  form  is 


if ■ 


(a?  +/^+g)^  +  (/.g  +  b^+/)y  +  gg+A  +  c 


f  7)  (Jia;  +  by  +f)        ^  aai  +  l3y-{-y 

where   1/    is   a   certain    irrational   function   of  x,  determined   by   a   quadric   equation,  and 
the    other    aymbola   denote    constants    connected    by   certain    relations;    viz.    writing,   for 

[r  =  (a,  b,  c,  f,  g,  h~^x,  y,  Xf,     ^{a,...\x,  y,  \f  for  shortness, 


that   is, 


=  aa?-\-1}ixy-Vby'^-\-1fy-\-'igx-^c\ 
W^{a,  b,  c,/,  g,  A$^,  y,  1^?,  .,,  1),   =(«,  ...^^c,  y,  1^  V.  1). 

^{cue  +  hy  +g)^+{hx  +  by  +f)^  +gcc+fy  +  c, 

{a^-^!Mj  +  g)x  +  {h^-Yhn+f)y+g^+fy+c; 

(P  ,  Q,  R)  =  {(u:+hy+g,    h^  +  by+f,    gic+fy+c), 

{P.,Q«,R.)  =  {»^+hv+g,    h^+br}+f,   g^+fv+c), 

H  =aa:  +  ^y  +  y, 
ilo  =  a?  +  (3i?  +  7, 
{A,  B,  0,  F,  G,  H)^(bc-p,  ca-g\  ah-h\  gh-af,  k/-bg,/g-ch). 
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then  y  is  determined  aa  a  function  of  «  by  the  equation   U=Q,  that  is, 

(o,  6,  c.f.s,  hja:,   y,  l).-0; 

or,  what  is  the  same  thing, 

hy  =  -  \h!K  +/+  V(-  Gx^  +  2(?a;  -  A)\  ■ 
the  constants  a,  0,  ^,  tj  are  such  that 

(».  6,  »,/,<?./.«,  ,,  l)>-0, 
«{  +  /3,+7  =  0, 
that    is, 

n.  =  0; 
and  the  value  of  A  is  given  by 

A"  =  -(^,  B,  0,  F,  G,  H\<i,  A  y)'. 
The  theorem  may  therefore  be  written 

where  the  several  symbols  have  the  significations  explained  above. 

The  verification  is  as  follows.     We  ought  to  have 

A.dx _  Podx+  Qody     adx  +  ^dy 
„.  __         _      -         , 

when    dx,    dy   satisfy   the   relation    P  dx  •\-  Qdy  ^^  0,   viz.   substituting   for  dy   the    value 

fT~ '  *'^®  equation  becomes 

A^P,Q-PQ,     aQ~0P 

ii         w         "    n     ' 

that  is,  substituting  for  fl  its  value, 

A  r  =  (P„Q  -  PQ,)  («x  +  dy  +  y)-  («Q  -  I3P)  W. 
On  the  right-hand  side,  substituting  for  W  its  value, 

coeff.  a  =  ic  (P,Q  -  PQ,)  -  Q  {P,x  +  Q,y  +  M,),     =  Q,R  -  QR„ 
coeff.  0  =  y(P,Q-  PQ„)  +  P (P„*  +  Q.y+IQ,     =  R^P  ~  HP,, 
(as  at  once  appears  by  aid  of  the  relation   U  =  Pan  +  Qy  +  It  —  0), 

coeff.  y  ^P^Q-PQ,. 

The  equation  to  be  verified  thus  is 
ATf  = 

Po,     Q.,     R, 
P,    Q,    R 
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which,  substifcutiiig  therein  for  P,  Q,  .R,  P„,  Qt,,  Rg,  their  values,  and  writing 

(X,  /J.,  !')  =  (v-y,  x~t  ^y-  V^), 

is  in  fact 

AW=(A,...f\  M,  vfa,  A  7). 

We  have  identically 

{«,...$«,,  ,.  l)'.(«,...5f,  ,,  !)■-  W'  =  (A,...IX.  ft  -)■. 

which,  in  virtue  of  {«,-..$?,  i?,  1)^  =  0,  gives 

r'  =  -(^,...JX,  ft  .)■; 

and  since  A-=  -  (j1, ...Ja,  /3,  7)",  the  equation  is  thus 

•J{-(A,...fa,  0.  yyi^\-iA,...~^X.  ^,  vy\=(A,...~$X,  ^,  ^'5a,  0,  7). 
that   is, 

(A, ...fa,  ft  7)'.  (J,  ...J\,  ft  »)'-[(^,..,JX.  ft  «Ja,  ft  7)]'.0. 
The  left-hand  side  is  here  identically 

^  K  (a,...'^'yij,  —  Sv,  av  —  yX,  ^-aiif: 
substituting  fur  \  /j,,  v  their  values,  we  find 

(7/t-^i',  ov-iK,  /3X - a/i)  =  (icilt, -  |Ii,  ^iio-TjXi,  ^ii„-^); 

viz.   in   virtue   of   il„=0,    thcso    are   =  -  l^ii,   -  »j^,  —  £■!!,   and    the   quadric    function 
=  KQ?{a,...'^,  1),  If,  vanishing  in  virtue  of  the  relation  (a,.-.$|^,  17,  l)-  =  0. 

The  equation  in  question 

V|-(A...S»i,  A  7)'|.Vi-(4...5x,  ft  «)-|  =  (4...J\,  ft  „5.,  ft  y) 

is  thus  verified,  and  the  theorem  is  proved. 
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NOTE    ON    ME    MARTIN'S    PAPER,    "ON    THE    INTEGRALS    OF 
SOME    DIFFERENTIALS," 

[From  the  Messenger  of  Matl^tnatics,  vol.  V.  (1876),  p.  163.] 

The  Note  reiei'K  to  a  detail  in  a  process  of  integi'ation. 
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THEOREMS    IN    TRIGONOMETRY    AND    ON    PARTITIONS. 

[From  the  Messenger  of  Mathematics,  vol.  v.  (1876),  p.  164,  and  p.  188.] 


If 


smA+FamB  +  F  sin  6' +  F ,  coaF,  siaF 
sin'AVG^mB  +  GsmGTG,  cos  G  ,  sin  G 
sin  A  +  Hsixt  B  +  HsinG  +  H,     cos  H,     sin  ff 


Let  Wjj  =  number  of  partitions  of  n,  no  part  less  than  2,  the  ordei'  attended  to ;  e.g. 
if  ?^  =  7,  the  partitions  are  7,  52,  25,  43,  34,  322,  232,  223,  u,  =  8;    the  series  is 

«,-    1, 

%=    1, 

M,=     2, 


'(r,  =  21, 
where  each  term  in  the  sum  of  the  next  preceding  two  terms. 
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NOTE    ON    THE    DEMONSTRATION    OF    CLAIRAUT'S    THEOREM. 

[From  the  Messenger  of  Mathematics,  vol.  v.  (1876),  pp.  166,  167.] 

It  seems  worth  while  to  indicate  what  the  leading  steps  of  the  demonstration  are. 

The  potential  of  the  Earth's  mass  upon  an  external  or  superficial  point  is  taken 
to  be 

V       V       V 

where   Vj,   Fj,   V^,..,  are  Laplace's  functions  of  the  angular  coordinates. 

The  surface  is  assumed  to  be  a  nearly  spherical  surface  r  =  a(l  +u),  where 
j(  =  M]  +  Ws  +  &c,,  and  u,,  u^,...  are  Laplace's  functions  of  the  angular  coordinates.  To  be 
a  surface  of  equilibrium,  with  an  equation  y+^a>Vsin^  ^  =  C,  the  latter  must  be 
equivalent  to  the  equation  )■  =  a  (1  +  m),  and  it  follows  that  we  have 


hich  values  are  to  be  substituted  in  the  expression  for  V. 

The   whole    force   of   gravity   (due   to   the   attraction    and    the    centrifugal    force)   is 
,ken  to  be  g,  =  — --j- {V  +  \a>^r^ sa^  0),  and  it  follows  that 

g=-~{l  +  u,  +  2u^+  ...)-§a,'a-  fw^ct  (J  -  cos'^  8), 


Hosted  by 


Google 


18  NOTE  ON  THE  DEMON 8TBATI0N   OF  CLAIHATJT's   THEOREM.  [635 

which  is  of  the  form 

Taking  the  Earth  to  be  the  spheroid  of  revolution 

then 

Wj  =  e  (^  -  cos^  8),     M;.  =  0,  &G., 
and  the  equation  is 


S.e|l-(s'^-e)(i-oo3'9)}, 


I 

or  say 

<,  =  e(l-(fm-.)(i-oos'0)), 

where   m,  =  -jg- ,   is   the   ratio   of  the   centrifugal   force   at  the   equator    to   the    force   of 

gravity,  which  is  the  theorem  in  question.  The  expression  "  it  follows  "  has  been  twice 
used  as  meaning  it  follows  as  a  mere  analytical  consequence,  in  the  proper  degree  of 
approximation,  the  steps  of  the  deduction  being  purposely  omitted. 
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ON    THE    THEORY   OF   THE   SINGULAR   SOLUTIONS   OF   DIFFER- 
ENTIAL   EQUATIONS    OF    THE    FIRST    ORDER. 

[From  the  Messenger  of  Matheinatics.  vol.  vi.  (1877),  pp.  23—27.] 

Ik  continuation  of  the  former  paper  with  this  title  {Messetiger,  vol.  ii.,  1873,  pp.  6 — 12, 
[545]),  I  propose  to  discuss  various  particular  examples,  chiefly  of  cases  in  which  the 
differential  equation  is  of  the  form  {L,  M,  N'^p,  1)^  =  0,  where  L,  M,  N  are  rational  and 
integral  functions  of  (a;,  y),  and  whether  it  admits  or  does  nofc  admit  of  an  integral 
equation  (P,  Q,  R\c,  1)^  =  0,  where  P,  Q,  R  are  rational  and  integral  functions  of  {m,  y). 

The  singular  solution  of  the  differential  equation 

a,  M,  ivjp,  i)'-o, 

if  there  be  a  singular  solution,  is  S  =  0,  where  8  is  either  =LN—M'^,  or  a  fector  of 
LN  —  M\  But  in  general  LN—M"  is  an  indecomposable  function,  such  that  ZJV—  M^^O 
is  not  a  solution  of  the  differential  equation,  and  this  being  so,  there  is  no  singular 
solution;  viz.  a  differential  equation  (£,  M,  ■N"§^p,  1)^  =  0,  where  L,  M,  N  are  rational 
and  integral  functions  of  {a>,  y),  has  not  in  general  any  singular  solution. 

Consider  now  a  system  of  algebraical  curves  O'  =  0,  where  C  is  as  regards  {x,  y) 
a  rational  and  integral  function  of  the  order  to,  and  depends  in  any  manner  on  an 
arbitrary  parameter  (7*.  /  say  that  there  is  always  a  proper  envelope,  which  envelope 
is  the  singular  solution  of  the  differential  equation  obtained  by  the  elimination  of  C 
from  the  equation  U=0,  and  the  derived  equation  in  regard  to  («,  y).  It  follows 
that  the  differential  equation  (L,  M,  -ff$p,  1)^  =  0,  which  has  no  smgtdar  solution,  does 
not  admit  of  an  integral  of  the  form,  in  question  17=0,  viz.  an  integral  representing  a 
system  of  algebraic  curves. 

*  The  expressions  in  tlie  test  may  be  understood  aa  estending  to  the  eaee  where  (7  is  a  function  of  any 
numlier  (a)  of  constants  c,,  e^,  ...,Ci,,  connected  by  an  (H-l)fold  relation,  U  thus  virtually  depending  on  a 
single  ai-bitraiy  parameter. 
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The  theorem  just  referred  to,  that  the  system  of  algebraic  curves  !7=  0  has 
always  an  envelope,  is  an  interesting  theorem,  which  I  proceed  to  prove.  Assume 
that  in  general,  that  is,  for  an  arbitrary  value  of  the  parameter,  the  equation  U=0 
represents  a  curve  of  the  order  m,  with  B  nodes  and  jc  cusps  (and  therefore  of  the 
class  n,  with  i  inflexions  and  t  double  tangents,  the  numbers  m,  B,  x,  n,  t,  i  being 
connected  by  PlUcker's  equations);  for  particular  values  of  the  parameter,  the  values 
of  B  and  le  may  be  increased,  or  the  curve  may  break  up,  but  this  is  immaterial. 

The  consecutive  curve  U-^Bcd^U=<d  is  a  curve  of  the  same  order  m,  with  S  nodes 
and  K,  cusps,  consecutive  to  the  nodes  and  cusps  of  the  original  curve  JJ,  and  the  two 
curves  intersect  in  rn?  points;  but  of  these,  there  are  2  coinciding  with  each  node, 
and  3  coinciding  with  each  cusp  of  the  curve  (7  =  0,  as  at  once  appears  by  drawing 
a  curve  with  a  node  or  a  cusp,  and  the  consecutive  curve  with  a  consecutive  node 
or  cusp;  the  number  of  the  remaining  intersections  is  =m^  — 2S  — 3*,  and  the  envelope 
is  the  locus  of  these  in?  —  2S  —  3«:  points.  Observe  that  the  two  curves  have  in  common 
n^  tangents ;  but  of  these,  2  coincide  with  each  double  tangent  and  3  coincide  with 
each  stationary  tangent  of  the  curve  U=0,  viz.  the  number  of  the  remaining  common 
tangents  is  =n^—2T—Si  (which  is  =m^-2S  — 3k):  and  that  these  n^-2T-3i  common 
tangents  are  indefinitely  near  to  the  tnP-2B  —  die  common  points  respectively,  and  are 
in  fact  the  tangents  of  the  envelope  at  the  m^  —  28  —  3a;  points  respectively.  Now  in 
an  algebraic  curve  we  have  m.  +  ti  =  tn?  —  2S  —  3k,  viz.  the  number  m^— 2S  — 3k  cannot 
be  =0,  and  we  have  therefore  always  an  envelope  the  locus  of  the  system  of  the 
m"  —  2S  —  3k  points.  It  might  be  thought  that  the  conclusion  extends  to  transcendental 
curves ;  if  this  were  so,  the  result  would  prove  too  much,  viz.  it  would  follow  that  a 
differentia!  equation  (Z,  M,  N~^p,  1)^  =  0  without  a  singular  solution  had  no  general 
integral;  but  it  will  appear  by  an  example  that  the  theorem  as  to  the  envelope  does 
not  extend  to  transcendental  curves. 

Ecc.  1. 

p''-<l-  y^)  =  0,  that  is,  df-  -  (1  -  y«)  da?  =  0. 

Here  there  is  no  algebraical  integral,  but  there  is  a  quasi-algebraical  integral  of 
the  form  (P,  Q,  R^c,  iy  =  0;  viz.  starting  with  the  form  y  =  m.n(x+C)  and  expressing 
sin  C  and  cos  G  rationally  in  terms  of  a  new  parameter,  this  is 

c^  (y  +  cos  a:)  —  2c  sin  a;  +  (y  —  cos  *■)  =  0, 

where  the  coefficients  are  one-valued  functions  of  (ic,  y).  The  discriminant  of  the 
differential  equation  in  regard  to  p  and  that  of  the  integral  equation  in  regard  to  o 
are  each  =^~1,  and  we  have  a  true  singular  solution  y-l  =  0. 

Ex.  2. 

(l-x^)p^-(l-f)=0. 
that  is, 

(1  -  re")  df  -  (1  -  /)  da?  =  0. 

We  have  here  an  algebraic  integral  of  the  proper  form,  which  is  at  once  derived 
from  the  circular  form 

G  =  cos~^ic  +  cos~'« 
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by  changing  the  constant,  viz.  this  is 

c^  —  2cfl^  —  (1—x^  —  if)  =  0. 

The  two  discriminants  are  here  each  =(a^  — 1)(?/^  — 1),  and  we  have 

(»'-l)(!/'-l).0 

as   a  true   singular   solution.     The  curves   are   in   fact  the  system  of  conies  (ellipses  and 
hyperbolas)  each  touching  the  four  lines  x  =  \,  a!=-l,  ?/  =  l,  y  =  —\. 

Ex.  3. 

(l~y'')f-l  =  Q,   that   is,   (l-yOrf;/'-'^  =  0- 

This  is  an  extremely  interesting  example :  the  curve  is  the  orthogonal  ti~ajectory 
of  the  system  of  sinusoids  y  =  sin  {x  +  c),  which  is  the  integral  of  Example  1 ;  and  we 
thus  at  once  see  that  the  real  portion  of  the  curve  is  wholly  included  between  the 
lines  y  =  ~\,  y—  +  \,  being  an  infinite  continuous  curve,  having  a  series  of  equidistant 
cusps  alternately  at  the  one  and  the  other  line,  and  obtained  by  the  continued 
repetition  of  the  finite  portion  included  between  two  consecutive  cusps  on  the  same 
line.  The  discriminant  of  the  differential  equation  equated  to  zero  gives  ^=-1=0, 
the  equation  of  the  two  lines  in  question ;  but  this  does  not  satisfy  the  differential 
equation,  and  it  is  consequently  not  a  singular  solution ;  by  what  precedes,  it  appears 
that  it  is,  in  feet,  a  cusp-locus. 

We  thus  see  that  the  curves  which  represent  the  integral  equation  have  no  real 
envelope ;  but  it  is  to  be  further  shown  that  there  is  no  imaginary  envelope,  and  that 
the  curve  obtained  by  the  elimination  of  the  parameter  is,  in  fact,  made  up  of  a 
(imaginaiy)  node-locus  and  of  the  foregoing  cusp-locus. 

e-valued 


The    curve    is    properly 
function  of  the  parameter  9, 

represented    by   taking   x,    y    each    of    them 
viz,  we  may  write 

y  =  cos  6, 

x  =  c^-le-i^mW. 

In  fact,  these  values  give 

dy_ 

de 

=  -sin^,g  =  ia— s2^)  =  sin^^, 

and  therefore 

^        sill  6    ^{1  -  y'') ' 
that  is,  (l—y^)p'  —  l  =  0,  the  differential  equation. 

It   is   obvious   that   to   a   given   value   of  the   parameter  there   ■ 
point   of  the   curve ;    and   it   is   to   be   shown   that,  conversely,  to  a  given   point   of  the 
curve  corresponds  in  general  a  single  value  of  the  parameter. 
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Suppose  the  coordinates  of  the  given  point  are  y  —  cosa,  x  =  o  +  ^a~^  sin  2a,  where 
a  is  a  determinate  quantity ;   then,  to  find  d,  we  have 

cos  ^  =  cos  a,     20  —  sin  2d  =  ^a-  sin  2a, 

The  iirst  equation  gives  6  —  2mTr  ±  a,  and  the  second  equation  then  is 

4»i7r  +  2a  1^  sin  2a  =  2a  —  sin  2a ; 

viz.  taking  the  upper  signs,  this  is  imw  =  0,  giving  m  =  0  and  ^  =  a ;  and,  taking  the 
lower  signs,  it  is  m7r  =  a— sina,  which,  a  being  given,  is  not  in  general  satisfied; 
hence  to  the  given  point  there  corresponds  onl'i/  the  value  a  of  the  parameter  $,  If, 
however,  a  is  such  that  a  —  sin  a  is  equal  to  a  multiple  of  tt,  say  rir,  then  the  last- 
mentioned  equation  is  satisfied  by  the  value  -m^  r,  so  that  to  the  given  point  of  the 
curve  correspond  the  two  values  a  and  2r7r  —  a  of  the  parameter ;  these  values  are 
in  general  unequal,  and  the  point  is  then  a  node;  but  they  may  be  equal,  viz.  this 
is  so  if  a  =  r-jr  (the  point  on  the  curve  being  then  ^  =  co8r7r,  =±1,  x=G  +  ^-rn-),  and 
the  point  is  then  a  cusp ;  showing  what  was  known,  that  there  are  on  each  of  the 
lines  y  —  —  l,  !/  =  +  !,  an  infinite  series  of  equidistant  cusps. 

More  deiinitely,  suppose  a  =  m- ± /3,  where  ,5  is  a  root  of  the  equation  2^  —  sin  2/3  =  0, 
then 

sin  2a  =  ±  sin  2ft     2a  -  sin  2a  =  2rTr  ±  (2^  -  sin  2^)  =  2rx, 

and  to  the  given  point  on  the  curve  correspond  the  two  values  a  and  2r7r  —  a  of 
the  parameter.  If  ff  —  0,  we  have,  as  above,  the  cusps  on  the  two  lines  y  =  +  l, 
y=~l  respectively ;  but  if  ^  be  an  imaginary  root  of  the  equation  2^  —  sin 2^  =  0, 
then  we  have  an  infinite  series  of  nodes  on  the  imaginary  line  ?/ =  cos  rTT  cos  ,S ;  and 
there  are  an  infinite  number  of  such  fines  corresponding  to  the  different  imaginary 
roots  of  the  equation  2^  — sin  2^=0. 

From  the  form  in  which  the  equation  of  the  curve  is  given,  we  cannot  directly 
form  the  equation  of  the  envelope  by  equating  to  zero  the  discriminant  in  regard  to 
the  constant  c;  but  we  may  determine  the  intersections  of  the  curve  by  the  con- 
secutive curve  (corresponding  to  a  value  c!  +  Sc  of  the  constant),  and  thus  determine 
the  locus  of  these  intersections. 

Consider  for  a  moment  the  curves  belonging  to  the  constants  o,  d,  and  let  B,  0^ 
be  the  values  of  the  paa'ameter  8  belonging  to  the  points  of  intersection ;  we  have 
cos  ^  =  cos  ^1,  4c  +  2^-sin20  =  tei-l-2^, -sin2^, ;  we  have  e,  =  2'nr  +  8,  but  we  cannot 
thereby  satisfy  the   second   equation ;   or   else    d,  =  2rTr  —  6,  giving 

4c  -I-  2(9  -  am  2i5  =  4c  -1-  4r7r  -28 -it  sin  28, 

that  is,  28  —  sin  28  =  2c^  —  2c  +  2r'rr ;  and  we  have  thus  corresponding  to  any  given  value 
of  r  a  series  of  values  of  0,  viz.  these  are  S^nr  +  ^,  where  /3  is  any  root  of  the  equa- 
tion 

20  -  sin  20  =  2c,  -  2c. 
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In  particular,  baking  c,  =  c,  the  intei'sections  are  given  by  0  =  r7r  +  ^,  where  /3  is 
any  root  of  the  equation  2/3  —  sin  2/3=0;  viz.  we  have  thus  an  infinite  number  of 
intersections  lying  on  each  of  the  lines  p  =  cos  rw  cos  y9.  If  ,3  =  0,  the  intersections  lie 
on  the  two  lines  y  =  1,  y  =  — 1  respectively;  if  ^  be  an  imaginary  root  of  the 
equation  2/9  —  sin  20  =  0,  then  they  lie  on  the  imaginary  lines  y  =  cos  r-K  cos  /3.  But  by 
what  precedes,  it  is  cleai-  that  in  the  former  case  the  intersections  are  nothing  else 
than  the  cusps  on  the  lines  3/  =  1,  j/  =  —  1 ;  and  in  the  latter  case  nothing  else  than 
the  nodes  on  the  lines  ?/ =  cos rw  cos /3 ;  viz.  there  is  no  proper  envelope,  but  instead 
thereof  we  have  lines  of  cusps  and  of  nodes. 

-fe'iK.   4. 

that  is, 

(1  -  y-)  df  -  (1  -  a?)  dx^  =  0. 

I  have  not  examined  this;  the  curve  is  the  series  of  orthogonal  trajectories  of 
the  conies  of  Example  2,  and  the  integral  equation  may  be  represented  by  ^  =  co8^, 
«  =cos  0,  where  c  =  (20  -  sin  20)  -  (20  -  sin  20). 

Equating  to  zero  the  discriminant  of  the  differential  equation,  we  have  (1— ^)(l-a:^)=0, 
viz,  the  foiu-  lines  0^  =  1,  3;  =  —  !,  ^=1,  y  =  —  l;  this  is  not  an  envelope,  but  a  locus 
of  cusps. 
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ON  A   DIFFERENTIAL  EQUATION   IN  THE  THEORY  OF  ELLIPTIC 
FUNCTIONS. 

[From  the  Mlessmger  of  Mathmiatics,  vol.  VI.  (1S77),  p.  29.] 
In  the  differential  equation 

g._0(,+l)-.3  =  3a-i,f. 

considered    Messenger,    t,    iv.,    pp.    69    and    110,    [594]    and    [597],   writing    Q^re    and 
k+  T=y,  the  equation  becomes 


% 


_  3  (y°  -  4)  (fe 


3  +  *■)/-  «= 
and  we  have,  as  a  particukr  solution, 

?/  =  i(f-^^--)- 

To  verify  tiiia,  observe  that  from  tho  value  of  y 

dy^—ix-'-iydx,     Z  +  xy-x'=l  {x^  -  1)  ix-'  ~  9 

and  the  equation  becomes 

-|-jKa^-6a^-3)=-64a;^) 
4^=*^  '  J(a!^-l)(«=-9) 

viz.  this  is 

{ai'  -  If  {x^  -  9)  =  (a^  -  6ai=  -  3)*  -  64a^=, 
which  is  right. 
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ON   A   9-FORMULA   LEADING   TO   AN   EXPRESSION   FOR  E,. 

[From  the  Messenger  of  Mtiilmitatics,  vol.  VI.  (1877),  pp.  63—66.] 
It  is  to  be  shown  that  we  have  identically 


l-q-q'  +  ^  +  q"" 
or,  whab  is  the  same  thing, 

(i-2,  +  2,.-2,.  +  ...).-,6(j:ii.  +  J2;-^-|?',- 

_l+9q  +  25  f  +  jQf  +  81g'°  +  ■ .. 


1  +  7  +  §'  +  g"  +  5'" 


(B), 


where  the   form   (A)  is   that   intended   to   be   made  use   of,  but   the   form   (B)  is  rather 
more  convenient  for  the  demonstration. 

We  have 

(l-25  +  2§^- 

(Jacobi,   Fund.   Nova,   p.    188,    Ges.    Werke,   t.    r.,   p.   239),   taking    the    formula   as   there 
written  down,  and  changing  q  into  —  q. 

Also,  if  for  a  moment 

X-l-¥q-\-(f-\-q''  +  q"'  +  &c., 
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qX'  ^q  +  -^q'  +  65*  +  10^'°  +  &c., 
then 

X  +  %qX'  =  1  +  95  +  25(^'  +  49f  +  8191"  +  ^ 

so  that  the  right-hand  side  of  (B)  is 

But  (i^jmt^.  iVojJK,  p.  185,  Ges.   Werke,  t.  i.,  p.  2:^7), 


Z  = 


)  that 


1  -q^l-q^.l-ff  ... 
1~^  .1-5^.1-5*  ...' 


X'  _    -2q  __    4g^  Gq'    _ 

X~l-q''     1-5*     l-2«     ■'■ 

I-5       1-g^      1-5= 
And  the  equation  (B)  inteaded  to  be  proved  thus  becomes 
Jt_ ^ 


1+8- 


1+5^1+5^     1  +  5^ 


(-2q  _  if  _   65°  _ 

1-0' 


1  - 


"1- 


iz.  omitting  tho  terms  unity,  dividing  by  &q,  and  ti'aiiaposing,  this  is 

i_^  ,  _!l 3s"  , 

1  +  9      1+9-     1+5' 

+  _? iq,  ^   6<L  _ 

l-S'     1-9'     1-9' 

'i-.t-^+A'-V- 
-  9-      1  -  g"     1-9" 

L  'V  ''t'        ,,,-0. 

-5       1  —  9"      1  —  9^ 

i  unite  together,  and  the  equation  becomes 

-1-5  1  +  5'  1+5=  i+5' 
2__  45  _6£  _  85^ 
-q     l+q^'^l-f     1  +  5'*"'"'"" 

1 ^_J£_^J_':f    _        =0- 

-9      1-5=      1-5"      1-5'      ■■■         ' 


The  second  and  third  lines 
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or,  collecting  and  arranging, 

1  2g  3^^  iq"  nq' 

~  I  +q~  l+q=     1+g"     l  +  5'~l+9=""'" 

1-5  1-5"  1-5' 

an  identity  which  it  is  easy  to  verify  to  any  number  of  terms.  But  to  prove  it 
dn-ectly,  we  have  onlj'  to  add  the  pairs  of  terais  in  the  alternate  columns ;  calling  the 
left-hand  side  Fq,  we  thus  obtain 

_    25'^  Sq'   _ 

1  35'  ) 

1-5=  1-5"         )' 

viz.  this  equation  is  Fq'=2qF(q^);   and  thence 

Fq  -  2=5'+=  F  (5*)  =  2=5'+=+^  F{q')  =  &c. ; 
we  thua  have  Fq  =  0. 

The  equation  {B),  or,  what  is  the  same  thing,  the  equation  (A)  is  thus  proved. 

Reverting  to  the  equation  (A),  we  have 

'  7r=  ' 
(Jacobi,  Fund.  Nova,  p.  188,  Ges.   Werke,  t.  i.,  p.  239), 

ll-f +  l-5^+-J      27rH         KJ' 

(ib.,  p.  135 ;  ib.,  p.  189), 
if  q  =  e    ~^ ,  and  K,  Ej  arc  the  complete  functions  FJc,  EJt. 
The  left-hand  side  of  the  equation  is  thus 

4ff=     HE'/        E,\      _4^7  2£^A 

7r=         ^^    V      k)'     ~"7r=    I     ^^  Kl' 
and  we  have 

/     .      2E>\  _  w^    1  -  95^  -  255^  +  495°  -h  815"  -  .  ■ . 
V       ■•"  K}~4>K^-         l-5i-5>  +  5«  +  5'«-... 

which  is  a  new  expression  for  E^  ^  a,  5-function.  The  expression  on  the  right-hand 
side   presents  itself,   Clcbsch,    Theorie   dei^   Elasticitdt   (Leipzig,  1862),   p.    162,  and   must 

have   been   obtained    by   him    as    a   value    for    f  — 1-|--~-^];   but   there    is    no   statement 

that  this  is  so,  nor  anything  to  show  how  this  form  of  5-fti notion  was  arrived  at. 
Mr  Todhunter  called  my  attention  to  the  passage  in  Clehsch. 

4—2 
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AN    ELEMENTARY    CONSTRUCTION    IN    OPTICS. 

[From  the  Messenger  of  Mathematics,  vol.  vi.  (1S77),  pp.  81,  82.] 

Consider  two  lines  meeting  at  a  point  P,  and  a  point  A;  through  A,  draw  at 
right  angles  to  AP,  a  line  meeting  the  two  lines  in  the  points  U,  V  respectively ; 
and    through   the   same   point   A    draw   any   other    line    meeting   the   two    linea    in    the 


points   P',   y  respectively ;   also   let   the  points   vf,  v'  be  the   feet   of  the   perpendiculars 
let  fall  from   V,  V  respectively  on  the  line  UV\   then  we  have 

Au'^  Av'     AU^  AV 
The   theorem   can   be  proved   at   once  without   any  difficulty.     It   answers   to   the  optical 

construction,    according    to    which,    if     JJPV    represents    the    path  of    a    ray    through 

a    convex    lens    AP,   then    the    thin    pencil,   axis    JJ'P    and    centre  U',   converges    after 

refraction    to    the  point    V,    where     U'V   are    in    linea,  with  A    the  centre    of  the    lens; 

considering    as    usual    the    inclinations    to    the    axis    as   small,   we  have    approximately 
AV'  =  Av',  AU'  =  Au',  and  the  theorem  is 


1 


1 
'AU' 


1 

AV 


1 
^~AF' 


'ATJ'^  AY' 
if  AF  is  the  focal  length  of  the  lens. 

In  the  original  theorem,  the  line  TJV  need  not  be  at  right  angles  to  AP,  but 
may  be  any  line  whatever;  the  projecting  lines  JJ'ti  and  V'v'  must  then  be  parallel 
to  AP,  and  the  theorem  remains  true. 
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FURTHER  NOTE  ON  ME  MARTIN'S  PAPER  "  ON  THE  INTEGRALS 
OF    SOME    DIFFERENTIALS." 


[From  the  Messenger  of  Mathematicft,  vol.  VT.  (1877),  p.  82.] 
See  paper,  Number  633 ;   this  further  note  relates  .also  to  a  detail. 
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641. 

ON    THE    FLEXURE    OF    A    SPHERICAL    SURFACE. 

[From  the  Messenger  of  Matherimtics,  vol.  vi.  (1877),  pp.  88—90.] 

It  is  known  that  an  inextensible  spherical  surface,  or  to  fix  the  ideas  the  spheiical 
quadrilateral  included  between  two  arcs  of  meridian  and  two  arcs  of  parallel,  may  be 
bent  in  suchwise  as  to  be  part  of  a  surface  of  revolution,  the  meridians  and  parallels 
of  the  spherical  surface  being  meridians  and  parallels  of  the  new  surface,  and,  more- 
over, the  radius  of  each  parallel  of  the  spherical  surface  being  in  the  new  surface 
altered  in  the  constant  ratio  ft  to  1.  We  have,  in  fact,  on  the  spherical  surface,  writing 
J)  for  the  latitude  and  q  for  the  longitude,  and  the  radius  being   unity, 

x  —  cospcosq, 

y  —  ooap  sin  q, 

z  —  sin  j), 
values  which  give 

d:^  +  dAf  +  d^-  =  dp^  +  cos^  p  d(f. 

This  last  equation  is  satisfied  by  the  values 


z^E{k,  p), 
where  H  (k,  p),  =  I  \/(l  ~k'''sm^p)dp,  is  the  elliptic  function  of  the  second  kind;  or  rather, 

this   is   so  when  k<l,  but   the   same   notation  may  be   used    when   k>l.     These  values 
give  the  deformation  in  question. 

The  two  cases  to  be  considered  are  k<l,  and  k>l;  we  take  in  each  case  a 
spherical  quadrilateral  ABGD  (fig.  1),  bounded  by  AB  (an  arc  of  the  equator),  the 
arc  of  parallel  OB,  and  the  two  arcs  of  meridian  AD  and  BG.  In  the  first  case, 
there   is   no   limit   to   the   latitude   AT),  =  BG,  or  taking   these   =90°,   we   may  in  place 
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of  the   quadiilateral  ABGD  consider   the   birectangular   triangle  ABE;   the   new  foi-m  of 
this  is   A'B'E',   where   the   radius   OA',   ^h.OA,   =  h,   is   less   than   the    original   radius 


.nity,   but    OE',  =Eik,   is   greater   than   the   same   radius   unity.     The  surface   has  at  E' 


I  conical  point,  the  semi-aperture  of  the  cone  being  =tan~ 


if  ; 


1  usual  fc'  =  V(l-^); 


to   verify  this,  writing   for 
z=E{k,  p),    and    thence 


V(l 


dx 


g  =  0,  we  have  for  the  meridian  section  a:  ■ 

-  k^  sin^ «)        ...      „  ,.„       .  dz 

—. ^' ,    which    for    p  =  90     gives    ■>- 

smp  -^  ^  cte 

viz.    the   surface   of  revolution   cuts   the   plane   of 


k'. 


Observe    also   that   for  p  =  0, 
the  equator  at  right  i 

There  is  no  limit  to  the  arc  AB,  it  may  be  =  360°,  viz.  we  must  in  this  ease 
cut  the  hemisphere  along  a  meridian  to  allow  of  the  deformation ;  or  it  may  exceed 
■360°,  the  hemisphere  spherical  surfece  being  in  this  case  conceived  of  as  wrapping 
indefinitely  over  itself,  and  we  may  instead  of  the  half  !une  E'A'B',  consider  the  lune 
included  between  two  meridians  extending  from  pole  to  pole,  and  therefore  the  whole 
spherical  surface,  conceived  of  as  wrapping  indefinitely  ovei'  itself;  the  result  is,  that 
this  may  be  deformed  into  a  aurfece  of  revolution,  which,  in  its  genera!  form,  resembles 
that  obtained  by  the  revolution  of  an  arc  less  than  a  semi-circle  round  its  chord ; 
the  half-chord  being  greater,  and  the  versed-sine  less  than  the  radius  of  the  original 
sphere. 

If   k>l,   there    is    obviously   a    limit   to   the   latitude   AD,   =BC,   of  the   spherical 

qua^lrilateral ;   viz.  this   is  equal  to  ain^'  t  .     Supposing   that    in  the  quadrilateral  ABCD 

(fig.     1)    the    latitude    has    this    limiting    value,    then    (see    fig,    2)    the    new    form    is 
A"B"G"iy',   where   along  the   bounding   arc   G"D"   the   tangent  plane  is   horizontal ;  viz. 


=  0   for  p  = 


It   is    to    be.  observed,   that    the 


radii  for  the   parallels   A"B"  and  G"D"  are   k  and  kaosp  respectively;  the  difference  of 
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these   is  k(\—cohp),  which,  however  great  k  is,  must  be  less  than  the   ■ 


is   tanjp<p,  which    is   true   for   every   value   up   to  j)  =  90 
should   have 

k^(l  —  cos pf  +  E^(k,  p)<p^. 


But,  more   than   this,   we 


E-- 


\am  p    ^/ 


^Hp; 


this  must  be  true,  although  (relating  as  it  does  to  a  form  of  £■'  for  which  k  is  greater 
than  1)  there  might  be  some  difficulty  in  verifying  it. 

There  is,  as  in  the  first  case,  no  limit  to  the  value  of  AH,  viz.  this  may  be 
=  360",  the  spherical  zone  being  then  cut  along  a  meridian,  or  it  may  be  greater 
than  360" ;  and,  moreover,  the  spherical  quadrilateral  may  extend  south  of  the  equator, 
but   of  course  so  that  the  limiting  south  latitude  does  not  extend  beyond  the  foregoing 

value   sin~'  j- :    viz.    we    may   have   a   zone    between    the   latitudes    ±  sin~^  -,  ,  which   ma}' 

be  a  complete  zone  from  longitude  0°  to  360"  or  to  any  greater  value  than  360°, 
The  result  is,  that  the  zone  is  deformed  into  a  surface  of  revolution,  which  in  its 
general  form  resembles  that  obtained  by  the  revolution  of  a  half-circle  or  half-ellipse 
about  a  line  parallel  to  and  beyond  its  bounding  diameter,  the  bounding  half-diameter 
being  less,  and   the   gi'eatest  radius  of  rotation  greater,  than   the  radius  of  the  original 
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ON   A    DIFFERENTIAL   RELATION    BETWEEN    THE    SIDES    OF    A 

QUADRANGLE. 

[From  the  Messenger  of  Mathematics,  vol.  vi.  (1.877),  pp.  99— lOL] 

Let    the    sides    and   diagonals    YZ,   ZX,    XY,    OX,   OY,   OZ    of    a    quadrangle    be 
f,  g,  Ii,  a,  h,  c,  and  let  the  component  triangles  bo  denoted  as  follows: 
A^l^YZO,    =(b,  c,f), 
B  =  ^.ZXO,     =(c,  a,  g), 
G=^.XYO,     ={a,b,'h), 
Sl  =  AXYZ,    ={f,g,h). 


^\y 


viz.  A,  B,  G,  D.  are  the  triangles  whose  sides  are  (b,  c,  /),  (c,  a,  g),  {a,  h,  h),  (/,  g,  h) 
respectively,  so  that  H^A  +  B  +  G.  Then  we  have  between  {a,  h,c,f,g,  h)  an  equation 
giving  rise  to  a  differential  relation,  which  may  be  written 

fl  {Aada  +  Bhdh  +  Gcdc)  -  (BGfdf+  GAgdg  +  ABhdh)  =  0. 
This  may  be  proved  geometrically  and  analytically.     First,  for  the  geometrical  proof, 
it   is   enough   to   prove   that,   when    a   and   b   alone   vary,   the  relation   between   the  in- 
crements   is   Aada  +  Bbdb  =  0;    for    then   a   and   g   alone    varying,   the    relation    between 
c.  X.  5 
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the  increments  \vill  be  Hada  —  Cgdg  —  0  (as  to  the  negative  sign  it  is  clear  from  the 
figure  that  a,  g  will  increase  or  diminish  togethei'):  and  we  thence  at  once  infer  the 
general  relation. 

We  have  consequently  to  prove  that,  considering  a  and  h  as  alone  variable, 

Aada-hBldb^G; 
or,  what  is  the  same  thing, 

ada  :  -hdh  =  XOZ  :  YOZ. 

The  points  XTZ  remain  fixed ;  but  0  moves  through  the  infinitesimal  arc  00', 
centre  Z,  which  may  be  considered  as  situate  in  the  right  line  OM  drawn  from  0 
at  right  angles  to  ZO,  and  meeting  XY  produced  in  the  point  M.  And  then,  writing 
for  a  moment   aOXY=X,   ^OYX^Y,   aOMY=M,  we  find  at  once 


(fa  =  00  COS  (X  +  »), 
^  (J6 -00' cos  (F-»)i 

(fa 

COS 

(X  +  M) 

ada     acos{X 
bdb     6  00.(7 

HI) 

Ji 

COS 

'{Y-MY 

-JU) 

But  drawing  Xa,  Yfi  each  of  them  at  right  angles  to  ZO,  we  have  a  cos  (X  +  M)  =  Xa, 
h  cos  (Y -  M)  =  Yff,   and    evidently   XOZ  :   YOZ  =  Xa  :  Y0;    whence    the    equation    is 
_  ada  _  XOZ 
'bdb  ~  YOZ ' 


,  which  is  the  required  relation. 


For   the   analytical   pi-oof,   it   is   to   be   observed  that   the   relation   between   a,  b,  o, 

/,  g,   k   is    a,   quadric   relation   in    the    quantities   a?,  6',   c=,  /',   g",   h^   respectively;    this 
may  be  written 

1  a'  a' 


1 

hy  +  by +  c^hu-c-'h' -(//'  + 

■)/*'- (/  +  ''■)» 

-{6-- 

,•)(,• -V) 

f 

+  {6'-i-)(o'-j-) 

-If- 

t'-3=-h' 

+  1 

/• 

^■l 

say  for  a  moment  this  is  j1  +  5a.'^  +  CV  =  0,  where 

A  =     by  +  bY  +  C'h^  +  C>i'^  +P  (i^'  -  A'O  (c'  -  ?') 

-  (b^  +  cf)  g'^h?  ~  (g''  +  h^)  b'o^ 

then  we  have  as  usual 

du     J 


^d'.l^ 


bdb  +  &c.  =  0, 
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where 

But  in  virtue  of  m  =  0,  we  have 

(f?ffl'  +  i  By  =  C  (Ca'  +  Ba^  +  A)+  l  (B'  -  A  C), 
that   ia,  --  ^  =  tJiB^  —  iAO);   and   here   B^  —  iAC  is   a   quartic   function   oi  f%  which   is 
easily  seen  to  reduce  itself  to  the  form 

/■-(<,  +  hff  -{g~  hrf  -  (!>  +  c)-/'  -  (6  -  cf. 
The  coefficients  of  bdb,  cdc,  &c.,  are   given  as  expressions  of  the   like  form ;   substituting 
their  valu^.  the  differential  relation  is 

V!/^  -  (S-  +  l^yf  -(S-  ^fP  -{'>  +  <')'/'  -  (^  -  c)1  ada  +  &c.  =  0, 
which  is,  in  faet,  the  foregoing  result. 

It  i.s  right  to  notice  that  there  ai-e  in  all  16  lineai'  factors, 


f+s  +  K 

h  +  c+f,        c  +  a+ff,         a  +  b  +  h 

.ay  <i   ,    /   , 

g  .    h  , 

-f  +  S  +  h, 

-b  +  c+f,     -c  +  a  +  g,     -a  +  h  +  h 

d'  .    f  . 

/.    '/, 

f^s  +  h. 

b-c+f,         c-a+g,         a-h  +  h 

d".  r. 

g".   '.". 

f+g-h. 

h  +  c-f,        c  +  a-g,         a  +  b-h 

d'".  r. 

.?",  '>'" 

and  this  being  so 

the  coefiScieats  of  a<!a,  h<Bi,  cdc,  fdf,  gdg,  Itdh,  are 

^(dd'd"d"'  .//■/"/").  - V&AY"  ■  hh-n'"). 

./(dd'd-d'"  .  gsW" ),    -  V(M'4"f"  .  ff/'f" ). 

^(dd'd"d-"  .  hiih-h'" ),    -  V(//yT 

"  ■  g<lf!l"). 

We   may   imagine   the    quadrilateral   ZOXY   composed    of   the    four   rods   ZO,   OX, 
XY,    YZ  (lengths    c,   a,   h,  f   as  before)  jointed   together    at   the    angles,   and   kept   in 
equilibrium   by  forces  B,  0   acting  along   the   diagonals   OY^^h),  ZX{=a)   respectively. 
We   have   c,   a,   h,  f  given    constants,   and    the    relation   0 {a,   b,   c,  f,  g,   h)=  0,   which 
connects   the   six  quantities  ia   the   relation  between   the   two   variable   diagonals  (g,  b); 
by    what    precedes,    the    differential     relation     tji'g  .  dg  +  tp'b .  db  =  0    is    equivalent    to 
ilBbdb  —  GAgdg  —  0.     By    virtual    velocities    we    have    as    the    condition    of   equilibrium 
Bdh+Gdg—0;   hence,  eliminating  db,  dg  we  have 
B    __    G_ 
n,Bb         CAg ' 
or,  .say 

B         G  1  1 


&■       g      AXYO.AZYO'  ^XYZ.^ZXO' 
viz,  the   forces,  divided  by  the   diagonals   along   which   they   act,  are  proportional  to  the 
reciprocals   of  the  products  of  the  two  pairs  of  triangles  which  stand  on  these  diagonals 
respectively.     The   negative   sign   shows,   what  is   obvious,  that  the   forces   must  be,  one 
of  them  a  pull,  the  other  a  push. 

5—2 
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643. 

ON    A    QUARTIC    CURVE    WITH    TWO    ODD    BRANCHES. 

[From  the  Messenger  of  Mathematics,  vol.  vi.  (1877),  pp.  107,  108.] 

It  is  a  known  theorem  that  the  branches  of  a  plane  curve  are  even  or  odd;  viz. 
two  even  branches,  or  an  even  and  an  odd  branch  (whether  of  the  same  curve  or  of 
different  curves)  intersect  in  an  even  number  (it  may  be  0,  and  this  is  to  be  under- 
stood throughout)  of  real  points;  but  two  odd  branches  (of  the  same  curve  or  of 
different  curves)  intersect  in  an  odd  number  of  real  points*. 

In  particular,  a  right  line  is  an  odd  branch,  and  hence  it  meets  any  even  bi'unch 
of  a  curve  in  an  even  number  of  real  points,  and  an  odd  branch  in  an  odd  number 
of  real  points ;  or  (what  is  the  same  thing)  an  even  branch  is  one  which  is  met  by 
any  right  line  whatever  in  an  even  number  of  real  points ;  and  an  odd  branch  is  one 
that  is  met  by  any  right  line  whatever  in  an  odd  number  of  leiJ  points 

It  is  to  be  observed,  that  the  simple  ttim  biinch  is  used  t>  denote  whit  his 
been  called  a  complete  branch,  viz.  the  partn!  b!\nches  whifh  touch  an  asymptote  at 
its  opposite  extremities  are  considered  as  parts  of  one  and  the  si,me  bianch  and  so 
in  other  cases.  Thus  a  quadric  curve,  whether  ellip'^e  paiabola  oi  h^peibola  is  one 
even  branch ;  a  cubic  curve  is  either  one  odd  bianch  oi  elie  it  ii  in  od  1  bi  inch 
and  an  even  branch;  and  generally  a  curve  ot  an  odd  older  has  alwiys  an  dd  numbei 
of  odd  branches,  and  a  curve  of  an  even  Dider  hai  alviajs  an  e\tn  number  it  Id 
branches. 

A  curve  without  nodes  has  at  most  one  odd  branch ;  for  if  there  were  two,  these 
would  intersect  in  a  real  point,  which  would  be  a  real  node  on  the  curve.  In  parti- 
cular, a  quartic  curve  having  two  odd  branches  must  have  a  real  node ;  this  however 
may  be,  as  in  the  instance  about  to  be  given,  a  node  at   infinity. 

A  simple  instance  of  a  quartic  curve  with  two  odd  branches  is  that  represented 
by  the  equation 

(a;^  -  1)  (f  +  1)  -  2mwy  =  0, 
"  The   two  brauehea   must  bo  dietinct  braneliea ;    a    branch   whether   odd   or   even    does   not   of   neeesaity 
interBeet  itaelf  (have   upon  it  any  real  node),  hut  it  may  interseot  itself  in  an  odd,  or  an  even,  mimbei'  of  real 
points. 
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or,  what  i 


■  say 


ON    A    QUARTIC    CURVE    WITH    TWO   ODD    BRANCHES, 
the  same  thing, 


1 


2  +  m=, 


so   that   m   heing   positive   a>l,   and  the   curve   consists  of  two   real  bniiiches   inclniled 

between   the   lines  x  =  a,  x=  -,  and  the  lines  x^  —  a,  x  = respectively;  each  of  these 

lines   touches   the  curve   in   a   real   point,  viz.   x   having  any   one   of  the   last-mentioned 

values,  the   value   of  ?/  afc   the  point   of  contact  is  y—-g — t',  and  between  each  pair  of 

lines  wo  have   the   asymptote   ic  =  -|-l  or  x  =  ~X.     Hence  the  curve  has  the  form  shown 
in   the   figure,   and   it   is   thereby   e^adent,   that   each    branch    of    the    curve   is    met    by 


any  real  right  lino  whatever  in  one  real  point,  or  else  in  three  real  points.  The 
numerical   values  in   the   figure   are   «  — |,   m  =  g,   whence   also   ie  =  <x  or ,  ?/=l,   and 

*  =  -«  oi'  -'  y=-i- 

The  curve  has  two  nodes  at  infinity,  viz.  writing  the  ei^uation  in  the  form 

(jc^  —  z^)  {y^  +  s^)  —  liiayz^  =  0, 
that  is, 

gjij^  +  £2  (it?  —  2/^  —  niiBy)  +  ^  =  0, 

it  appeai-s  that  the  points  (s  =  0,  « =  0),  (s  =  0,  y  =  0)  are  each  of  theni  a  node.  The 
first  of  these  (s  =  0,  ic  =  0)  is  the  real  intersection  of  the  two  odd  branches :  the  other 
of  them  is  a  conjugate  point. 


Hosted  by 


Google 


[644 


644. 


NOTE    ON    MAGIC    SQUARES. 


[From  the  Messengei-  of  Mathematics,  vol.  vi.  (1877),  p.  168.] 


In  a  magic  square  of  any  odd  order,  formed  according  to  the  ordinary  process, 
there  is  a  tolerably  simple  analytical  expression  for  the  number  which  occupies  any 
given  compartment ;  thus  taking  the  square  of  21,  let  the  dexter  diagonals  (N.W.  to  S.E.) 
commencing  from  the  N.E.  corner  compartment,  be  numbered  I,  2,  3,..,  20,  21,  20', 
19', .-1  2',  1',  the  diagonals  of  course  containing  these  numbers  of  compartments  respect- 
ively ;  ajid  in  any  diagonal  let  the  compartments  reckoning  from  the  top  line  be 
numbered  1,  2,  3,..,  respectively;  then  if  Dg^^  (or  D'^,^  as  the  case  may  1 
the  number  in  the  compartment  ^  of  the  diagonal  0  or  $',  we  have 


-0  2^4 


where   in   the   second   and   fourth 


20f+    10  +  0, 
205 +  231  +  0  (-21), 
^=-22(9  +  430  +  0, 

-225  +  231  +  0  (-21), 


expressions  the  term  ~  21  is  to  be  retained  only  if 
0  >  5 ;  if  0^5,  it  is  to  be  omitted.  There  would  be  a  like  formulae  foi:  a  square 
of  any  odd  order,  and  it  would  be  easy  to  write  down  the  formula  for  the  general 
value  2)s  + 1 ;   but  I  have  preferred  to  give  them  for  a  specific  case. 


Hosted  by 


Google 


645] 


645. 


A    SMITH'S    PRIZE    PAPER,    1877. 

[From  the  Messengei-  of  Mathematics,  vol.  vi.  {1877),  pp.  l7;-i— 182.] 

The  paper  was  as  follows: 

1.  Show  (independently  of  the  theory  of  roots)  how,  if  x  satisfies  an  equation 
of  the  order  ii,  a  given  rational  function  of  en  can  in  general  be  expressed  as  a 
I'ational  and  integral  function  of  the  order  n  —  1.  State  the  theorem  in  a  more 
precise  fonn,  so  as  to  make  it  true  universally, 

2.  Investigate  the  form  of  the  factors  of  1  +  sin(2)i+ 1)«  considered  as  a 
function  of  sin  ic ;   and  give  the  formulte  in  the  two  cases,  2m  + 1  =  3  and  5  respectively. 

3.  Write  down  the  substitutions  which  do  not  alter  the  function  ab  4-  cd ;  and 
explain  the  constitution  of  the  group. 

4.  Find  in  a  form  adapted  for  calculation  an  approximate  value  for  the  sum  of 
the  middle  2«  + 1  terms  of  the  expansion  of  (1  + 1)^',  n  being  a  large  number,  and 
a  small  in  comparison  therewith. 

Obtain  thence  a  complete  and  precise  statement  of  the  theorem  that  in  a  large 
number  of  tosses  the  numbers  of  heads  and  tails  will  probably  be  nearly  equal. 

5.  A  point  in  space  is  represented  on  a  given  plane  by  its  projections  from 
two  fixed  points.  Show  how  a  problem  relating  to  points,  lines,  and  planes,  is 
thereby  reduced  to  a  problem  in  piano;  and  apply  the  method  to  construct  the  line 
of  intersection  of  two  planes  each  passing  through  three  given  points. 

6.  A  weight  is  supported  on  a  tiipod  of  three  unequal  legs  resting  on  a  smooth 
horizontal  plane,  their  feet  connected  in  pairs  by  strings  of  given  lengths.  Show  how 
to  determine  the  tensions  of  the  several  strings. 

7.  Explain  the  ordinary  configuration  of  a  system  of  isoparametric  lines  on  a 
spherical  surface ;  for  instance,  what  is  the  configuration  when  there  are  two  points 
of  minimum  value,  and  one  point  of  maximum  value,  of  the  parameter  ? 
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S.  Find  the  attraction  of  an  infinite  circular  cylinder,  of  uniform  density,  on  a 
given  exterior  or  interior  point. 

9,  Determine  the  number  of  arbitrary  constants  contained  in  the  equation  of  a 
surface  of  the  order  r  which  passes  through  the  curve  of  intersection  of  two  given 
surfaces  of  the  orders  m  and  n  respectively, 

10.  Find,  for  the  several  values  of  p,  the  number  of  the  conies  passing  through 
p  given  points  and  touching  5—p  given  lines;  and,  in  each  case,  show  how  to  obtain 
(in  point-coordinates  or  line-coordinates,  as  may  be  most  simple)  the  equations  of  the 
conies  satisfying  the  conditions  in  question. 

11.  Investigate  the  theory  of  the  linear'  transformation  of  a  ternary  quadric 
function  into  itself. 

12,  Explain  the  theory  of  the  solution  of  a  pai'tial  differentia!  equation,  given 
function  of  x,  y,  z,  p,  q,  r  =  arbitrary  constant  ff ;  where  p,  q,  r  are  the  differential 
coefficients  of  the  dependent  variable  i(  in  regard  to  the  independent  variables  x,  y,  z 
respectively, 

I  propose,  not  (as  in  former  years)  to  give  complete  solutions,  but  only  to  notice 
in  more  or  less  detail  the  leading  points  in  the  several  questions. 

1.  The  expression  is  of  course  required,  not  only  for  a  given  integral  function 
of  00,  but  for  a  given  fractional  function.  The  case  where  the  given  function  is 
integi'al   presents   no   difficulty;    when   the   given   function   is  fractional,  the  most  simple 

case   is   where   it  is   = ;    supposing    the    equation    to    be  f(x)  =  0,    here    dividing 

/(*)  hy  w  —  a,  we  have  a  quotient  R(x)  which  is  a  rational  and  integi'al  function  of 
an   order  not   exceeding  n-1,   and   a  remainder  which   is   =f(a);    that   is, 

x—a  x—a 

or,    in    vii'tue    of    the   given    equation    -      '  ==  —  R  {x),   viz,   we   have   thus    in   the 

requii'ed   fonn.     But   if/(a)  =  0,   then   we   do   not   obtain   such   an   expression   of 

It  has  to  be  shown  that  the  like  considerations  apply  to  any  fractional  function,  and 
the  precise  form  of  the  theorem  is,  that  any  rational  function  of  x  which  does  not 
become  infinite  for  any  value  of  x  satisfying  the  given  equation,  can  be  expressed  as  a 
I'ational  and  integral  function  of  an  order  not  exce 


2.  The  function  1  —  sin(2™-l- 1)«  is  a  rational  and  integral  function  of  sin  a;,  of 
the  oi'der  2ji-|-1;  which  if  n  is  even  (or  2ji  + 1  =  4p-|- 1)  contains,  as  is  at  once 
seen,   the   factor   1  -  sin  ic,   but   if   n  is   odd    (or   2ra  +  1  =  4^)  -  1)   the    factor   (1  -f  sin  x). 

Suppose   that   any  other    factor   is   1  -  -. —  ,   where   sin  a   not   =  +  1 ;   then   this   will   be 
'■'^  ■!  sm  a  ~ 

a  double  factor  if  only  sin  a;  =  sin  a  satisfies  the  condition 
0  =  -j-^ —  il  -  sin  (%i  -1- 1)  x], 
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that  is,  0= 1 ;    the   value   in   question   gives   sin(2n +  \)x  =  l,   and  therefore 

cos(2ro+ l)ic=  0 ;    and    it    does    not    give    cos«=0;    hence   every   such   factor  1--. — 
is  a  double  factor,  or  we  have 


Or   the   like   result   might   be   obtained   by   considering  instead   of  1 -sin  (2«  +  l)iB, 
the  more  general  function 

Rin(2n  +  l)a±sm{2n+l)x, 
and  finally  assuming  a  =  ^-rr. 

3.  Relates   to   a   theory   which   is   not,   but   ought   to    be,    treated    of   in   the   text 
books  of  the  University.     See  SeiTet's  Alghhre  Superieure,  t.  ii.,  Sect.  iv. 

The  substitutions  which  leave  ah  +  cd  unaltered  are 
1,  that  is,  the  letters  remain  unchanged, 
{ab),  that  is,  a  and  b  su'e  interchanged, 
(cd),  that  is,  c  and  d  are  interchanged, 
{ah)  {cd),  that  is,  a  and  b  and  also  c  and  d  ai'e  simultaneously  interchanged, 
(oc)  {bd),  same  with  a  and  c,  b  and  d, 
{ad)  (6c),  same  with  a  and  d,  b  and  c, 

(ac6d),  that  is,  we  cyclically  change  a  into  c,  c  into  b,  b  into  d,  and  (^  into  a, 
{adbc),  that  is,  we  cyclically  change  a  into  d,  d  into  i,  6  into  c,  and  c  into  a, 

viz.  we  have  eight  substitutions  1,  a,  0,  y,  S,  e,  ^,  6  forming  a  group ;  that  is,  the 
product  of  any  two  of  them,  in  either  oi"der,  is  a  substitution  of  the  group  (or, 
what  is  the  same  thing,  the  effect  of  the  successive  performance  of  the  two  upon 
any  arrangement  abed  is  the  same  as  that  of  the  performance  thereon  of  some  other 
substitution  of  the  group);  thus  we  have  a^  =  l,  0^  —  1,  7^=1,  a/3  = /3a  =  7,  &c. ;  the 
system  of  these  equations,  which  verify  that  the  set  of  substitutions  form  a  group, 
defines  the  constitution  of  the  group — thus  to  take  a  more  simple  instance,  a  group 
of  4  may  be  1,  a,  a\  0=  (a"  =  1)  or  1,  a,  0,  q/3,  (a^=l,  /3^  =  1,  a/3  =  ;3a). 

4.  The  expression  of  tlie  general  coefficient  is 

_1 .  2...2«  _  ___ 
'^  l~.2  ...n-a.l.2'...n  +  ai' 

which  can  be  transformed  by  the  well-known  formula 

1.2  ...)i  =  m"+Jv'('n-)e-", 
G.  X.  6 
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viz.  the  coefficient  thus  becomes 

2m  1 


ifiarison   with    n,   and   the 


Now   «   is   supposed   small  in   comfiarison   with    n,   and   the    factors   in   the   denominator 
have  the  loaarithms 


and 

(}i  +  a  +  ^)log  ^1  +  "^,  =     "  +  ^t' 

hence  the  denominator  is  =e",  and  the  final  approximate  value  of  the  coefficient  is 


V(«>r) 

Hence,  converting   as   usual  the   sum  into  a  definite   integral,  we  have   the   sum   of  the 
Sa  + 1  coefficients 


or,  what  is  the  same  i 


=  V(7r)J_/ 


For  the  chance  that  the  number  of  tosses  lies  between  w  +  a  and  w  —  a,  this  has 
merely  to  be  divided  by  2™ ;  hence  writing  a  =  kn,  the  chance  that  the  number  may 
be  between  n(l  +  k)  and  n(l—k)  is 

where  observe  that  the  integral,  taken  with  the  limits  oo ,  -  oo    has  the  value  \/('n-). 

Considering  /c  as  a  given  fraction  however  small,  by  increasing  n  we  make 
k  V(m)  as  large  as  we  please,  and  thei-efore  the  integral,  as  nearly  as  we  please 
= '/{'"'),  or  the  chance  as  nearly  as  wo  please  —  1 ;  suid  hence  the  complete  and 
precise  statement  of  the  theorem,  viz.  by  sufficiently  increasing  the  number  of  tosses, 
the  probability  that  the  deviation  from  equality  shall  be  any  given  percentage  (as 
small  as  we  please)  of  the  whole  number  of  tosses,  can  be  made  as  nearly  as  we 
please  equal  to  certainty. 

Further,   restoring   a  in   place   of  kn,  the   chance   of    a   number   between    n  +  a   and 


-«  IS 
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=  —7; — ^, ,    (more  accurately      ,,   ■ .  ,   when    a    is    small    : 
^/{n■r^y    \  ^     VC^tt)  '  _r 

hence,   however    large    a    is,   the    chance    of   a    deviation    from    equality  not   exceeding 

+  a,   continually    diminishes    with    11,    and    by   making    n    sufficiently   large    becomes    as 

small  as  we  please. 

5.  The  point  is  represented  in  the  given  plane  by  two  points  which  lie  in 
litieA  with  a  fixed  point  (say  0)  of  that  plane,  viz.  0  is  the  inteisection  of  the 
given  plane  by  the  line  which  joins  the  two  projecting  points. 

A  line  is  represented  on  the  given  plane  by  two  lines,  viz.  these  are  the 
projections  of  the  line  from  the  two  given  points;  each  point  of  the  line  ia  represented 
by  the  points  of  intersection   of  the  two  lines  by  any  line  through  0. 

A  plane  may  be  represented  on  the  given  plane  by  means  of  its  trace  thereon, 
and  of  the  two  points  (in  lined,  with  0)  which  represent  any  point  of  the  plane. 

Thus  any  problem  relating  to  points,  lines,  and  planes,  in  space  is  converted  into 
a  problem  of  plane  geometry.  For  instance,  to  find  the  trace  on  the  given  plane  of 
a  plane  through  three  given  points  A,  B,  G,  the  three  points  are  represented  by 
means  of  the  pairs  of  points  A^,  A^;  B^,  B^;  C,,  C^,  the  points  of  each  pair  lying 
ill  lined  with  0 ;  the  required  trace  passes  through  the  intersections  with  the  given 
plane  of  the  lines,  BG,  GA,  AB  respectively,  and  we  hence  find  it  as  the  line 
through  the  three  points  which  are  the  intersections  of  B^pi,  B/!^,  of  Cj_Ai,  C^A^, 
and  of  Aj_Bi,  A^B^  respectively;  that  these  points  are  in  a  line  is  a  theorem  of 
plane  geometry,  which,  if  not  previously  known,  would  have  at  once  been  given  by 
the  construction, 

6.  The  solution  ought  obviously  to  be  obtained  from  the  principle  of  virtual 
velocities ;  taking  a,  h,  c  for  the  lengths  of  the  legs,  /,  g,  h  for  the  lengths  of  the 
strings,  and  z  for  the   height   of  the  summit,  s  is   a   known   function   of  a,  b,  c,  f,  g,  h, 

In   is   in   fact   =  -r- ,   where    V,   the   volume   of  the   tetrahedron,  is   a  giveu   function   of 
«■;   b,   c,  f,  g,   h;    and    A,    the    area    of    the    base,    is    a    given    function    of  f,    g,   hj. 

Writing    then    F,    0,    H    for    the    tensions,    and     W    for    the    weight,    and    regarding 
z,  /,  g,  h  as  variable,  the  principle  gives 

Wdz  +  Fdf  +  Qdg  +  Hdh  =  0, 
that  is, 

dj  dg  all 

respectively. 

7.  The  ordinary  case  is  when  an  isoparametric  line  has  on  one  side  of  it 
lai'ger  values,  on  the  other  side  of  it  smaller  values  of  the  parameter;  the  case 
where  the  isoparametric  line  is  a  line  of  maximum,  or  of  minimum, 
excluded. 
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The  lines  in  the  neighbourhood  of  a  point  of  maximum,  or  of  minimum,  parameter 
are  ovals  suiTounding  the  point  in  question,  each  oval  being  itself  surrounded  by  the 
consecutive  oval.  Supposing  that  there  are  two  points  of  minimum  parameter,  we 
have  round  each  of  them  a  series  of  ovals,  until  at  length  an  oval  belonging  to 
the  one  of  them  comes  to  unite  itself  with  an  oval  belonging;  to  the  other,  the  two 
ovals  altering  themselves  into  a  figure  of  eight.  Surrounding  this  we  have  a  closed 
curve  (in  the  first  instance  a  deeply  twice-indented  oval)  which  {in  the  case  supposed 
of  there  being,  besides  the  two  points  of  minimum  parameter,  a  single  point  of 
maximum  parameter)  is  in  fact  an  oval  surrounding  the  point  of  maximum  parameter, 
and  the  remaining  curves  are  the  series  of  ovals  surrounding  that  point.  If  we 
project  stereographically  from  the  point  of  maximum  parameter  (so  that  this  point 
is  represented  by  the  points  at  infinity)  we  have  a  figure  of  eight,  each  loop 
containing  within  it  a  series  of  continually  diminishing  closed  curves,  and  the  figure 
of  eight  itself  surrounded  by  a  series  of  continually  increasing  closed  curves. 

8.  The  investigation  by  means  of  the  Potential  presents  the  difficulty  that  the 
Potential  of  the  infinite  cylinder  has  no  determinate  value,  as  at  once  appears  from 
the  limiting  case  where  the  cylinder  is  reduced  to  a  right  line ;  the  difficulty  is 
perhaps    rather    apparent    than    real,    inasmuch    as    the    partial    differential    equations 

contain  only  differential  coefficients  -3— ,  —j-^ ,  where  -3-  as  representing  an  attraction, 
and   therefore   also    ,— ,   are   determioate.      But   it   is    safer   to   work   directly   with   the 

Attraction;  the  Attraction  of  an  infinite  line  acts  in  the  perpendicular  plane  through 
the  attracted  point,  and  is  inversely  proportional  to  the  distance ;  the  problem  is 
thus  reduced  to  the  plane  problem  of  a  circle  of  uniform  density,  force  varying  as 
(distance)"',  attracting  a  point  in  its  own  plane.  This  is  precisely  similar  to  the 
case  of  a  sphere  with  the  ordinaiy  law  of  attraction;  dividing  the  circle  into  rings, 
each  ring  exerts  an  attraction  =  0  upon  an  interior  point,  and  an  attraction  as  if 
collected  at  the  centre  upon  an  exterior  point.  Hence,  writing  a  for  the  radius  of 
the   cylinder,  and   r    for    the    distance    of   the   attracted    point,   the    attraction    is    —Tvr 

for  an  interior  point,  and  =  —  for  an  exterior  point. 

9.  The  theory  is  precisely  the  same  as  for  curves;  taking  the  surfaces  to  be 
f7=0  of  the  order  m,  and  F=0  of  the  order  n,  the  general  form  of  the  equation 
of  a  surface  of  the  order  r  (r  not  less  than  m  or  w)  is  LU  +  MV  =  (},  where  L  is 
the  general  function  of  the  order  r  —  m,  and  M  the  general  function  of  the  order 
r~n\  and  so  long  as  r  is  less  than  m  +  n,  we  obtain  the  required  number  of 
arbitraiy  constants  as  the  sum  of  the  numbers  of  the  coefficients  of  L  and  of  M, 
less  unity.  But  as  soon  as  r  is  =to  +  k  a  modification  arises,  viz.  we  obtain  here 
an  identity  by  assuming  L=V,  M=—U,  and  so  for  any  larger  value  of  r,  we  have 
an  identity  by  assuming  i  =  F^,  M=—Utf>,  where  0  is  the  general  function  of  the 
order  r—m  —  n. 

10.  The  numbers  are  known  to  be  1,  2,  4,  4,  2,  1,  which  values  are  obtained  most 
easily  (though   not   in   the   way   which   is   theoretically   most   interesting)   by   finding  for 
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the  first  three  cases  the  equation  of  the  requircc!  eonic  in  point-coordinates;  and  then, 
by  changing   these   into   line -coordinates,  we  have  the  equations  for  the   remaining  three 

^  =  5  :   5  points.     The  equation  of  the  conic  is 

(o,  b,  o,f,g.  ;.$»•,  J,,  ^)-=0, 

and  we  have  5  linear  equations  to  determine  the  ratios  of  the  coefficients ;  the  number 
is  therefore  =  1. 

p—i:  4  points  and  1  line.  Taking  [7^=0  and  F=  0,  the  equations  of  any  two 
conies  each  passing  through  the  four  points,  the  equation  of  the  required  conic  will 
be  U+\V=0,  and  the  condition  of  touching  a  given  line  gives  a  quadi-ic  equation 
for  X;   the  number  is  therefore  =2. 

p  =  S:  3  points  and  2  lines.  In  the  same  manner,  by  taking  ^  =  0,  P"=  0,  W  =  0, 
for  the  equations  of  any  three  conies  through  the  three  points;  or  if  the  equations 
of  the  lines  containing  the  three  points  in  pairs  are  a:  =  0,  2/=0,  s  =  0,  then  the 
equations  of  the  three  conies  are  yz  =  0,  zx^  0,  xi/  —  0,  and  the  equation  of  any  conic 
through  these  points  is  fyz  +  gsse  +  hxy  =  0 ;  the  conditions  of  touching  two  given  lines 
^ai  +  7/i/+^z=:(i  and  ^'x+ n'y +  i;'z=Q,  are 

V/ Vf  +  ^9 ^n  +  ^/h  V?=  0,    V/VI'  +  'Jg  V'?'  +  V^  V^  =  0 ; 

we  have  thus  the  ratios  V/  ■  V^  ^  V^  linearly  determined  in  terms  of  VI.  V''?.  ^'^^  i 
there  is  no  loss  of  generality  in  taking  V?.  V^  each  with  a  determinate  sign,  the 
signs  of  'Jt],  &c.  being  then  ai-bitrary,  we  have  2',  =  16  values  of  V/"  '•  V?  '■  -Jh.  and 
therefore  one-fourth  of  this  =  4,  for  the  number  of  values  oi  f  :  g  :  h;  that  is,  the 
number  is  =4. 

11.  This  is  a  known  theory;  taking  x^,  y^  ^i  for  the  linear  functions  of  x,  y,  s, 
which  are  such  that 

{a,  b,  c,f,  g,  K$x^,  y„  s,)'  =  («.  f>.  ".  /  g.  AJa;,  y,  zf, 

then  assuming  ix,,  i/i,  Si  =  2^~x,  217—1/,  2^  —  z  respectively,  we  have 

(o,...52f-«,  2,-y,  2f-^)-  =  (»,...fe  y,  zf, 

or,  omitting  terms  which  destroy  each  other,  and  throwing  out  the  factor  4,  this  is 

(o,. ..${,,,  »■=(<... ..5f,,,  d'^.y."). 

an  equation  which  is  satisfied  identically  by  assuming 

a^  +  }wi-\-g^  =  aa:  +  ky+gz    .      -c5?  +  /i?, 

gS+fv  +  c^  =  gx+fy  +  cz''/i^+Xv    ■   , 
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where  \,  fi,  v  are  arbitrary;  viz.  multiplying  by  ^,  17,  I;,  and  adding  we  have  the 
equation  in  question.  The  three  equations  determine  f,  ?/,  if  as  linear  functions  of 
X,  y,  z\  and  we  have  thence  aii,  y^,  z,  as  linear  functions  of  x,  y,  2;  viz.  this  is  a 
solution  containing  three  ai'bitrary  constants  X,  fi,  v. 

12.  The  partial  differential  equation  might  equally  well  have  been  proposed  in  the 
form,  given  function  of  x,  y,  z,  p,  q,  r  =  0,  viz.  the  equation  then  is  ^  {x,  y,  z,  p,  q,  r)  =  0, 
the  general  pai'tial  differential  equation  involving  the  three  independent  variables  x,  y,  z, 
and  the  derived  functions  p,  q,  r  of  the  dependent  variable  u,  hut  not  involving  the 
dependent  variable  u.  The  question  is  therefore  in  effect  as  follows :  to  find  p,  q,  r 
functions  of  a:,  y,  z  connected  by  the  foregoing  equation,  and,  moreover,  such  that 
pdx-\-qdy-\-Tdz  is  an  exact  differential;  for  then  writing  u  =  j(pdai+qdy  +  rdz),  we  have 
the  solution  of  the  given  partial  differential  equation. 

Whatever  be  the  method  adopted,  it  comes  out  that  the  solution  depends  on  the 
integration  of  the  system  of  ordinary  differential  ei^uations 

d/p 


iq   _ 

ir       dx 

_dy  _ 

dz 

dtp 

dj,     #° 

dij>~ 

"ci*' 

"dy 

dz     dp 

3? 

dr 

and  the  answer  consists  first  in  showing  this,  and  secondly,  in  showing  how  from  an 
integral  or  integrals  of  the  system  we  pass  to  the  solution  of  the  partial  differential 
equation. 

Considering  the  partial  differential  equation  in  the  form  actually  proposed,  we  may 
instead  of  1^  write  H,  where  JI  will  stand  for  that  given  function  of  w,  y,  z,  p,  q,  r  which 
is  the  value  of  the  arbitrary  constant  H;  making  this  change,  and  putting  the  fore- 
going equal  quantities  equal  to  the  differential  dt  of  a  new  variable,  the  system  of 
oMinary  differentia!  equations  is 

dp  _     dH       dq  __ 
di "     dx  '      dt 

dx  _     dH        dy  _ 
dt        dp  '       dt 

where  if  is  a  given  function  of  x,  y,  s,  p,  q,  r.  This  is,  in  fact,  the  Hamiltonian  system 
of  equations ;  and  it  was  in  view  to  the  connexion  that  the  partial  differential  equation 
was  proposed  in  its  actual  form. 


dH 

dr 

dH 

dy- 

dt 

dz- 

da 

dz 

dH 

di- 

dt 

dr 
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646. 

ON  THE  GENERAL  EQUATION  OF  DIFFERENCES  OF  THE  SECOND 
ORDER. 


[From   the    Quarterly   Journal   of  Pure   a>id   Applied   Mathematics,   vol.   XIV.   (1877), 
pp.  23—25.] 


Consider  the  equation  of  ditierences 


via.  we  have 


Its  =  aiJti  +  bfito, 

tte^a^Us  +  hUf, 
&c., 


=     cha.,a. 

M,  +         a,a. 

h'Uo, 

+  aA 

+  b, 

+  ct,6. 

a^a^a^a, 

Mi  +       fljttaCt, 

h„ua. 

+  a^aA 

+  aA 

+  a^ffli&s 

+  a,h. 

+  a.:,a^hs 

+  bA 
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a^a^iho^a^ 

Wi  +     aE«4a3 

+  (hO'<<hhx 

+  a^aA 

+  asCtiOift, 

+  chfhh 

+  a,a^a^h 

+  ((,«=&. 

+  asOiOnbi 

+  6A 

+  a, 6561 

+  a,bA 

It  is  now  easy  to  see  the  law ;   viz.  writing  for  instance 

w„=  54321.  %  +  54j32.6(,?(,, 

then  54321  has  a  leading  teiin  a^aiasa^ai-.  it  baa  terms  derived  from  this  by  changing 
any  pair  a^a^  into  61,  OsMa  into  tj,  ctiffla  into  63,  af,ai  into  64:  it  has  terms  derived  by 
changing  any  two  pairs  ctiOs,  Oa^i  into  hh,;  as»ii  «a«i  into  bA',  ii^5«4,  ^s'ta  into  ^ii^a. 
and  80  on ;  where  observe  that  the  expression  a  pair  denotes  the  product  of  two  con- 
secutive tt's. 

And,  similarly,  5432  has  a  leading  term  C[5a4ra3a5;  the  other  terms  being  derived 
from  this  in  the  same  manner  precisely. 

The  solution  of  Ux  =  lsi:(aiix-i  —  ''^x-i)  is  included  in,  and  might  be  deduced  from 
the  foregoing,  but  it  is  convenient  to  obtain  it  separately.  Supposing  for  greater 
simplicity  that  m_i  =  0,  Mo=1  (or,  what  is  the  same  thing,  Mr,=  l,  %  =  ^ce),  then  we  find 


«,-y,«--(„ 

u,-l,l,ha'~        hLll- 

+l.k\ 

«,-!.i,i,!,c.>- 

1.1.1. 
+  hlA 
+  l,U, 

a' +  1.1,. 

u,  =  l,kWia'- 

;.i,!,', 

a'  + 

W. 

+  IJJ.k 

+  1,1,1, 

+  l.lAk 

+  l,l,k 

+  1,1,1, 

1 

Hosted  by 


Google 


646]  OF   THE    SECOND   ORDER.  49 

viz,  we  may  for  example  write 

M,  =  ;,  4321.  M>- 4321  (■)«"  + 4321  (Oct; 
where 

4321  denotes  hhlik-- 

io  4321  (-),  we  omit  successively  each  number,  viz.  we  thus  obtain 

432+431  +  421  +  321, 

=  hkk  +  Ithk  +  liUi  +  hkli-- 

in  4321  (:),  we  omit  successively  each  two  non-conseentivo  numbers,  viz.  the  omitted 
numbers  being  1,  3;   1,  4;   2,  4,  we  obtain 

42+32+  31, 

and  so  on,  the  omissions  being  each  three  numbers,  each  four  numbers,  &c.,  no  two  of 
them  being  consecutive;  thus  in  654321  ■(-'-),  the  omissions  are  5,  3,  1,  and  6,  4,  2;  or 
the  symbol  is 

642  +  531  , 

As   an   application,   a   solution   of   the   differential   equation   t- («-t^) +  ('C  — «)^  =  0 

is  y  =  'u^  +  UiX  +  u^a?  +  &c.,  where  to%,i  =  awn-i  —  Mn-a.  and  in  particular  1%  =  au^ ;  the 
equation  of  differences  is  thus  of  the  form  in  question,  and  retaining  i„  in  place  of 
its  value,  =Ji^  the  solution  is  Mo=1,  v^^liO,,  U3=  l^lia"  —  l^,  &c.  ut  swprd,.  The 
differential  equation  was  considered  by  the  Rev.  H.  J.  Sharpe,  who  mentioned  it  to 
Prof  Stokes. 
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647. 


ON  THE  QUAHTIC  SURFACES  REPRESENTED  BY  THE  EQUATION, 
SYMMETRICAL  DETERMINANT  =  0. 


[From   the   Quarterly  Journal   of  Pure   cmd  Applied  Mathematics,  vol   xiv.   (1877), 
pp.   46—52.] 


CONSIDEE  the  equation 


a,    h ,    g,     I       =0, 

k,     b ,    f,     m 
9,    f,     c, 


where  for  the  moment  (a,  b,...)  denote  linear  functions  of  the  coordinates  {x,  y,  s,  w). 
This  is  a  quartic  surface  having  10  nodes;  viz.  if  we  write  {A,  B,...)  for  the  first 
minors  of  the  determinant,  then  the  cubic  surfaces  A=0,  B  =  0,  ...  have  in  commoti  10 
points  which  are  nodes  of  the  quartic  surface. 


that  {a,  b,  c,  f,  g,  h)  are  linear  functions  of  the  form  (x,  y) ;  then,  oh.servii 


that  every  term  of  V  contains  e 


I  factor 


ng 


9>    f, 

or  one  of  its  first  minora,  it  is  dear  that  the  line  j;  =  0,  ^  =  0  is  a  double  line  on 
the  surface.  But  the  number  of  nodes  is  now  less  than  10 ;  in  fact,  writing  {w  =  0, 
y  =  0),  we  make  each  of  the  first  minors  of  V  to  vanish ;  that  is,  the  cubic  surfaces, 
which  by  their  intersection  determine  the  nodes,  have  in  common  the  Hne  (a;  =  0,  y  =  0), 
and  there  is  a  diminution  in  the  number  of  their  common  intersections.  I  do  not 
pursue  the  enquiry,  but  pass  to  a  different  question. 
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I,  in   fact,  take   the   terms  {a,  ...)   of  the  determinant   to  be  homogt 
of  (w,  y,  z,  w)  of  the  degrees 


2, 

2, 

1 

2, 

2, 

I 

1, 

1, 

0 

0, 

respectively,  viz.  ra,  d,  I  are  constants,  g,  h,  m,  n  linear  functions,  and  b,  o,  f  quadric 
functions  of  the  coordinates;  V  =0  still  represents  a  quartic  surfiiee;  and  it  appears 
by  a  general  formula  that  the  number  of  nodes  is  =  8.  But  we  can  easily  show  this 
directly ;  and  further,  that  the  8  nodes  ai'e  the  intersections  of  three  quadric 
or  say  that  the  quartic  surface  is  ootadie.  For  denoting  as  before  the  first  n 
A,...,  then  B,  0,  F  are  each  of  them  a  quadric  function  of  the  coordinates, 
have 

B  =  d(ac  —g^)  —  cl^    —  an^   +  ^gin, 

G  =  d  (ab  —  A^  )  —  ctm'  —  bl^     +  2hlm., 

F=d{gh  —  af)  +  l^f  +  mna  -  tdh  —  Img, 

and  we  have  idcnticaliy 

BC-F'^iad-l^}-^, 


ao,^  by 
viz.   we 


)  that  throwing  out  the  constant  factor  ad  —  P,  the  ( 
BO-F^-^O, 


ition  of  the  surface  i 


and   it   has  8  nodes,  the   intersections  of  the   three   quadric  surfaces  5=0,  (7=0,  F=0. 
By  equating   to   zero  any  other  minor  of  the  determinant  V,  we  have  a  surface  passing 


through  the  8  i 


«;  we  have  for  instance  the  quartic  surface 
-0. 


y.    /,     c  I 
now   (and   in   all   that   follows)   that,  the   degrees   being   as    already   mentioned, 
we   further  assume   that   b,   c,  f  are  quadric   functions   of  the   form  (a;,   yf,  g,   h   linear 
functions  of  the  form  (x,  y) ;   then  since  each  term  of  V   contains  either 

I  a,     k, 

\k,     b, 

\s,  /. 

or  one  of  its  first  minors,  it  is  clear  that  the  line  (x  —  0,y~0)  is  a  double  line  on 
the  surface.  But  in  the  present  case  there  is  not  any  diminution  in  the  number  of 
the  nodes ;  in  fact,  writing  te—O,  y~0,  and  therefore  b,  a,  f,  g,  h  each  =  0  (but  not 
a  =  0),  the  minors  B,  G,  F  none  of  them  vanish ;  that  is,  the  line  x=0,  y  —  0  is  not 
a  line  on  any  one  of  the  quadric  surfaces,  and  the  quadric  surfaces  intersect  as  before 
in  an  octad  of  points. 
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The  equation  V  =  0  thus  represents  a  quartic  surface  having  a  double  linn,  and 
also  8  nodes  forming  an  oetad. 

We  may  without  loss  of  generality  write  (^  =  0 ;  in  feet,  the  deteiniiiiant  is  unaltered 
if  we  add  to  the  fourth  column  $  times  the  first  column,  and  then  to  tlic  fouith 
line  0  times  the  first  line;  the  determinant  is  thus  of  the  original  foim,  but  m  place 
of  d  it  has  d  +  261  +  0^a,  which  by  properly  determining  0  can  be  made  =  0.  And 
then  changing  the  original  I,  m,  n,  the  equation  is 


V  = 


k. 

« ,     If,     ' 
b.    f.     ■» 

3,    J  •     ',     » 
I,     m,     ;.,     0 

= 

a,     h,     g 

I;    6,  / 

9.    f.     0 

=  0. 


Or,  writing  for  shortness. 


the  minors  hereof  by  (a,  b,  c,  f,  g,  h),  then  the  equation  is 

V  =  (a,  b,  c,  f,  g,  hj;,  VI,  nf  =  0, 

where   the   degree   of  K  is   4,  and    the   degrees   of  a,  b,  c,  f,  g,  h   are   4,  2,   2,    2,   3,  3 
respectively,  those  of  I,  m,  n  being  0,  1,  1  respectively. 

The   nodes  axe,   as  before,   the    intersections    of    the   quadric   surfaces   .8  =  0,   C=0, 
F=0,  viz.  (d  being  now  =  0)  the  values  are 

_  £  =  cP  -  2<fln  +  an\ 

—  G  =  bV'  —  2hkn  +  am\ 

F  =fi^  —  gltn    —  him  +  amn. 

But,  according  to   a   previous  remark,  the  nodes   lie   also   on  the   quartic  surface  K  =  (i\ 
viz.  this  is  a  set  of  four  planes  intersecting  in  the  line  x  =  0,  y  =  0. 

Now,  in   general,  any  plane   through   the   line   « =  0,  ?/  =  0  meets  the  surface  in  this 
line  twice  and  in  a  conic ;  if  the  plane  is  ^  =  0x,  we  have 

a,  b,  c,  f,  ff,  h=  a',  b'af,  cV,  f'af,  g'lv,  h'x, 

(0,  2,  2,  2,  1,  1)  respectively; 


where  a',  b',  c',  f,  g',  h'  are  functions  of  0  of  the  deg 
and  thence  also 

a,  b,  c,  f,  g,  h  =  aV,  b'^^,  cV,  f ' 


,  g'^,  hV, 


where  a',  b',  c',  f,  g",  h'  are  ftinctions  of  d  of  the  degrees  4,  2,  2,  2,  3,  3  respectively ; 
the  equation  of  the  surface  thus  becomes  (a',  b',  c',  f,  g',  h'Jte,  m,  ii)°  =  0;  viz.  this 
is   a   quadric    equation    which,   combined   with    the    equation   y  —  6x^0,  determines   the 
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conic  in  question.  But  for  each  of  the  planes  ^  =  0,  we  have  (a',  fa',  c',  f,  g,  h'^^lx,  m,  nf 
a  perfect  squai'e,  or  the  conic  a  two-fold  line ;  we  have  thus  the  8  nodes  lying  in 
pairs  on  four  lines,  say  the  four  "rays,"  in  the  four  planes  K=0  respectively;  each 
of  these  rays  meets  the  double  line  a;  =  0,  «/  =  0  in  a  point ;  and  we  have  thus  on 
the  double  line  4  points,  which  are  in  fact  pinch -points  of  the  surface  (as  to  this 
presently).  It  has  just  been  stated  that  for  the  plane  passing  through  the  nodal  line 
and  a  ray,  the  conic  is  a  two-fold  line  (the  ray  twice)  containing  upon  it  a  pair  of 
nodes ;   more  properly,  the  conic  is  the  point-pair  composed  of  the  two  nodes, 

We   can   find   through   the    nodes    four    different    plane-pairs ;    in   fact,   forming   the 
equation 

-B  +  2XF--X=G=0, 
this  is 

^  {c  -H  2Xf+  X'b)  -2l(ff  +  \h)  {n  +  \m)  +  a(n+  \mf  =  0 ; 

or,  as  this  may  also  be  written, 

{a{n  +  \m)~l(g  +  Xh)f  -I-  ;=  (b  -  2Xf  +  X^}  =  0, 

where  b,  c,  f  and  therefore  also  b  — 2Xf-f-X'c  are  of  the  form  (x,  i/)°;  say  that  we  have 
b  — 2\f4-X°c  =  (p,  q,  r'^x,  yf,  where  p,  q,  r  are  of  coiu'se  quadric  functions  of  \; 
determining  X  by  the  quartic  equation  'pr  —  <f  —  0,  we  have  b  —  2Xf  -I-  A,°c  a  perfect 
square,  =  (««  -f  ^yf  suppose ;   and  we  have  thus  the  plane-pair 

[a  (ji  +  Xnx)  ~l(g  +  Xh)f  - 1'  (ax  +  ^yf  =  0 

containing  the  eight  nodes ;  viz.  there  are  four  such  plane-pairs.  The  two  planes  of 
a  plane-pair  intersect  in  a  line  called  an  "  axis" ;  that  is,  we  have  four  axes  each 
meeting  the  nodal  line;  and  we  have  thus  also  through  the  nodal  line  and  the  four 
axes  respectively  four  planes,  which  are  "  pinch-planes "  of  the  quartic  surface  (as  to 
this  presently). 

It   has  just   been   seen   that   the   equation  S  —  2XF  +  OX'  =  0  (where   X   is  arbitrary) 
is  expressible  in  the  form 

[a  in  +  Xm)  -l{g  +  Xk)f  +  l^  (p,  q,  r^cc,  yf  =  0, 

viz.  this  is  the  equation  of  a  quEidi-ic  cone  having  its  vertex  on  the  nodal  line  at 
the  point  x-d,  y  =  0,  an  —  ly  +  X(am.—  lh)  =  0;  this  is,  in  fact,  a  cone  touching  the 
surface,  as  at  once  appears  by  writing  the  equation  of  the  cone  in  the  form 

^IBC-F'  +  (XO-F)^=0, 
that  is, 

^l-l^S7  +(XO-Fy}  =  0; 

we   thus   see   that,  taking   for   vertex   any  point   whatever   on   the  nodal   line,    there  is  a 
ribed  quadric  cone. 
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For  each  of  the  above-mentioned  four  values  of  X,  the  quadric  cone  breaks  up 
into  a  plane-pair ;  each  plane  of  the  plane-pair  is  thus  a  "  trope "  or  plane  touching 
the  surface  along  a  conic;  viz,  this  is  the  conie  passing  through  the  intersection  of 
the  plane  (or  say  of  an  axis)  with  the  nodal  line  and  through  four  nodes  of  the 
surface.  We  have  thus  8  tropes,  intersecting  in  pairs  in  the  four  axes  (and  the  inter- 
section of  each  axis  with  the  nodal  line  being  a  pinch-point).  Moreover,  joining  the 
nodes  in  pa,irs,  we  have  four  rays,  each  meeting  the  nodal  line,  the  plane  through  it 
and  the  nodal  line  being  a  pinch-plane:   this  is  illustrated  in  the  figure. 


As  to  the  pinch-planes  and  pinch-points,  remark  first  that  a  plane  through  the 
nodal  line  is  in  general  a  bitangent  plane,  its  two  points  of  contact  being  the  points 
where  the  conic  in  such  plane  meets  the  nodal  Une.  When  the  two  points  of  contact 
come  to  coincide,  the  plane  is  a  pinch-plane ;  viz.  this  happens  when  the  plane  passes 
through  a  ray,  the  conic  being  then  the  ray  twice  repeated.  And  secondly,  at  a  point 
on  the  nodal  line  there  are  in  genera!  two  tangent  planes,  viz.  these  are  the  tangent 
planes  to  the  quadric  cone  belonging  to  such  point;  when  the  two  tangent-planes 
come  to  coincide  the  point  is  a  pinch-point,  and  this  happens  when  the  point  is  the 
intersection  of  the  nodal  line  with  an  axis,  for  then  (the  quadric  cone  breaking  up 
into  the  two  tropes  through  the  axis)  the  two  tangent  planes  become  the  plane 
through  the  axis  taken  twice. 

Each  section  through  the  nodal  line  is  a  conic,  and  the  polar  of  the  nodal  lino 
in  regard  to  this  conic  is  a  point ;  the  locus  of  this  point  (for  different  sections 
through  the  nodal  line)  is  a  right  line  which  may  be  called  simply  the  "polar."  To 
prove  this,  considering  the  section  by  the  plane  y  =  Otv,  we  have  to  find  the  pole  of 
the  line  ce  =  0  in  regard  to  the  conic 


(a',  b',  c',  r,  g',  h'Jfo,  ' 


=  0; 
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this  is  Ix  :  m  :  n  =  a'  :  h'  :  g',  viz.  if  ff  —  g^x  +  g,i/,  h  =  h„x -[■  h,i/,  this  is 

Ix  :  m  :  n^a  :  g«  +  gi0  ■■  K  +  K6, 

or  joining  hereto  the  equation  y  =  8x,  we  have 

Ix  :  hj  ■  m  :  n  =  a  :  ad  :  g^+g^O  :  K  +  lij0, 

where  I,  a,  g^,  g,,  h^,  k^  are  constants;  m,  n  are  linear  fiinctions  of  the  coordinates 
(a;,  y,  z,  w).  The  equations  represent,  it  is  clear,  a  right  line  which  is  the  polar  in 
question ;   and  they  may  be  written 

Ix _  h^m.  —  g,n       ly ^     ham—gon 
a  '^  h,g„  -  h^g, '      a  ~      h^g^  -  k,g, ' 

When  the  plane  passes  through  a  ray,  the  conic  becomes,  as  was  stated,  the  point- 
paii'  composed  of  the  two  nodes  in  such  ray;  the  harmonic  in  regard  to  these  two 
points  of  the  intersection  of  the  ray  with  the  nodal  line  is  thus  a  point  on  the 
polar :  that  is,  the  polar  meets  the  ray ;  and  the  two  nodes  are  situate  harmonieally 
in  regard  to  the  intersections  of  the  ray  with  the  nodal  line  and  the  polar  respectively. 

The  polar  may  be  arrived  at  in  a  different  manner,  viz.  if  instead  of  a  plane 
through  the  nodal  line  we  consider  a  point  on  the  nodal  line,  this  is  the  vertex  of 
a  circumscribed  quadric  cone;  and  taking  the  polar  plane  of  the  nodal  line  in  regard 
to  this  cone,  then  considering  the  point  as  variable,  the  different  polar  planes  all  pass 
through  a  line  which  is  the  polar  in  question.  And  hence,  taking  for  the  point  the 
intersection  of  the  nodal  line  with  an  axis,  it  appears  that  the  axis  meets  the  polar ; 
and,  moreover,  that  the  two  tropes  through  the  axis  are  harmonics  in  regard  to  the 
planes  through  the  axis,  and  the  polar  and  nodal  line  respectively. 

Collecting  the  foregoing  results,  we  have  a  quartic  surface  as  follows: 

We  have  two  lines,  a  nodal  line  and  a  polar;  meeting  each  of  those,  four  lines 
called  "rays"  and  four  other  lines  called  "axes."  On  each  ray,  harmonically  in  regard 
to  its  intersections  with  the  nodal  line  and  the  polar,  two  nodes  of  the  surface  (in 
all  8  nodes) :  through  each  axis,  harmonically  in  regard  to  the  planes  through  it  and 
the  nodal  line  and  the  axis  respectively,  two  tropes  of  the  surface  (in  all  8  tropey). 
In  each  trope  (or,  what  is  the  same  thing,  in  its  conic  of  contact)  are  4  nodes; 
through  each  node  (or,  what  is  the  same  thing,  touching  its  tangential  quadricone)  are 
4  tropes;  the  relation  of  the  nodes  and  tropes  may  he  thus  represented,  viz.  taking 
the  pairs  of  nodes  to  be  1,  2;  3,  4;  5,  6;  7,  8;  and  those  of  tropes  to  be  I,  TI; 
III,  IV;   V,  VI;   VII,  VIII;   then  we  have 
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viz.   reading   horizontally  or   vertically,  the   dots  show   the  tropes   through    each   node,  or 
the  nodes  in  each  ti-ope. 

The  pifuie  through  any  ray  and  the  nodal  line  is  a  pinch-plane  of  the  surface,  its 
point  of  contact  being  the  intersection  of  the  ray  with  the  nodal  line;  and  the  inter- 
section of  each  axis  with  the  nodal  line  ia  a  pinch-point  of  the  surface,  the  tangent 
plane  being  the  plane  through  the  axis  and  the  nodal  line ;  the  surface  has  thus 
4  pinch-planes  and  4  pinch-points. 
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ALGEBRAICAL    THEOEEM. 


[From  the  Quarterly  Journal,  of  Pure  and  Applied  Mat/wmatics,  vol,  xiv.  (1S77),  p.  53.] 

I   WISH  to   put   on   record   the   following  theorem,   given   by  me  as  a  Senate-House 
Problem,  January,  1851. 

If  {a-i-^  +  y+  ...}^  denote  the  expansion  of  (a  +  ^  +  y  +  ...y,  retaining  those  terms 
Na'^^'Y---  only  in  which 

b  +  c  +  d-i- ...  :!f'p-l,     G  +  d+  ...:^p-2,  &o.,  &c., 
then 

w'^  =  {a:+ar-n{al'{x  +  a  +  0r-^  +  ^n{n-l)  |a +/3p(a;-|-a  +  ^-|--y)"-= 

-^n(n-l)(n-2)la+0  +  yY(x+a  +  &-i''y  +  By-'+  &c. 

The    theorem,   in    a    somewhat    different    and    imperfectly   stated    form,   is   given.   Burg, 
Crelle,  t.  i.  (1826),  p.  368,  as  a  genei'alisation  of  Abel's  theorem, 

(X  +  af  =  ^"  +  ««  (a^  +  ^)"-'  +  h^i  (n  - 1)  a  (a  -  2^)  {x  +  2/3)"^ 
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ADDITION   TO   MK    GLAISHER'S    NOTE   ON   SYLVESTER'S   PAPER, 
"DEVELOPMENT   OF  AN   IDEA   OF   EISENSTEIN." 


[From   the   Quarterly  Journal   of  Pure   and  Applied   Mathematics,  vol.   xiv.   (1877), 
pp.  83,  84.] 

The  formula  (11)  [in  the  Note],  under  a  slightly  different  form,  is  demonstrated  by 
me  in  an  addition  [263]  to  Sir  J.  F.  W.  Herschel's  paper  "  On  the  formulse  investigated 
by  Dr  Brinkley,  &c.,"  Phil.  Trans,  t.  CL.,  1860,  pp.  321—323.  The  demonstration  is  in 
effect  as  follows:  let  u  denote  a  series  of  the  form  l  +  b!v  +  ca?  +  da?+ ...,  and  let  m' 
(where  i  is  positive  or  negative,  integer  or  fractional)  denote  the  development  of  the  i-th 
power  of  u,  continued  up  to  the  term  which  involves  a;",  the  terms  involving  higher 
powers  of  x  being  rejected;  u",  u',  m^..,  and  generally  u^  will  denote  in  like  manner 
the  developments  of  these  powers  up  to  the  terms  involving  af^,  or,  what  is  the  same 
thing,  they  will  be   the   values  of  m*  corresponding  to   i  —  0,  1,  %..,  s.     By  the   formula 

■>i,^=l  +  ~{ti  —  l)  +  ~ — ^(u  —  iy+  ...  as  far  as  the  term  involving  (m  — 1)",  u^  is  a  rational 

and  integral  function  of  *  of  the  degree  n,  and  can  therefore  be  expressed  in  terms 
of  the  values  w",  ii?,  u\..,  w"  which  correspond  to  ^  =  0,  1,  2, . . ,  n.  Let  s  have  any  one 
of  the  last-mentioned  values,  then  the  t 


., 2.1.-1. -2. ..-()i-s)' 


which  as  regards  i  is  a  rational  and  integral  function  of  the  degree  n  (the  factor  i  —  s 
which  occurs  in  the  numerator  and  denominator  being  of  course  omitted),  vanishes  for 
each  of  the  values  i=0,  1,  2,..,  n,  except  only  for  the  value  i  =  s,  in  which  case  it 
becomes  equal  to  unity.     The  required  formula  is  thus  seen  to  be 


-l.i~2...i^n  I 


-1  ... 2.1.-1, -2. ..-(n 
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where   the   summation   extends   to   the   scvera,!   values   s  =  0,  1,  2,..,  n;  or,  what   is   the 
same  thing,  it  is 

or,  changing  the  sign  of  %  it  is 

,    _(i.i  +  l.i  +  2...!  +  »  (-yi  .) 


-    —X  i  +  s        —    1. 2. ..». 1.2. ..«-."(■ 

where,   as   before,  s    has    the   vahies   0,    1,   2,..,   n   successively.     Or,   what   is    the   i 
thing,  we  have 


c_;,„=2  — ^— ;:^ 


i (-n_ 

1.2...S.1.2., 


where  the  terai  coiTesponding  to  s  =  0,  as  containing  the  factor  C^^  „  vanishes  except 
in  the  case  »i  =  0  (for  which  it  is  =1);  and  omitting  this  evanescent  term,  this  is  in 
fact  the  formula  (11). 
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650. 

ON    A    QUAETIC    SURFACE    WITH    TWELVE    NODES. 

[From  the  QtiaHerly  Journal  of  Pure  and  Applied  Mathematrias,  vol.  xiv.  (1877), 
pp.  103—106.] 

Write  foi'  shortness 

ft  =  j9  —  7,    /=  a-B,     af=p, 

c  =  OL—jS,    h=  j  —  S,     ck  =  r; 

then,   0   being    a   variable   parametei',   the    surface    in   question    is    the   envelope    of   tho 
quadric  surface 

{a  +  df  aghX^  +  {/3  +  fff  bh/Y'  +  {y  +  Of  cfgZ^  +  (S  +  fff  abc  Jf  ^  =  0 ; 
^•iz.  this  is 

XcPaghX'' .  %aghX^  —  'ZaaghX''  =  0. 

There  ai'c  no  terms  in  X",  &c. ;   the  coefficient  of  Y^Z^  is 

y'ifs  ■  ¥>>  +  ffVii  ■  'fg  -  ^^bfh .  ,o/j, 

which  is 

=  bcf'gh  (jS  —  yf,  =  a?bcf^gh,  =  abcfgh .  p. 

Hence  the  whole  equation  divides  by  ahcfgh,  and  throwing  out  this  factor,  the  result  is 

p(Y'-Z'^  X^W')-\.q{Z^X^  -^Y^W')  +  r(X^Y^-V  Z'-W^)  =  ii, 

or,  observing  that  p  +  q  +  T  =  0,  this  may  also  be  written 

p  (Yz  +  xwy+q  (zx  +  YWf+T  {XY + zwy  =  o. 
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P(YZ  -  xwy  +  q  (zx  -  Ywy +r  (xr  ^  zwy  .0. 

The  more  general  equation 

(y,  q,  r,  I,  m,  iif^YZ  +  XW,  ZX  +  YW,  XY+ZWf^O 

represents  a  qnartie  surface  (octadic)  having  tlie  8  nodes 

(1,  0,  0,  0),  (1,  1,  1,  1), 

(0,  1,  0,  0),  (1,  1,  1,  1), 

(0,  0,  1,  0),  (1,  1,  I,  1), 

(0,  0,  0,  1),  (1,  1,  1,  I). 


have 

<hU  = 

dyU  = 

^■ 

XW     +  YZW 

r- 

YZ'       +XZW 

1- 

YW     +YZW 

9- 

YW      +XZIV 

r. 

ZW     +  YZW 

r. 

YX'       +  XZW 

I 

SXrZ  +  W(Y'  +  Z') 

(. 

%XYW  +  Z  (W- +  X') 

m. 

2XYW+Z(W+Y-) 

m 

lYZX  +'W(Z'  +  X') 

"■ 

2XZW+Y(W  +  Z-), 

... 

iYZW  +  X  (W  +  Z'), 

dzU  = 

d^U- 

P- 

Y'Z     +XYW 

p. 

X'W     +XYZ 

9- 

X'Z      +ZFIf 

«■ 

Y'W     +XYZ 

r. 

W'Z     +XFW 

r. 

Z'W     +XYZ 

I. 

2i;ZF+F(F'+i") 

I. 

2WYZ  +X(Y'  +  Z') 

m. 

272Tf +  Z(»'--+7') 

m. 

V//ZX  +r(z-  +Z-) 

n. 

1ZXY  +  T>I(X'^Y'), 

... 

iWXY  +  Z  (X' +  Y'). 

Hence  there  will  be  a  node 

1,  1.  1,  1,  if  j>  +  e  + 

,-+2i 

-2ni-2»-0, 

1,  1,  I,  1,  ...p  +  g  + 

r-2^  +  2w.-2w  =  0, 

or  say  there  will  be 


1,  1,  1,  1,  ...p  +  q  +  r-2l~2 
1,  1,  1,  l,...p  +  q  +  r+2l  +  2 


i  +  2n  =  0; 


1  of  these  nodes  ii  p  +  q  +  ^ 

2   p  +  q  +  '> 

3   p  +  q  +  ^ 

i   p  +  q  +  t 


+  21  +  2m  +  2n=0, 
+  21  =  0,  m  +  n  =  0, 
=  2?  =  -  2m  =  -  2n, 
=  0,  1  =  0,  m  =  0,  n-. 
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iz.  the  surface  having  the  12  nodes  is  the  original  surface 

p(YZ + xwy  +  q(zx  +  Ywr +r(XY + zwy, 

'here 

p  +  q  +  r^O. 
The  Jacobiaii  of  the  quadrics 

YZ  +  XW^O,  ZX+YW=0,  XY  +  ZW  =  0, 


W,     X. 
X,      W, 


viz,  the  equations  are 


-X(Y'-f-Z-'+  W)  +  2YZW  =  0, 

Y'  -Y  (Z'  +  X^+  W')+2ZXW  =  0, 

Z^  ~Z  (X'+Y^+W')  +  2XYW^0, 

W'^W(X--'+Y'+  Z^)  +  2XYW  =  0, 

each  of  which  is  satisfied  in  virtue  of  any  one  of  the  pairs  of  equatio 


(Y-Z=0,  X-  W^O) 
(Z-X  =  0,  Y-W^O) 
{Z-7=0,  Z~W  =  0) 


(Y+Z=0,  X  +  W  =  0), 
{Z-\-X=0,  Y+W  =  0), 
(X+F=0,  Z+W^O), 


so  that  the  Jacobian  curve  is,  in  fact,  the  six  lines  represented  by  these  equations. 

Any  two  of  the  three  tetrads  form  an  octad,  the  8  points  of  intersection  of 
three  quadric  surfaces;  a  figure  representing  the  relation  of  the  12  points  to  each 
other  may  be  constructed  without  difficulty. 

Each  tetrad  is  a  sibi-conjugate  tetrad  quoad  the  quadric  X- +Y-  +  Z^+W^  =  0. 
The  three  teta'ads  are  not  on  the  same  quadric  sui'face. 
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651. 

ON    A    SPECIAL    SURFACE    OF    MINIMUM    AREA. 


[From  the  Qimrteiiy  Journal  of  Pure  and  Applied  Matliematiea,  vol.  XIV.  (1877), 
pp.  190—196.] 

A  VERY  remarkable  form  of  tbe  surface  of  minimum  aj-ea  was  obtained  by  Prof. 
Scbwarz  in  his  memoir  "Bestimmung  einer  speciellen  Minimal-ilaehe,"  Berlin,  1871, 
[Ges.  Werke,  t.  I.,  pp.  6 — 125],  crowned  by  the  Academy  of  Sciences  at  Berlin.  The 
equation  of  the  surface  is 

1  +  ^n  +  v\  +  Xfx  =  0, 

where  X,  /i,  v  are  functions  of  x,  y,  z  respectively,  viz. 

de 


__  r m_  ^ 


)■ 

and  y,  s  are  the  same  fancbions  of  fj,,  v  respectively,  A  direct  verification  of  the 
theorem  that  this  is  a  surface  of  minimum  area,  satisfying,  that  is,  the  differential 
equation 

r  (1  +  ff)  -  2pqs  + 1  (1  +p-)  =  0, 

is  given  in  the  memoir ;  but  the  investigation  may  be  conducted  in  quite  a  diffei'enfc 
manner,  so  as  to  be  at  once  symmetrical  and  somewhat  more  general,  viz.  we  may 
enquire  whether  there  exists  a  surface  of  minimum  area 

1  +  /j,v  +  vX+  Xfi,  =  0, 
where  the  determining  equations  are 

X''  =  uX"  +  bX-  +  e, 
t^'^  =  a/j,*  +  hfj?  +  c, 
v"-  =  av^  +  bi>^  +  c. 


Hosted  by 


Google 


64  ON    A    SPECIAL    SUEFACE    OF   MINIMUM    AREA.  [651 

(X'  =  T-,   &c.j.     I   find    that    the    coefficients    a,   b,   e    must    satisfy   four    homogeneoiis 

quadrie  equations,  which,  in  fact,  admit  of  simiiltaDeous  sokition,  and  that  in  three 
distinct  ways;   viz.  assnming  a  =  l,  the  solutions  are 

w  =  l,  6=     JJt,  c=      1, 

a  =  l,  6  =  -2,  0=     1, 

(1  =  1,  b  —  —^,  0  —  —^; 
that  is, 

V-^  =  \4  +  ^X^  +  1    1=  I  {f  V  +  g  X=  +  I)}, 

which  gives  Schwarz's  surface: 

X'^  =  X^-2V+l  or  V=±(V-1), 
which,  it  is  easy  to  see,  gives  only  *■  +  ?/  + s  =  const. ;   and 

\"-  ^x^^ix'-^,     -  (X^  -  1)  (X=  +  i). 

which  is  a  surface  similar  in  its  nature  to  Schwarz's  surface. 

The   investigation    is    as    follows;    the    condition    to    be    satisfied    by   a    surface    of 
minimum  area   f7  =  0  is 

(a  +  b  +  c)(Z^+F^  +  .?^)--(a,  b,  c,  f,  g,  h^Z,   7,  2)=  =  0, 

where  (X,  Y,  Z)  are  the  first  derived  coefficients  and  (a,  b,  c,  f,  g,  h)  the  second 
derived  coefficients  of  tT  in  regard  to  the  coordinates.  Considering  CT  as  a  function 
of  X,  fL,  V,  which  are  functions  of  jk,  y,  z  respectively,  and  writing  (L,  M,  N)  and 
(a,  b,  c,  /  g,  h)  for  the  first  and  second  derived  functions  of  U  in  regard  to  X,  fi,  v, 
also  X',  X"  for  the  first  and  second  derived  functions  of  X  in  regard  to  w,  and  so 
for  fj.',  fi"  and  v,  v" :   we  have 

(X,   Y,  Z)  =  (LX',  Mfi',  Nv'), 
(a,  b,  c,  f,  g,  h)  =  {(tX'=  +  LX",  b/j.'^  +  M/j,".,  cv"^  +  AV,  //iV,  ^ji'X',  ftX'/i'). 
and  for  the  particular  surface   JJ  —\-\-  jhv-Vv\-\-Xfh  =  ^,  the  values  are 

{L,  M,  N,  a,  h,  c,/.  g,  h)  =  (/j.  +  v,  v  +  X,  X  +  fi,  0,  0,  0,  1,  1,  1). 
Hence  the  condition  is  found  to  be 

2/:tVHX  +  M)(X  +  i') 
+  2v'^'^(iJ,  +  v)(iJ.  +  \) 
+  2XVn*'+M  ("+/*) 
-X"(fi  +  v)  {(X  +  uf  fi"  +  (X  +  f^f  v''} 

-  /m"  {t  +  X)  |(/t  +  Xy  v''  +(^  +  vf  \'=} 

-  v"  (X  +  fi)  ((v  +  f^y  x'=  +  {v  +  xy  fi'^]  =  0, 
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or  say  this  is 

-  2  v  (/.  +  v)  {{X +vyfi'^+(\+ ^y  v'^] = 0. 

We  have  to  write  in  this  equation  X'^  =  aX*  4- 6V  +  c,  and  therefore  \"  —  2aX^  +  bX, 
&c. ;  the  left-hand  side,  ca!!  it  fi,  is  a  aymmetrical  function  of  \,  ii.,  v,  and  is  con- 
sequently expressible  as  a  rational  function  of 

■p,  =XArti  +  v, 
q,  =  fiv  +  v\  +  X/i, 

We  ought  to  have  fl  =  0,  not  identically,  tut  in  virtue  of  the  equation  l+q  =  0, 
that  is,  12  should  divide  by  1  +  ^ ;  or,  what  is  the  same  thing,  H  should  vanish  on 
writing  therein  g  =  —  1. 

To  effect  the  reduction  as  easily  as  possible,  observe  that  we  have  (X  +/j,)  (X  +  v)  =  X'^  +  q; 
and  therefore 

S/^j/'^  (X  +  /i)  (X  +  J/)  =  SXV'^i''^  +  q%i/^v'\ 

Similarly,  in    the  second  term, 

(^  +  v){X  +  vf={v  +  X){v'  +  q)  and  (^  +  .-)  (X  +  ^)^  =  (/.  +  \)  (^^+ 5). 

The  complete  value  of  il  thus  is 

D.^^{Aq  +  B)-\_{G  +  D)q  +  E  -k-F], 
where 

A  =  sxv'v^  B  =2^'V^ 

C  =  2XX"  {v'lj.''^  +  fi?v'^),     D  =  2x"  (v*^'^  +  l^f>'^), 
E  =  SXX"  {fi'^  +  v'-),  F  =  2X"  (V  +  /«''')■ 

We  find  without  difficulty 

A  =     (I?  {       q*  ~  iq^pr  +  iqf^  +  2p'r^') 

+  ah  (—  2^  +    ^^  +  igpr  —  3r^  —  2^»V) 
+  (tc  (     45-°  -  8gp=  +  8^r    +  2p*) 
+  &'  (       5^-2pr) 
+  ho  (-  4^  +  2p') 
+  c=   (     3), 
iJ  =     ((2  (       5V  +  2j>r=^) 

+  otf  (—  2^^  +  9=p'  +  ^qpr  —  3r-  -  2p^r') 

+  6=  (     3»^) 

+  bo  {     2q^  -  4pr) 

+  c^  (-2q  +p^), 
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a^ 

V  -  16g^r  +  Ifiqr^  +  Sp'r^ 

) 

+  ai 

-  65=  +  S^f    +  12qpr  ~  9r=  - 

liph-) 

+  ac 

85=-I65p=   +16j)r   +V) 

+  6- 

2,'-4j)r) 

+  60 

-49+2p-), 

+  ai 

-  4jpr  +  2yV) 

+  ac 

-4,-     +2,j,'-2pr) 

+  6- 

2pr)      ■ 

+  fc 

m 

+  o' 

4,V   -  Up,') 

+  ab 

-125.'    +6pV) 

+  ac 

-    49^      +29y  +  8gpr-6j-= 

-  Affr) 

-^b• 

6r-) 

+  hc 
a' 

2,'      -4,,r), 
4yr') 

+  ab 

,>■+    Sjr-   ^    2jfl-') 
4}"      -  liqpr  +  12r-) 

+  b' 

5pr   -    3r=) 

+  fe 

-    2}"      +     5p'   -pr), 

■where  in  each  line  the  terms  arc  arranged  according  to  their  order  i 
Substituting,  we  find 

II  =     a"  {-  2(f  +  Gffpr  -    Sfr' 

+  ab{     1<f  ~    (fp'^  —     ifpr  +    4^r^) 
+  ac  (  -  2<ip-  4-  14§j)r  -  12j^  ; 

+  6=  (  -    ^pr  +    3)^  ; 

+  6c  (—  2g'^  +     5p^  -    3pr 
+  c^  (     2<7  +  2p^ 


viz.  writing  5  =  —  1,  this  i 


a= 


«■  ( 

2           -    6pr-    8r») 

«i( 

2+   ^■'-     pr-    4r^) 

ac( 

-  2p'  -  14j)r  -  12,") 

6'( 

Spr+    3r=) 

bc( 

-2-   p'-    Spr            ) 
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&7 


;  the  same  thing,  it  is 

(      2. 

+pr  (—  6(1 

+  r^  (-  8a 

'  that,  writing  for  convenience  a- 


651] 

or,  what 

'  +  2ah  -  26c  -  2c0 

a&  -    2ac  -    foe  f  2c:=) 

=  -    at  -  liao  +  36^  -  36e  ) 

'  - 'iab  -  Uac  +  Sb'  ); 

=  1,  the  equations  to  be  satisfied  are 
2   -2c^  +  2(l-    c)    6  =  0, 
~    2c  +  2c^+     (1-    o)    6  =  0, 
-6-14c  +  36=-     (l+3c)    6  =  0, 
-8 -12c +  36--  46  =  0. 

The  first  and  second  are  (1 -c)(2  +  2c +26)  =  0  and  (1  -  c)(-2c  +  6)  =  0;  viz, 
they  give  c=l,  or  else  &  =  — |,  c  =  ^.  In  the  former  case,  the  third  and  fourth 
equations  each  become  36'' - 46  —  20  =  0,  that  is  (36  — 10)(6  — 2)  =  0;  in  the  latter  case, 
they  are  satisfied  identically;  hence  we  have  for  a,  6,  c  the  three  systems  of  values, 
mentioned  at  the  beginning. 

This   completes   the  investigation ;   but  it  is  interesting   to   find   the   values  assumed 
by   the   other   factor  of    fl    on    substituting    therein    for   a,   h,   c    the    foregoing    several 
i  of  values.     We  have  in  general 

=  —  2a^2'  +  ^abq*  —    ^bcq'  +  2c^q 

+  ^  (-    abq^  ~  2accf -i-      bcq  +  2c^  ) 

+pr{     Gai'tf  —    aiq^+liaGg  — 36^g  — 36c) 
+  r'  (-  8aY  +  ictbq  -I2ac    +  36'  ) 

=  -  2a^  ((/>  +  1)  +  2a6  {q*-l)-  2bG  (q^  -  1)  +  2c'  {q  +  1) 

+p'    [-ab  (q' +  1)  -  2ac  iq' -  1)4- be  {q  + I)} 

da'  (q'  +  1)  -    ab  (q"  -  1)  +  (Uac  -  36')  (q  +  1)) 

-Sa'  (g=-l)  +  4a6{5  +  l)] 
-2a-{q'--q^  +  if  —  q  +  l)  +  2ab{q^-q^  +  q-l)-2bc{q--l)+  2c= 
+p'   {-   ab(f-q-i-\)-2aG(q-l)  +  bc} 
+pr  {    6a''  (q''  +  q  +  l)-   ab  (q  - 1)  +  {Uaa  -  Sb^)] 
,+  r'    {  _8a^(3_l)+     iab] 

Hence  writing,  first,  (i  =  c=l,  b  =  ^,  we  obtain,  after  some  reductions, 
n  =  (q  +  l){-2q{q-l)(q''~ii-q  +  l)+p'{q-l)(-^q-2)+pr(Gq^-^q-lO)  +  r'-Sq  +  ^} 
secondly,  writing  ra  =  c=l,  6  =  —  2,  we  obtain 

Q  =  (2  +  l){-2(j  +  l)^(g=  +  l)+^.2(5-l)^+2^r(32=-2(/  +  0)-8r^j; 
ind,  thirdly,  writing  «  =  1,  6  =  —^,  c  =  — |,  we  obtain 

n  =  (9  +  l)|(-29^  +  |?»-j5=  +  f5)+pM-i2=  +  ^?-¥)+F'(6^'~¥^-V-)  +  ^H-8i  +  ^)], 

9—2 


+  pr   \ 


=  (?+!) 
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652. 

ON    A    SEXTIC    TORSE. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  xiv.  {187T), 
pp.  229—235.] 

The  torse  having  for  its  edge  of  regression  or  cuspidal  edge  the  curve  defined  by 
the  equations  x  =  cos  (f),  y  =  sin  ifi,  z  =  cos  2^,  is  an  interesting  and  convenient  one  for 
the  construction  of  a  model,  and  it  is  here  considered  partly  from  that  point  of  view. 

The  edge  is  a  quadriquadric  curve,  the  intersection  of  the  cylinder  a?-{-y'^=-\  with 
the  parabolic  hyperboloid  z  =  (i?~y^\  the  cylinder  regarded  as  a  cone  having  its  vertex 
at  infinity  on  the  line  aj=0,  i/  =  0,  viz.  the  vertex  is  on  the  hyperbotoid,  or  the  curve 
is  a  nodal  quadriquadric  (the  node  being  thus  an  isolated  point  at  infinity  on  the  line 
in  question),  and  the  torse  is  consequently  of  the  order  8  —  2,  =6,  viz.  it  is  a  sextic 
torse. 

The  edge  is  a  bent  oval  situate  on  the  cylinder  af+i/^=l,  such  that,  regarding  ^ 
as  the  azimuth  (or  angle  measured  along  the  circular  base  from  its  intersection  with 
the  axis  of  m\  the  altitude  s  is  given  by  the  equation  z  =  cos  2<^  ;  viz.  there  are  in 
the  plane  ccs,  or,  say  in  the  planes  s!s,  afz,  two  maxima  altitudes  z—\,  and  in  the 
plane  yz,  or,  say  in  the  planes  yz  and  '^z,  two  minima  altitudes  z  =  —  \.  The  sections 
by  these   principal   planes   are,   as   is  seen   at  once,   nodal   curves   on   the   surface ;   they 

are,   in   fact,   the   cubic   curves   ^  =  3  — r ,   viz.   here    as    x    increases    fi'om   +1   to    +  so , 
a? 

z  increases  from   the  before-mentioned  value  1  to  3,  and  ^  =  —  3  +  — ,   viz.  as 


from  +1  to  +  00 ,  s  decreases  from  the  before-mentioned  value  —  1  to  —  3.  The  two 
half-sheets  (which  meet  in  the  cuspidal  edge)  intersect  each  other  along  these  nodal 
lines,  in  suchwise  that  the  section  of  the  surface  by  any  axial  plane  (plane  through 
the  line  ic  =  0,  i/  =  0)  is  a  curve  having  a  cusp  on  the  cuspidal  edge,  and  such  that 
when   the    axial    plane   coincides   with   either    of   the   principal   planes   iC  =  0,   ^'  =  0,    the 
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two  haJf-branches  of  the  curve  coincide  together  with  the  portions  which  lie  outside 
the  cylinder  ic'  +  ^=l,  in  fact,  the  portions  referred  to  above,  of  the  nodal  curve  in 
the  plane  in  question ;  the  portions  which  lie  inside  the  cylinder  are  acnodal  or  isolated 
curves  without  anj'  real  sheet  through  them.  It  may  be  added,  in  the  way  of 
general  description,  that  the  section  of  the  surftice  by  any  cylinder  a^  +  y^  =  c'  (ol) 
is  a  curve  of  the  form  s  =  G  cos  (2$  +  B),  0  the  angle  along  the  base  of  the  cylinder 
from  the  intersection  with  the  axis  of  a^;  G,  B  are  functions  of  e;  viz.  we  have  for 
the  two  half  sheets  respectively 

s  =  Gco&{2d  +  B)   and   z  =  C cos (20 - B), 

each  curve  having  thus  the  two  maxima  +  C,  and  the  two  minima  —G;  and  the  two 
curves  intersect  each  other  at  the  four  points  in  the  two  principal  planes  respectively ; 
viz.  the  points  for  which  ^=0,90",  180°,  270^  and  2=GcosB,  -GcosB,  GcosB,  -GcosB 
accordingly. 

Proceeding  to  discuss  tho  sui-face  analytically,  we  have  for  the  equations  of  a 
generating  line 

X  —  cos  A      u  —  sin  di      £  —  cos  2<i 

— -■— ,   =  ■     .     =     o"  .    ni  ,     =  p  suppose, 

—  sin  tp  cos  ^        —  2  sm  2(^  '  ' 

or  say 

X  =  cos    ^  —   p  sin  0, 

1/  =  ain    ^+    p cos  <f), 

z  =  co82<ft  —  2p  sin  2<l>, 

which  equations,  considering  therein  p,  if)  as  arbitrary  parameters,  determine  the  surface. 

Writing   x  =  0,  we  find  ii  =  -.-  ■    ,  and  then  a- =  —  3  +  2  sin' A,  viz.  we  have 
°  ''     sm  0  ^ 

x  —  Q,    s=  — 3  +  — ,  for  section  in  plane  ys; 

and,  similarly,  writing  y  =  0,  we  find  x  — -r- ,  and  then  z  =  Z  —  2  cos-  0,  viz. 

7/  =  0,     «  =  3  -  -  for  section  by  plane  xz. 

By  what  precedes,  these  are  nodal  curves,  crunodal  for  the  portions 

(y  =  ±  1  to  ±  X ,  s^-l  to  -  3)   and   {x=±l  to  +  oo ,  ^  =  1  to  3) 
respectively,  acnodal  for  the  remaining  portions  y<±\,  x<±l  respectively. 

Writing  x  =  rGQs9,  y  =  r sin 6,  so  that  the  coordinates  of  a  point  on  the  surface 
are  r,  0,  z,  where  t=  Kjia^-Yy^)  is  the  projected  distance,  6  is  the  azimuth  from  the  axis 
of  X,  and  z  is  the  altitude,  we  have 

)■  cos  8  =  cos    0  —    /)  sin   ^, 

r  sin  ^=  sin    0+    peos    0, 

z  =  cos  20  —  2p  sin  20. 
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We  have  r'  =  1  +  p^ ;    and  thence  also,  if  tan  a  =  2p,  =  ±  2  \f(r^  —  1),  that  is, 

1  .  2^l(f-l) 

cos  a  =    ,,-7—-  ----,  ,     sin  a  =  +  -  77-p- — ^,  , 
V(4r^-3)'  -  v'(4r^-3)' 

ihen 

£=V(4''=-3)eos{20+a 
showing    that    for    a    given    value    of   r   (or    section    by    the    cylinder   cg^  +  if  =  i-^)   the 
maximum  and  minimum  values  of  s  are  a=  +  V(4j"^— '■!)■ 

But  proceeding  to  eliminate  ^,  we  find 

r^  cos  26  =  (1  -  pO  cos  2^  -  2p  sin  20, 

r^  sin  26  =  2f)  cos  20  +  ( 1  -  p^)  sin  20 ; 

or  multiplying  these  by  I  +  3p^  and    2p^  and  adding 

r=  {(1  +  3p=)  cos  26  +  -2p'  sin  26)  =  (1  +  p^'f  (cos  20  -  2y3  sin  20), 

r«  1(3?^  -  2)  cos  26  +  2  (r^  -  1)5  sin  26}  =  r'z ; 
or,  finally, 

)-^^  =  (3r^  -  2)  cos  26  ±  2  (t-^  -  1)^  sin  26, 

which  is  the  equation  of  the  surface  in  terms  of  the  coordinates  r,  6,  s. 

Observing  that  (3r^- 2)^+ 4  (r=  -  l)=  =  r*(4r=- 3),  we  may  write 

r^  V(4r=  -  3)  cos  y9  =  Sr^  -  2, 

r=  V(4r^  -  3)  sin  ^  =  2  (r^  -  1  f, 
and  therefore  also 

and  the  equation  thus  becomes 

s=V(47'^-3)cos(26  +  0), 

where  2  is  the  altitude  belonging  to  the  azimuth  6  in  the  cylindrical  section,  radius  r. 
The  maxima  and  minima  altitudes  are  +  V(^  -  3),  and  these  correspond  to  the  values 
6  =  +  i/3,  Jtt  +  ^/S,  ■TT  +  ^yS,  f7r  +  ^/3;  it  is  to  be  further  noticed  that  when  r=l,  we 
have  ^  =  0,  but  as  r  increases  and  becomes  ultimately  infinite,  /3  increases  to  -J-jr, 
that  is,  ^^  increases  from  0  to  \-it. 

lb  may  be  noticed   that  the  surface   is  a  peculiai-  kind  of  deformation,  obtained  by 
giving  proper  rotations  to  the  several  cylindrical  sections  of  the  surface  z  —  \/(4j^  —  3)  cos  26 ; 
viz.   in  rectangular  coordinates  this  is  ?^^=  \/(4r^  — 3)(iJ^  — ^*),  that  is, 
{i^  +  ff  2^  -  {4  (a;^  +y)  -%\{i^-ff  =  0. 

To  obtain  the  equation  in  rectangular  coordinates,  we  have 

{'■-™(-'-y)f-"i(^-i)-"*"=o, 

viz.  this  is 

i^z-^  -  2«  (3r-  -  2)  (x^  -  y^)  +  (3r^  -  2)^  (l  -  ^f)  -  16  (,--  -  1)^  ^'  =  0, 
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or,  what  is  the  same  thing,  it  is 

r^s"  -  2^  (3/ -  2)  (a^  -  )/^)  +  (3r^  -  2)=' -  *^  {4  (»^  -  1)=  +  (3)-^  -  2)'!  =  0, 
viz.  the  term  in  {     |   being  r'(4)-^-3),  thia  is 

r*5=  -  1z  (3r'  -  2)  (jd"  -  y')  +  (3r=  -  2)^  -  43;''?,=  (4?-=  -  3)  =  0, 
or  say 

z-'  (3!'  +  fj  ~  tz  (3a^  +  Zf  -  2)  {x'  -  f)  +  (Z.r?  +  Zy^  ~  2)=  -  4<3?if  {^^^  +  4/  -  3)  =  0. 
This  may  also  be  written 

\z  {x^  -  if)  -  3«^-  3)/^+  2)^  +  ^(^y^  (s^  ~  43!^  -  4.y  +  3)  =  0, 
a  form  which  puts  in  evidence  the  nodal  curves 

x^O,  icj/2  =  -  3^*  +  2,  and  »/  =  0,  za:'  =  Sa,'^  -  2. 

It   shows    also    that    the    quadric    cone  z^  —  4-a?  —  4)/^  +  3  =  0   touches   the    surface   along 

the    curve    of    intersection    with    the    surface    2  (a:^  —  i/^)  —  3  (a^  + 1/*)  +  2  =  0.     This    is,   in 

fact,  the   curve   of  maxima  and  minima   of  the  cylindrical  sections,  viz.  reverting  to  the 

form   s  =  V(4'''  —  3)  cos  {2$  +  /3),  or,  if  for   greater    clearness,  attending  only  to   one   sheet 

of  the  Bur&ce,  we  write  it  i;  =  ^/{V^- 3)cos(2^-/3),  we  have  a  maximum,  z  =  ^J{4ii^  —  ^), 

for  W  =  0  (or  27r  +  ^),  giving 

3r^-2  __  3?-^ -2 , 

r^3     " 

and  a  minimum,  s  =  - ^(i^' - 3),  for  ^6=v  +  &  (or  'W  +  ^),  giving 

en  ^  'Ar^-t  3r*-2 

cos2^  =  -cos^  =  -^;^^^^,--;-3^,     =   --^     ; 

viz.   the  locus   is  s^  =  4  (r^  —  3),  .s  (a:^  —  i/^)  =  3r^  —  2 ;   and   for  a  =  ^/(4?-^  -  3)  cos  (2^  + /3)    we 
find  the  same  locus,  viz.  the  equations  of  the  locus  arc 

z-i  _  4,^!  -  4y^  +  3  =  0,     ^  («^  -  ^)  -  3^  -  3?/^  +  2  =  0, 
as  above. 

To    put    in    evidence    the    cuspidal   edge,   wiite    for    a    moment    ^=z  —  x^  +  y'^,    the 
equation  becomes 

{^{a? ~  f)  +  (r=  - 1) (r=  -  2) -  4a;yS^  +  4((!y  {^'  +  2^{.r^ -  y^)  +  (r' -  1) (r'^  -  3) -  4.xy]  =  0 ; 
viz.  this  is 

^■'r"  +  2^{a^  -  y^)  (r=  -  1)  ()■=  -  2)  +  (j-^  -  1)=  {r''  -  2y  ~  'kcY'  (-^  -  1)'  =  0, 
or  writing  the  last  term  thereof  in  the  form 

and  then  putting  r^  =  1  +  JJ,  the  equation  is 

^{l  +  2U+U^)  +  2^U{V-\){(^'-f)+U'(U-\y-U-'{{U+rf-{a?-y'')'\=0; 
viz.  this  is 
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showing  the  cuspidal  edge  ?=  0,  (7=0,  viz.  z=x^  —  y'',  ik^  +  ^  =  1.  Moreover,  aJoi^  the 
cuspidal  edge  the  surface  is  touched  by  ^  —  f/"  (a^  —  3/^)  =  0,  that  is,  by  s  —  (ar*  —  ^)  =  0 ; 
and  at  the  points  where  this  tangent  surface  again  meets  the  surface  we  have 
f  1/^  +  3)  — 4=0;   viz,   the   surface   contains  upon   itself  the   curve 


by  this  1 


then  the  value  of  z 


that  is. 


-f.    .If   for  i 


t  equation,  and  z  —  {ai^  —  i/)  =  0. 
As  a  verification,  in  the  form 

[z  (afi~f)-3s^-  Sf  +  2}^  - 
of  the  equation  of  the  surface,  write  z  —  a^  —  'tf.    .If  for  a  moment  a 
is  z  —  Xfi,  and  the  equation  becomes 

(V'  -  3X  +  2)=  +  (V  -  fj.-")  (XV=  -  4X  +  3)  =  0, 
fj?  (X^  -  6V  +  8A.  -  3)  -  4V  +  12V  -  12X  +  4  -  0 ; 
or,  what  is  the  same  thing, 

{\-lY\fjr{\  +  S)-4>]=(h 
80    that    we    have   {X  —  \f  =  0,   or    else    /i.^(\  + 3)- 4  =  0;    viz.   {x^  +y-  —  iy'  =  0, 
{ai^  —iff  (a?  -{-•>/ -Vii)  ~  ^  =  0,  agreeing  with  the  former  result. 

In  polar  coordinates,  the  surface   is  touched   along  the   cuspidal  edge  by   the  s 
z  =  7^  cos  2^,  and  where  this  again  meets  the  surface  we  have  r*  (r^  +  3)  cos^  2^  —  4  =  0. 

For  the   model,   taking   the   unit    to    be   1   inch,   I   suppose   that    for   the   edge    of 
regression  we  have 

a;  =  2  cos  <^,  1/  =  2  sin  i^,  z  =  S  +  ("45)  cos  20 ; 

viz.  the  curve  is  situate  on  a  cylinder  radius  2  inches.  And  I  construct  in  zinc-plate 
the  cylindric  sections,  or  say  the  templets,  for  one  sheet  of  the-  surface,  for  the  several 
radii  2,  3, . . ,  8  inches ;  taking  the  radius  as  k  inches,  the  circumference  of  the  cylinder, 
or  entire  base  of  the  flattened  templet,  is  =  2^ ;  and  the  altitude,  writing  25  in  place 
of  29  —  ^  as  above,  is  given  by  the  formula  a  =  5  +  ('45)  V(^  —  8)  cos  29,  so  that  the 
half  altitude   of  the   wave   is   =("45)'v'(&'  — 3);   having  this   value,  the   curve  is  at   once 

3k' -8 


h 

2*77 

(-45)  V(f  - 

-3) 

k'^|0- 

8) 

4/3 

V 

12-57 

0-45 

1 

00 

0" 

3 

18-85 

1-10 

86 

16 

4 

25-13 

1-62 

69 

23 

5 

31-12 

211 

67 

27i 

6 

37-70 

2-59 

48 

30J 

7 

43-98 

3-05 

42 

32i 

8 

50-27 

3-51 

36 

31 

the  altitudes  in  the  successive  templets  being  thus  included  between   the  limits 
5  +  1-10,..,  5+3-51. 
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[From  the  Quarteiiy  Journal  of  Pure  and  Applied  Mathematics,  vol.  xiv.  (1877), 
pp.  235—241.] 

On  attempting  to  cover  with  paper  one  half-sheeb  of  the  foregoing  aextic  torse, 
[652],  I  found  that  the  paper  assumed  approximately  the  form  of  a  circular  annulus  of 
an  angle  exceeding  360",  and  this  led  me  to  consider  the  general  theory  of  the 
eonstruction  of  a  torae  in  paper,  and,  in  particular,  to  consider  the  torses  such  that 
when  developed  into  a  plane  the  edge  of  regression  becomes  a  circular  arc.  It  is 
scarcely  necessary  to  remark  that,  to  construct  in  paper  a  circular  annulus  of  an 
angle  exceeding  360°,  we  have  only  to  take  a  complete  annulus,  cut  it  along  a  radius, 
and  then  insert  (gumming  it  on  to  the  two  terminal  radii)  a  portion  of  an  equal 
eirculai-  annulus ;  drawing  from  each  point  of  the  inner  circular  boundary  a  half- 
tangent,  and  considering  these  half-tangents  as  rigid  lines,  the  paper  will  bend  round 
them  so  as  to  form  the  half-sheet  of  a  torse  having  for  its  edge  of  regression  this 
inner  boundary,  which  will  assume  the  form  of  a  closed  curve  with  two  equal  and 
opposite  maxima  and  two  equal  and  opposite  minima,  described  on  a  cylinder,  and 
being  approximately  such  as  the  curve  given  by  the  equations 

X  =  cos  6,  y  =  sva6,  3  —  m  cos  26. 

Considering,  in  general,  an  aix;  PQ  (without  inflexions)  of  any  curve,  and  drawing 
at  the  consecutive  points  P,  P',  P",  &c.  the  several  half-tangents  PT,  FT',  P"T",..., 
then,  considering  these  as  rigid  lines  and  bending  the  paper  round  them,  we  have 
the  half-sheet  of  a  torse,  having  for  its  edge  of  regression  the  curve  in  question 
now,  bent  into  a  curve  of  double  curvature.  It  is,  moreover,  clear  that  the  edge 
of  regression  has  at  each  point  thereof  the  same  radius  of  absolute  curvature  as  the 
original  plane  curve ;  in  fact,  if  in  the  plane  curve  PP'  =  ds,  and  the  angle  T'PT 
between  the  consecutive  half-tangents  PT  and  P'T'  be  =d4>,  these  quantities  ds  and 
C.  X.  10 
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d(f>  remain  unaltered  in  the  curve  of  double  curvature ;  and  the  radius  of  absolute 
curvature  is  given  by  the  equation  pd<f>  —  ds.  In  particular  when,  as  above,  the  arc 
is  a  circular  one,  say  of  radius  —a,  then,  however  the  paper  is  bent,  the  edge  of 
regression  has  at  each  point  thereof  the  radius  of  absolute  curvature  =  at. 

Consider  on  any  given  surface,  at  a  given  point  P  thereof,  and  in  a  given 
direction,  an  element  of  length  PP",  then  (under  the  restrictions  presently  mentioned) 
we  can  determine  the  consecutive  element  P'P",  such  that  the  curve  PP'P"...  shall 
have  at  P  a  radius  of  absolute  curvature  =  a ;  in  fact,  r  being  the  radius  of 
■curvature  of  the  normal  section  of  the  surface  through  the  element  PP",  the  radius 
of  curvature   of  the   section   inclined  at  an   angle   9  to   the  nonnal  section   is  =  r  cos  8 ; 

so    that    we    have    only    to    take    the    section    at    the    inclination    0,   —  cos~'  -    to    the 

normal  section,  and  we  have  the  consecutive  element  P'P"  such  that  the  radius  of 
absolute  curvature  of  the  curve  PP'P"  is  =a.  The  necessary  restriction,  of  course,  is 
that  r  >  a ;  thus,  if  at  the  given  point  P  the  two  principal  radii  of  curvature  are 
of  the  same  sign  (to  fix  the  ideas,  let  the  two  principal  radii  and  also  a  be  each 
of  them  positive),  then  we  may  on  the  surface  determine  a  direction  PQ,  for  which 
the  radius  of  curvature  of  the  normal  section  is  =  a ;  and  then  the  direction  of  the 
element  PP"  may  be  any  direction  between  PQ  and  the  direction  PR,  corresponding 
to  the  greatest  of  the  two  principal  radii. 

Having  obtained  the  clement  P'P",  we  may,  if  the  radius  of  absolute  curvature 
at  P'  be  given,  construct  the  next  element  P'P",  and  so  on;  that  is  to  say,  on  a 
given  surface  starting  from  a  given  point  P  and  given  initial  direction  PP",  we  can 
(under  a  restriction,  as  above,  as  to  the  curvature  at  the  different  points  of  the 
surface)  construct  a  curve  having  at  the  successive  points  thereof  given  values  of  the 
radius  of  absolute  curvature;  viz.,  the  value  may  be  given  either  as  a  function  of 
the  coordinates  of  the  point  on  the  surface,  or  as  a  function  of  the  length  of  the 
curve  measured  say  from  the  initial  point  P;  it  is  in  this  last  manner  that  in  what 
follows  the  value  of  the  radius  of  absolute  curvature  is  assumed  to  be  given. 

We  may  thus,  taking  on  paper  an  arc  PQ  with  its  half-tangents,  apply  it  to  a 
given  surface,  the  point  P  to  a  given  point,  and  the  infinitesimal  arc  PP'  to  an 
element  PP"  in  a  given  direction  from  the  given  point ;  and  we  thus  obtain  the 
half-sheet  of  a  torse  having  for  its  edge  of  regression  a  determinate  curve  upon  the 
surface.  In  particular,  the  arc  PQ  may  be  circular  of  the  radius  a,  and  the  surface 
be  a  circular  cylinder  of  radius  a ;  and  we  thus  obtain  the  torse  having  for  edge  of 
regression  a  curve  on  the  cylinder  radius  a,  and  such  that  the  radius  of  absolute 
curvature  is  at  each  point  =  a.  There  are  three  cases  according  as  a  >  a,  (1  =  0;, 
or  a  <  a ;    it   is   to   be   remarked    that    if   a  >  a,   then    the    curve    must    at    each    point 

cut  the  generating   line   of   the   cylinder   at   an    angle    not    exceeding   cos~^-,  but  that 

in  the  other  two  cases  the  angle  may  have  any  value  whatever;  and,  fiirther,  that 
in  every  case  when  the  angle  is  =  0,  viz.  when  the  curve  touches  a  generating  line 
of  the  cylinder,  then  the  osculating  plane  of  the  curve  coincides  with  the  tangent 
plane  of  the  cylinder. 
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The   analytical   theoiy  is   very   simple.     Taking  m,   y,   z  as   functions   of  the   length 
8,  we  have 

the  condition,  which  expresses  that  the  radius  of  absolute  curvature  is  —  a,  then  is 

Usv     UW     \M    a:'- 

By  what  precedes,  the  point  {x,  y,  z)  may  be  taken  to  be  upon  a  given  surface,  aay 
upon  the  cylinder  a?  +  y''=t^;  and  we  may  then  write  tK  =  acoa^,  2/  =  asin^.  Taking 
instead  of  s  any  independent  variable  u  whatever,  and  using  accents  to  denote  the 
derived  functions  in  regard  to  u,  the  equations  become 

x"'  +  y"-  +  /^  =  s"^, 

x  =  o.  cos  $,  y  —  o.  sin  6. 
From  the  last  two  equations  we  obtain 

x'^  +  y'^  =  ceff\  a:"'-  +  y"'  =  cfi  {&■"-  +  ^'0, 
and  the  first  two  equations  thus  become 


and  from  the  first  of  these  we  find 

„  _  oi^e'e"  +  z'z" 

whence  the  second  equation  is 

^  {a^8  -  +  z^)  a' 

or  reducing,  this  is 

(o?e-'  +  z'-")  (6"-'  +  e")  +  (^'V'^  -  2^^v/'  -  u'e-'d'"')  =  \  -^  (a=^'^  +  y^-. 

Takmg  here   6   as   the   independent   variable,    we   have   ff=\,   d"  =  0,   and   the   equation 
becomes 

or,  what  is  the  same  thing, 

Write  here 
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then 


and  the  equation  becomes 


viz.  this  equation  deteraiines  11  as  a  function  of  6,  and  we  then  have 

ds  =  Sim, 

«  =  a  cos  6, 
2/  =  a  sill  ^, 

equations   which   determine   x,   y,   z,   s   as   functions   of  the   parameter   &,  and   give   thus 
the  edge  of  regression  of  the  torse  in  question. 

It  is  clear  that  the  formulte  are  very  much  simplified  in  the  case  a  =  a,  where 
the  radius  of  absolute  curvature  a  is  equal  to  the  radius  a  of  the  cylinder;  but  it 
is  worth  while  to  develope  the  general  case  somewhat  further. 


fl  =  _  .yl'?5}  ^^ 

/c     sn  M ' 

,     _     \l(a(L)  en  M  di> 
k       sn^  It   ' 

■  a'^    =  TT — r—    dn' u  —  k^  sn'u], 
A=  sn'  M  V  a  / 

A?sn^ii[        V        a/  ) 

■ »'«'  =  ,-J^-.  -  ("^n*  u  -  k'  sn*  u), 

=  73^-  (l-2fc=sn=M),  =-r^ 
i^sii^u  k?  sn^  ■ 
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We  have  thus  s  =  A;  >J{aa)  u,  no  constant  of  integration  being  required,  viz.  u  is  a, 
mere  constant  multiple  of  z:  and  the  first  and  second  equations  then  give  s  and  8 
as  functions  of  u,  that  is,  of  z;  but  it  is  obviousiy  convenient  to  retain  u  instead 
of  expressing  it  in  terms  of  e.  As  regards  the  form  of  these  integrals  observe  that, 
writing  sn  ic  =  X,  we  have 

and  thence 

li^XdX 


.  /jl  -  V .  1  -  k'X'.  1  -  (l  +  -)  k''x4 
k  \/(aa)  dX 

y|i_x..i-(i+5)a.}' 

itegrals,   but   I   do  not   further  pursue 


eact 

1   of    which   is 

in 

fact 

reducible 

to   ell 

iptio 

integrals, 

this 

general  case. 

In  the  particular 

case 

have 

-0 

udti 

kHu' 

'  u  =  cn=  u, 

and 

the  equations 

become 

rfs- 

binudu 

which  admit  of  immediate  integration ;   viz.  we  have 

u-k" 

or  determining  the  constant  so  that  0  may  vanish  for  ^(=0,  say 
^     ,if,      /dmi-i-k'   l-k'\ 


viz.  to  verify  t 


\dnii  +  /c'     dut^-k/y 


ds      ,,  J        [       1  1      ( 

du     ^  [l  +  suM     l-sn?() 
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Hence,   recurring   to   the   original   equations,   and   writing   for   convenience    a  =  a  =  l. 


we  see  that  a  solution  of  the  simultaneous  equations 

©■-©■-©■-■ 

is 

a;  =  cos  ^,  J/  =  sin  6,  z  —  ku, 
,     ,  &=,      (duu+k'    l-k'\  ,  ,    ,      /I  +snM\ 

where,  as  before,  k  —  k'=   j-^- . 

Restoring  the  radius  o,  and  wj-iiing  the  system  in  the  form 
a:  — a  cos  6,  y  =  a  sin  6,  s  =  kctti, 

we    see     that,    as    -ti    passes    from    u=0    to    u  =  K,    and    therefore    s    from    3  =  0    to 


=  kaK   I 


(^  the  complete  function  -^i]"7^r)'  then  d  and  s  each  pass  from  0  to  oo ; 
and,  similarly,  as  u  passes  from  m=0  to  u  =  —  K,  that  is,  as  z  passes  from  0  to 
—  kctK,  then  6  passes  from  0  to  oo ,  and  s  from  s=0  to  8=  — oo;  viz.  the  curve 
makes  in  each  direction  an  infinity  of  revolutions  about  the  cylinder.  Developing 
the  cylinder,  a8  becomes  an  a;-coordinate ;    viz.  we  have  thus  the  plane  curve 

e  =  koM, 

,  A^,      /dnM  +  &'    l-k'\ 

which  is  a  curve  extending  from  the  origin  in  the  direction  x  positive,  to  touch  at 
infinity  the  two  parallel  asymptotes  s^  +  fco/T;  and  conversely,  when  such  a  plane 
curve  is  wound  about  the  cylinder,  there  ^vill  be  in  each  direction  an  infinity  of 
revolutions  round  the  cylindei: 
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ON    CERTAIN    OCTIC    SURFACES. 


[From   the    Quarterly   Journal   of  Pure  and   Applied   MathewMtics,   vol.   xiv,   (1877), 
pp.  249—264.] 

I.     Consider   the   torse   generated   by  the   tangents  of  the  quadriquadric  curve,  the 
intersection  of  the  two  quadric  surfaces 

aa^  +  by'  +  cs^  +  dw'  =  0, 

aV  +  Vf  +  eV  +  d'iu=  =  0 ; 
then,  writing 

be'  —  b'c  =  a',     ad'  —  a'd  =f', 

ca'  —  e'a  =  h' ,     bd'  ~  b'd  =  g, 

ab'  —  a'b  =  c',     cd'  —  c'd  =  h', 
and  therefore 

a'f  +  h'g'  +  c'k'  =  0, 


the  equation  of  the  torse,  writing  for  greater  convenience  {a,  h,  e,  f,  g,  K)  in  place  of 
{a',  b',  c',  f,  g',  h'),  but  understanding  these  letters  as  signifying  the  accented  letters 
(«',  h',  rf,  f,  g',  k'X  is 

a*fY^  +  bY^^  +  (^h'aiY 

+  a^f*ieh,i/  4-  h^g^y^w*  +  c'A'a^ 

+  Ib^o^gha^y'z^  -  'i.cfahie^ifw^  +  2bf^aga/'zhv'^ 

+  2cWA/ya=fl5'  -  'iayhfy'^w^  +  2cybhy'a?iif 

+  la^bfga^shf  -  2b%^cgz'i>^v^  +  li^Wof^^^ 


V^Qyg- ch) (ch - af) (af-  hg) !^t^ 
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If  in  this  equation 

we  write 

i'y-4,     h'lf'.g. 

and  therefore 

i!'h'  =  c,     cV  =  h ; 

'"'--■-^(V).  ^■-"'-/iafy 

"'-°''-^J)'  "■-'■'''=4^' 

[654 


ab'  -  a'b  =  ^j-rr-,-,  ,     cd'  -  e'd  =  ^,  /  , ,  , 


and 

then  the  equation  becomes 


+  2  {{hg)^~{ch)^}  lick)^  ~  (af)^\  ((a/)*  -  (cJi)^  afifeW  =  0. 
This  same  equation,  without  the  relation 

(«/)'  + (6,)i  +  (rf,)'  =  0, 
and  with  an  arbitrary  coefficient  for  a^y^z'^vf^;   or  say,  the  equation 

+ f^afw*  +  g'yHii'  +  h'2'w* 


+  •lah^ahf  -  2bhz'afly/'  +  iahzyw' 
-  2ffhtify^2fl~  tkfvfiz^^  -  %fgw*^f 
4-  'ika^y'^z^w^  =  0, 

where   ((,  b,  c,  f,  ff,  h,   h   are   arbitrary  coefficients,   is   the  general   equation 
surface  having  the  four  nodal  curves 

a;  =  0,  .         hz'^w^  —  gw'^y'^  +  ay^z"-  =  0, 

y  =  0,  -  A3%=        .      +fw''x^  +  h^af  =  0, 

s  =  0,  gy^w^  -fw'ce'       .       +  cic^'  =  0, 

w  =  0,  -  ay^z^  -  h^x-  -  ca^y         .       =  0. 
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In  fact,  the  equation  of  the  surfa<;e  may  be  written  in  the  form 

^  f/V  +  gY+  A'a*  -  ^ghfs^  -  'S.hf^a?  -  S^a^y} 
-  cfafy^  —  agy^z''  —  hkz*a?  +  Ikx'y'^z^'y 
\-  bfafz^  +  cgy*a!'  +  ahx'y^  J 

+         [ayV  +  bz-^  +  cw^^]'^  —  0, 
which  puts  in  evidence  the  nodal  curve 

M"  =  0,  —  aife'  ~  be^ai^  —  a^y^  =  0 : 
there  ai-e  three  similar  forms  which  put  in  evidence  the  other  three  nodal  curves. 

The  four  curves  are  so  related  to  each  other  that  every  line  which  meets  three 
of  them  meets  also  the  fourth  curve;  there  is  consequently  a  singly  infinite  series  of 
lines  meeting  each  of  the  four  curves ;  these  break  up  into  four  series  of  lines  each 
forming  an  octic  scroll,  and  each  scroll  has  the  four  curves  for  nodal  curves  respectively; 
that  is,  each  scroll  is  a  surface  included  under  the  foregoing  general  equation,  and 
derived  from  it  by  assigning  a  proper  value  to  the  constant  k.  To  determine  these 
values,  write 

h  ^  +  v  =  0, 


if     hq     ch 
equations  which  give  ibui'  systems  of  values  for  the  ratios  (X  :  fi  :  v).     We  have  then 

viz.  k  has  four  values  corresponding  to  the  several  values  oi'  (K  :  fi  :  v). 

The  scroll  in  question  is  M.  De  La  Gournerie's  scroll  2i ;  the  equation  of  the 
scroll  2]  is  consequently  obtained  from  the  octic  equation  by  writing  therein  the  Ij^t- 
mentioned  vaiue  of  k. 

It  is  to  be  noticed  that  k  is,  in  effect,  determined  by  a  quartic  equation ;  and, 
that,  for  a  certain  relation  between  the  coefficients,  this  equation  will  have  a  twofold 
root.  Assuming  that  this  relation  is  satisfied,  and  assigning  to  k  its  twofold  value, 
the  resulting  scroll  becomes  a  torse;  that  is,  two  of  the  four  scrolls  coincide  together 
and  degenerate  into  a  torae;  corresponding  to  the  remaining  two  values  of  k  we  have 
two  scrolls,  com^ni&ns  of  the  torse.     In  order  to  a  twofold  value  of  k,  we  mtist  have 


and  thence 

or,  what  is  the  same  thing, 
C.    X. 


of^hg^ok^ 

(«/■)* +  (63)^ +  (c/0^=0; 
(ffi/+  hg  +  chf  -  27abcfgh  =  0. 
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If  for   a  moment  we  write  af=a:',  bg  =  0^,  ok  =  'y^,  and,  therefore,  a  +  ^  +  7  =  0;   then 
for  the  twofold  root,  we  have  X  :  /i  :  v  —  a  :  0  :  y,  and  consequently 

i  =  a>(y-/3)+^M«-T)  +  7'(-8-«) 
=  («-/3)(^-7){7-a), 
that  is, 

i  =  l(o/)i  -  (hg)i]  {{bgf  -  (oh)i\  !(*)'.  -  (<./)il, 

which  agi'ees  T,vjth  the  result  in  regard  to  the  octic  torse. 

If  in  the   octic   equation   we   write   {x,  y,  s,  w)  in   place   of  (ic-,  ?/',  2^,  vf),  then   we 
have  the  quartic  equation 

ays*  +  }^^^  +  cW)/* 

+  /=;«%/'  +  3'i/"w''  +  ^^5%" 
+  "ihcahjs  -  Icfafyw  4-  "ibft^zw 
+  2cay^«ie  —  lagif'zw  +  2cgy^xw 
+  2ah^xy  —  Ibk^xw  +  2ahz''yw 
—  'ighvfyz  —  'ih/w'^zx  —  Ifg'ufxy 
+  2kxyztv  =  0, 

which   is   the   equation   of  a   quartic   surface   touched   by  the   planes   «  =  0,   7/  =  0,  a  =  0, 
»j>  =  0,  in  the  four  conies 

X  =0,         .       hzw  —  gwy  +  ayz  =  0, 

y  ^0,  -  hzw         .     +fwx  +  hzx  =  0, 

3=0,  gyw  —fnix        .     +  cxy  =  0, 

^u  =  0,  —  tti/2  —  hzx  —  cxy        .     —0, 
respectively. 

II.     The  octic  surface 

-  2a^cg  ibg  -  ch)  fz^  -  Ih^ah  {oh  -  af)  ^a?  -  %c%f  (af-  hg)  «y 
+  ^a?hh  (      „      )  f^  +  Wcf  (      „      )^af  +  2(?ag  (      „      )  3^' 

-  2/=&c  (      „      )  afw'^  —  %g^ca.  (       „       )  fw"^  —  2h?ah  {       „      )  s%i' 
+  2/^;i(      „      )x^w-  +  2g%f{      „      )yV+2hygi      „      )^" 

+/'  (6^(/=  +  c'A'^  -  ^hgch)  «iW  +  j(=  (c=A'  +  ftp  -  ichaf)  vfy^  +  W  (a?f^  +  &^3'  -  ^ahfg)  vf^ 
+  't-'  (  „  )  y^z"  +  &n  „  )^xl*  +<;'  {  „  )  a^!/' 

-  2gh  (bcgh  -  «=/=  -  2afbg  -  2a/ch)  ii^y''z^ 

-  2bk  (  „  )  «*fl!W 
+  ^og  (  ,.  )  3/*«%° 
+  26c(                       „  )aV^ 
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fi^!? 


-  2hf(ca/if-  by  -  2iga/  -  2bffcli)  w'^af 

-  2c/  (  „  )  a^^V 
+  2ah  ( 
+  2ca  ( 

-  2fg  {abfg  -  c%'  -  2Ghaf  -  ^ohbg)  i 

+  W( 
+  2a6  ( 
4-  2ila,Y^^^  =  0, 

where  the  values  of  the  coefficients  indicated  by  (  „  )  are  at  once  obtained  by  the 
proper  interchanges  of  the  letters,  and  where  li  ia  an  arbitrary  coefficient,  is  a  surface 
having  the  four  nodal  conies 

«  =  0,  .  cf-  bz-'  +/m^  =  0, 
y  =0,  —ca^  ,  +  0.3'  +  gw^  =  0, 
2=0,  ha?  —  ay^  .  hw'  =  0, 
W  =  0,   -fa^-gf-k^  .     =0. 

In  fact,  writing  the  equation  under  the  form 

w*©  +  {/a^  +  gf  +  As')=  x  (i'cW  +  (Pay  +  a'iV  -  2a^bcy^s'  -  2b^asfa?  -  2cPaba^^)  =  0, 

we  put  in  evidence  the  nodal  conic  w  =  0,  fnP  +  gy^  +hz^  =  0:  and  similarly  for  the  other 
nodal  conies. 


It   is  to   be   observed,  that   the   complete   section   by  the   plane  w  =  0 
fx^  +  g^  +  kz^  =  (i,  twice  repeated,  and  the  qnartic 

6'cV  +  c^a^y^  +  a?h^^  -  tOhay'^  -  So^caV  -  2abd'xY  =  0 : 

the  latter  being  the  system  of  four  lines 


the   conic 


-0, 


JL_ 


=  0. 


^/{a)     VC^-)     V(c)       •     V(«)     VW     ^/ic) 
The  plane  in  question,  w  —  O,  meets  the  other  nodal  conies  in  the  six  points 
{x  =  0,  hf-cz'^  0),     (^  =  0,  Gz'-(L3?  =  0),     (3=0,  ase-  by''  =  0), 
which   six   points   are   the    angles   of    the   quadrilateral   formed   by   the   above-mentioned 
four  lines. 

The   four   conies   are    such,   that    every    line    meeting   three   of   these   conies    meets 
also   the  fourth   conic.     The    lines   in    question    form    a    double   system :    each   of   these 

11—2 
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systems  has,  in  reference  to  any  pair  of  nodal  conies,  a  homographic  property  a  a 
follows ;  via.  considering  for  example  the  two  eonics  in  the  planes  3  =  0  and  w  =  0 
respectively,  if  a  line  meets  these  conies  in  the  points  P  and  Q  respectively,  and 
through  these  points  respectively  and  the  line  iv  =  0,  y  =  0  we  draw  planes,  then  the 
system  of  the  P  planes  and  the  system  of  the  Q  planes  correspond  homographically 
to  each  other,  the  coincident  planes  of  the  two  systems  being  the  planes  x  =  0  and 
y  =  0  respectively. 

Conversely,  if  through  the  line  (x  —  0,  y  =  0)  we  draw  the  two  homographically 
related  planes  meeting  the  two  conica  in  the  points  P  and  Q  respectively,  then,  for 
a  proper  value  (determined  by  a  quadratic  equation)  of  the  constant  k(=®-i-0)  which 
determines  the  homographic  relation,  the  line  PQ  will  be  a  line  meeting  each  of  the 
four  conies,  and  will  belong  to  one  or  other  of  the  above-mentioned  two  systems, 
as  Jc  is  equal  to  one  or  the  other  of  the  two  roots  of  the  quadratic  equation.  The 
scroll  generated  by  the  Sines  meeting  each  of  the  four  conies,  or  what  is  the  same 
thing,  any  three  of  these  eonics,  is  pnmd  fade  a  scroll  of  the  order  16;  but  by 
what  precedes,  it  appears  that  this  scroll  breaks  up  into  two  scrolls,  which  will  be 
each  of  the  order  S.  Moreover,  each  scroll  has  the  four  conies  for  nodal  curves;  and 
since  the  equation  U=  0  is  the  general  equation  of  an  octie  surface  having  the 
four  eonics  for  nodal  curves,  it  follows,  that  the  equation  of  the  scroll  is  derived 
from  that  of  the  octic  surface  U=0,  by  assigning  a  proper  value  to  the  indeterminate 
coefficient  fl;  so  "that  there  are  in  fact  two  values  of  £1,  for  each  of  which  the 
surfece  Z7  =  0  becomes  a  scroll. 

To  sustain  the  foregoing  conclusions,  take  x  =  O'y,  x  =  Oy  for  the  equations  of  the 
two  planes  through  the  line  {x  =  0,  y  =  0),  which  meet  the  s-conie  and  w-conic  in  the 
points  P  and  Q  respectively ;   then  the  equations  of  the  line  PQ  are 

■J(f^  +  9)(^-  &'y)  +  V(-  h)  iff  -e)z^o, 

-^/(be'''-a)(a:-eyf +  >>/(- k)(0'~0)w  =  0, 
or,  writing  therein  0'  =  fcO,  the  equations  are 

VC/l?"    +g){:c-key)  +  A/i-h){k~l)ez  =0, 

-  ^{bifffi  -a)(x~   $y)  +  >J(-  h)  (k  -  1)  ^w  =  0. 
To  find  where  the  line  in  question  meets  the  plane  y  =  0,  we  have 

-  ^{bk'0'  -  a)ie  +  V(-  h)  (k  -  1)  ^w  =  0, 
and  thence 

(bte'  -o.)a?-\-h  {k  -  Vf  (9^'  =  0, 
or  multiplying  a,  g  and  adding 

{a,f-vbgk^)x'  +  h{k-inaz-  ^  gw-^)  =  Q, 
or  assummg 

af+bgle  +  ch(k-\f  =  0. 
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the  equation  is 

—  ca?-\-az^  +g'ufi  =  0. 

That  is,  k  being  determined  by  the  quadric  equation  af^-  bgk^  +  ch{k  —  ly  =  0,  the  line 
PQ  meets  the  ^-conie  y  =  0,  —aifl-\ra^  +  gvfi  =  0;  and,  in  a  similar  manner,  it  appears 
that  the  line  PQ  also  meets  the  ic-conic  x  =  0,  cy^  —  bs^  +fw^  =  0. 

Writing  for  greater  symmetry  1  :  —k  :  k-l=X  :  fi.  :  v,  we  have 

A,  +      ^  +     V  =0, 

afX'  +  bfffi^  +  ckv^  =  0, 

so  that  there  are  two  systems  of  values  of  (X,  fi,  v)  corresponding  to,  and  which  may 
be  used  in  place  of,  the  two  values  of  k  respectively. 

Starting  now  from  the  equations 

(/^    +  9)  {kOy  -  xf  +  h{k~\y  ^^^  =  0, 

{bk'e^-a)(ey    -xf  +  h{k-rf0H>f=-<i, 

the  elimination  of  6  from  these  equations  leads  to  an  equation  U  =  0,  of  the  above 
mentioned  form  but  with  a  determinate  value  of  the  coefficient. 

The  process,  although  a  long  one,  is  interesting  and  I  give  it  in  some  detail 

Elimination  of  0  from,  the  foregoing  equations. 

We  have 

U=MJl{(f^^g')(,key-iey-Vh{h-Vf0'^l 

where  11  denotes  the  product  of  the  expressions  corresponding  to  the  four  roots  of 
the  equation 

(we^  -  a)  (%  -  xf +h(k-  ly  ehu^ = o. 

Observing  that  this  equation  does  not  contain  s,  and  that  the  expression  under  the 
sign  n  does  not  contain  w,  it  is  at  once  seen  that  the  product  11  is  in  regard  to 
(s,  w)  a  rational  and  integral  function  of  the  form  {^,  w^Y;  and  since,  in  regard  to 
{s,  w),  U  is  also  a  rational  and  integral  function  of  the  same  form  (z^,  wf)*,  it  is  clear 
that  the  factor  M  does  not  contain  z  or  w,  but  is  a  function  of  only  (x,  y).  To 
determine  it  we  may  write  3  =  0,  w  =  0:   this  gives 

c-  (fa-  -  afr  (f^  +  Iff  -  Jffl  (/»■  +  5)  (My  -  cf, 


Hence   substituting   and 


(6W-i.)(%-«:)'  =  0. 

and   the   values   of    8   ai 
observing  that 

<f*"(i-l)'-(a/+6jrj;')". 
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it  is  easy  to  find 

a,' If  {k -If 
that  is,  we  have 

^  ^f'"'  tr-n  [(/e'+»)(M!,-«)'+t(t-i)'e'n 

where 

{hk'»--a){ey-xf  +  h{k-lfe'w'  =  D. 


where 

(&iW^^  -  af)  {4>  -  Xf  +  h(k-  ly  lo^ij,^  =  0, 

or,  what  is  the  same  thing, 


(*-.C)»-')-^^'S^>-''- 


Suppose  that  the  terms  in   U  which  contain  z^  are  =  Sz"^ ;   then  we  have 
or,  what  is  the  same  thing, 

where  II'  refers  to  the  remaining  three  roots  ^,  0^,  ip,;   this  may  also  be  written 

(k-'ir^ 
Hence,  observing  that  we  have  identically 

and  writing  ip  =  ±    -y^,,  ^  =  j,  (*=\/(— 1)  as  usual),  we  find 


h{k-lf 


n(t.#.-i) 

whence,  writing  for  shortness 

A  .  [c  («■ ,/(/)  +  iy  V(S)'I  -/<?»■]  [c  (a!  V(/)  -  •!/  V(»)'l  -  6»"1 
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we   find 


n  (/«',(,• +ro.)-*y|jr^' A/, 


and  thence 

n  (>■,),■  +  gf)  W  - 1  )■  -  ''''*,^"'  A  (6^  -  «!/■  +  ;»■)■  i; , 
and   consequently 

%^h{k  —  Vf  ^  (bx'^  —  ay'  +  hify.  2 -^ 


Hence,  writing 

0^  ABC  D 


(/^^^  +  gf)  ik^  -  If    m  -if^k<}>~i^x4>  V(/)  +  iy  V(^)    ^0  VC/)  -  ^3/  VCi-)  • 

we  may  calculate  separately  the  tenns 
and 


,#  V(/)  +  iy  V(?)  ^  «*  V(7)  -  i!/  V(9))  ■ 

The  first  of  these  is 


(i-l)-(/a;-  +  i-ffj)'(te--i>S-  +  *»-y"  '■     " 
if  for  shortness 

{a:,  y,  wf  =  {fa?  +  ^^y^)  [4  [(2  -  k)  ha?  ~  af-  +  A  (1  -  k)  «;'}= 

-  2  (6;r> -  ai/^  +  hw^)  1(6  ~  6i  +  &^)  bo?  -ay'  +  h(l-  kf  w^]] 

+  4li?(k-l)fff(b!^--(M/^  +  kw'')  {(2  -  k)bce^  -ay^  +  h(l-  k)  w^] : 

the  second  is 

2 
^(k-in/a^^  +  l^gfyA^'''  y'  '"''>'' 
if  for  shortness 

fe  S.  t")' =  {(/':' -H'gy') lift'- eg f-fgaf)-i(!l:/gaff} 

X  IfgbkV  +  [2o4  (4-1)'+  «/] sry-  +/j4 (t -  !)■  «*■! 

+  2  (My  -  c4  (t  -  lyi/js^j-  (c  (4  +  1)  (/«•  -  %•)  -  i/jfrf) ; 
and  hence 

*>=(f^+i=gfyi'^i^'  y-  »r + 2  (6«' -«»■+*»■)•(»>,  y,  »)•], 

which  must  be  a  rational  and  integral  function  of  {(c,  y,  w). 

In   partial   verification   of  this,   observe   that,  because    U  contains   the   tenns 
2b-'cf(ch  -  af)a?z^  +  ^O.ahfz-'vf, 
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©  should  contain  the  terms 

Wof{ch  -«/)«"  +  SilK^^V, 

viz.  in  0  the  term  in  x"  should  be  =26'c/(cA  — a/)a!°. 

Now  writing  ^  =  0,  w  =  0,  we  have 

A  =  cy  W, 

[x,  y,  wf  =  by {4 (2 -ky-2{e-Gk  + 1^)} x", 

=  bf{i-4>k  +  2k^)i>fi, 

{x,  y,  w)'  =  bcf'gk'x' ; 

and  hence  the  required   term  of  @  is  ic"  multipHed   by 

b'<f/h  (4  -  4)t  +  2k^)  +  2¥cfglc'' : 
viz.  the  coefficient  is 

=  2b''cf[ck  (2  -  2A^  +  ^)  +  hgk% 

=  2b^cf[Gh  +  ch  (1  -|  k'f  +  bglf], 
which  in  virtue  of  the  relation  a/+  hgk^  4-  cA  (1  —  ky  becomes,  as  it  should  do, 

.2SV(*-»/)- 
The  actual   division  by   (fx^^  +  l^ffT/^y   would,  however,  be  a  very  tedious  process,  and 
it  is   to   be  observed,  that  we   only  require  to   know  the  term  2Iltcyw'  of  @.     We  may 
therefore   adopt   a  more   simple   course   as   follows  :    the   terms   of    ©   which   contain    w' 
are   =  {Aaf  +  2Ilfl;^^  +  By*)  iv\   hence   writing   for   a   moment 

\x,  y,  wY  =  P  +  Qvfl,     {x,  y,wf  =  R  +  8w\ 
and  observing  that  we  have 

A  =  c^  ifx^  +  gff  -  ^&fg  {fa?  -gf)  v?  +  &c., 

{bai'-  -  ay^  +  hw^J  =     {ba?  -  aff  +       2h  (baf  ~  ay^)  vf  +  &e., 
we  have 

( f^  +  ]i?gff  {Aaf  +  2£lxhf  +  By^)  =  c%  {fa?  +  gyj  Q  -  2dfgk  {fx^  -  gf)  P 
+  {bx^  -  ayy  8^-      2h     {ba?  -  ay^)  R 
But  in  this  identical  equation  we  may  write  «==«,  y^^b,  which  gives 

(ffl/+  tbgY  (Aa''  +  2ilab  +  Bb^)  =  (fh  {af+  bgf  Q  -  2cfgh  (of-  bg)  P ; 
and  from  the  equation 
we  have 


■\-4ik''{k~  1)  hghv?  (1  -  k)  ah, 
=  -ch  {k-lf{4>{k-lf  {a^l?  +  2w'abk)  ~2{5~6k  +  l^)  hw'] 
—  ik^  (&  —  1 )'  ab^ghw^. 
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that  is, 

Q=      (k-  If  abh  [ck  {-  6^^  +ik+2)-  4&=6[, 
whence 

(k  - 1)=  (Aa?  +  2fira6  +  Bb')  =  ab  {af  +  bgf  [ck  (-  6^^  +  4^  +  2)  -  ^k^bg'] 

+  %fg{af-bg){k-inoh)\ 
But  we  have 

Aa^  +  B&=  =  -  2a&  (a/-  bg)  (-  o/Ti^  +  c=/(,=  +  2cfea/+  2e/i6jr), 
and  thence 

2  (/>;  - 1)'  n  =  {((/+  6£,)^  \ch  (-  S/fc^  +  4Jb  +  2)  -  ife^fc^] 

+  {k  - 1)^  (tt/- 65)  f- lafbg  +  2cV(.^  +  4c/«i/+  4c/(,6^\ 
1+  8a/i3  ;  ■ 

or 

{k-  Xf  fi  =  («/+  t^)'  [cA  (-  -iB  +  2/c  +  1)  -  2^6^] 

■>r{h-Vf  {af-  bg)  [Sa/bg  +  cH-?  +  2chaf-^  2chbgl 
Writing  -W+2k  +  l'=~S(k-lf-4!ik~l),  this  is 

fi  =  (af+  bgf  [ch  (-  3  -  ^)  -  ^^^^^^^  bg\  +  {af-  bg)  [Safbg  +  c%'  +  2chaf+  2chbgl 

or   since    1  :  —k  :  k—l=^\  :  (i,  :  v;    and    writing   for    shortness   {of  bg,  ch)  =  {a,   ^,  y), 
this  is 

ii  =  («  +  /3)=J7(-3-^)-^^l  +  (a-/3){3a^+7^  +  27«  +  27/3}, 

which   is   the   value   of  il :    viz.   the   conclusion   arrived   at   is   that,   eliminating    0   from 
the  equations 

ife^    +g){key-xf  +  k{k-Vf0H^=O, 

(6&=(9^-ffl)(   6y-xf-\-h{k-iye'w^^i^: 

where    k  denotes   a  determinate   function   of  af  bg,  ch,   viz.   writing   af,  bg,  ck^a.  /3,  7 
and  1   :  —k  :  k-l^X  :  /J.  :  i^,  we  have 

X  +     /J,  +    V  =0, 

aX?  +  Bfi'  +  7c'  =  0, 

equations    which    serve    to    determine    k :    the    result    of    the    elimination    is    the    octic 
equation 

b^cfx^  +  ...  +  2ilxyzhi/'  =  0, 

where  fl  has  the  last-mentioned  value. 

c.  X.  12 
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The  value   of  fi  is   iinsymmetrical  in   its  form,  and  there  are  apparently  six  values ; 
viz.  writing 


A  =(/3  +  7)= 

A  =  (7  +  «)■ 
C..(a  +  /3)- 


■  3  -  I")  -  ^^'  (SJ  -  (^  -  ,)  (S  +  ;3,  +  „'), 
■''-v)-7r="|-(«-«(«+./i+n 


where   for   shortness   S=2(0y  +  ya.  +  a^),   the   six  values   would   be   A,  B,  C,  A^,  B„  C^. 
But  we  have  realiy 

A^B  =  G^-A-,^-B,  =  -G,\ 

so   that   O   has  really   only  two   values,   equal   and   of    opposite   signs,   or,    what   is    the 
same  thing,  €V  has  a  unique  value.     In  fact,  writing  for  shortness 

we  find  at  once  the  identity 

X=  (A  +  A,)  =  i0  +  'yy  (-  2X  ~  iXaP), 
so  that  A  =  -A„  in  value  of  P  =  0,  X^O.     And  similarly  B^-B^,  0^-G,. 
But  the  demonstration  of  the  equation  ^  =B  is  more  complicated.     We  have 
yl-£=-3a(^  +  7)^-4K(^+7)^J-27(/3  +  7)=^^  +  (^-T)(S'  +  ^7  +  a=) 

+  3^(7  +  «)=  +  4;e(7  +  a)^-  +  2a(7  +  a)^-'-{7-a)(S'  +  7«  +  ;S^), 
that  is, 
XV  (^  -  fi)  =  1- So:  (/3  +  7)^  +  3/3  (7  +  a)^  +  (y3  ~  7)  (S  + /37  +  «=)  -  (7  -  a)  (A"  +  7a  + /9')}  \V 

-  4a  (/3  +  7)'  ^^' 

-  27  (5  +  7)^  (/>= 
+  4y3(7  +  cLf  vX'fi. 
+  2a(7  +  a)=V, 
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or,  denoting  for  a  moment  the  coefficient  of  V^^  by  K,  and  writing  also  ryifi  =  X  —  a\'  —  jB^t^, 
v  =  P  —  \  —  fi,  tliis  is 

-  42  (y9  +  yf  X/i^ 
-2    (/3  +  7)>'(X-nX'-/3^=) 
+  4^(7  +  a)'XV(P-X,-rt 
+  2a(7+a)'X', 
--2    ()3  +  7)VX+4/3(7+a)'XVP 
+  2a(7H-a)=X' 
-i/Hy  +  tyVi^ 

+  (- 4;8  (7  +  a)' +  JT  +  2oi  (fl  +  7)")  XV 
-  4a  (^  +  7)^  X/t' 
+  2j3(/3  +  7)>', 
and  here  the  coefficient  of  X^^-  is  found  to  bo 

.2|a/3(.+/3)  +  7(«-«--37'(o  +  ,31), 
Hence,  the  terms  without  X  or  P  are  =  2  V ,  where 
V=         a(7  +  a)'X' 
-2S(7  +  i>)'X> 

+  (0/3  (a  + /3)  +  7  («  -  «' -  37' (a  +  (3)1  X>' 
-2a(/3+7)"X;»' 

+  ^(0+7)>-. 
and  this  is  identically 


(a  +  7)X' 


a(7  +  ")X' 
2  (^y  +  ya  +  a/3)  X/t 
+  ;3(/9  +  7)c'. 


where  observing  that 

«X'  +  ^,i'  +  7(P-X-m)"  =  X, 
we  have  the  iiret  factor 

(a  +  7)  X-^  +  {^  +  7) /t=  +  27X/1  =  Z  -  7P- +  27P  (X  +  ^), 
and  consequently 

X>"  (-1  -  5)  =  -  2  (/3  +  7)'  li'X  +  43  (7  +  oj-X'/iP 

+  2  1Z-7P'  +  27P(X  +  /»)|(«(7  +  a)X'-2(ft  +  7n  +  a/3)X,»+^(/3  +  7),»']; 
viz.  in  virtue  of  P  =  0,  X  =  0,  we  have  A=B.     And  thus 
A-B-C--A,  =  -B,=  -  C: 

so  that  the  only  values  of  li  are,  say,  A  and  —  A. 

12—2 
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Reverting  to  the  original  equations 

{bk^ff'  -a)  {By-  xf  +  h{k-  If  ^%^  =  0, 

say  these  are 

(a,  b,  c,  d,  e'^e,  iy  =  0. 

(a',  b',  c',  d',  e%e,  ly  =  0, 
then  the  coefficients  in  the  two  equations  have  the  values 

-  ^kfxy,  -  ^hh^aiy, 

fx^  +  gkf  +  h(k-lf2%        bta^-ay^  +  hik-iy^ 


where   observe   that   only   c    contains  , 
elimination  is 


—  aaf', 
and    only   ■ 

b,     c,     I 


The    result    of    the 


b', 


d', 


viz.  here  the  only  terms  which  contain  sfi  and  w^  are 

c^'^e'^  +  e'^V, 

and  hence  the  terms  in  £*  and  w*  are 

k'(k-iy^.  a^¥k'a^f  +  h*  (k-lf  it/'  .fY^^V*' 
viz.  these  are 

or  assuming  that  the  determinant  contains  as  a  factor  the  function  &^cyW-i-,..  +  2. 

with  a  properly  determined  value  of  H,  we  see  that  the  other  factor  is  ^h^'k'  {k  —  \y x*y*, 

which  agrees  with  a  preceding  result 
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A    MEMOIE    ON    DIFFERENTIAL  EQUATIONS. 

[From  the   Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  xiv.  (1877), 
pp.  292—339.] 

We  have  to  do  with  a  set  of  variables,  which  is  either  UDipartite  {x,  y,  e,...), 
or  else  tipartite  {a>,  y,  z,...;  p,  q,  r,...),  the  variables  in  the  latter  case  corresponding 
in  pairs  x  and  p,  y  and  5,  &c, 

A  letter  not  otherwise  explained  denotes  a  function  of  the  variables.  Any  such 
letter  may  be  put  =  const.,  viz.  we  thereby  establish  a  relation  between  the  variables ; 
and  when  this  is  so,  we  use  the  same  letter  to  denote  the  constant  value  of  the 
function.  Thus  the  set  being  {x,  y,  s;  p,  q,  r),  H  may  denote  a  given  function 
pqr  —  xys;  and  then,  if  ^=  const.,  we  have  pqr  —  xyz  =  H  (a  constant).  This  notation, 
when  once  clearly  understood,  is  I  think  a  very  convenient  one. 

The  present  memoir  relates  chiefly  to  the  following  subjects: 
A.     Unipartite  set  («,  y,  z, ...).     The  differential  system 
d^     dy     dz 


X      Y~Z      ■■■' 

and  connected  therewith  the  linear  partial  differential  equation 

ala( 

5  the 

lineo-differential 

((«         dy         as 
Xdi!+  ydy  +  Ziz+.... 

B. 

Bipartite  set  ( 

{'.y, 

z,...\  p,  q,  r, ...).     The  Hami 

Itonia 

dp 

dH~ 

di- 

ds                  dp            dq 
'dH     ■■■         dH         dH 

dr                    dr,          'dy 

dr 

dz 
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and  eonnocted  therewith  the  linear  partial  differential  equation 


otherwise  wntten 


dHdd_dHde     dHdd^dHde 
dp  da:      dm  d/p      dq  dy      dy  dq 

m  «>     d{H,(i)i{u.e) 


where   H  denotes  a  given   function   of  the   variables :    also   the   Hamiltonian   system   as 
augmented  by  an  equality  ~d,t,  and  as  augmented  by  this  and  another  equality 

=  dV^(    '^'^+    ^■^+r^     ] 
'  y    dp      ^  dq  dr  '"/' 

C.  Bipartite  set  (tc,  y,  s, ...;  f,  q,  i',...).  The  partial  differential  equation 
if=const.,  where,  as  before,  ^  is  a  given  fiinction  of  the  variables,  but  p,  q,  r,... 
are  now  the  differential  coefficients  in  regard  to  x,  y,  s,...  respectively  of  a  function 
V  of  these   variables,   oi',   what   is   the   same   thing,   there   exists   a   function 

V=  I  ( 2)dx  +  qdy  +  rdz  +  ...), 

of  the  variables  x,  y,  z, 

In  what  precedes,  I  have  written  (ic,  y,  s, ...)  to  denote  a  set  of  any  number  n 
of  variables,  and  («,  y,  z,...\  p,  q,  r,...)  to  denote  a  sot  of  any  even  number  2?i  of 
variables,  and  the  investigations  ai'c  for  the  most  part  applicable  to  these  general 
cases.  But  for  greater  clearness  and  facility  of  expression,  I  usually  consider  the  case 
of  a  set  {x,  y,  z,  w),  or  {x,  y,  z\  p,  q,  r),  &c.,  as  the  case  may  be,  consisting  of 
a  definite  number  of  vaiiabies. 

The  greater  part  of  the  theory  is  not  new,  but  I  think  that  I  have  presented 
it  in  a  more  compact  and  intelligible  form  than  has  hitherto  been  done,  and  I  have 
added  some  new  results. 


Introductory  Remarks.     Art.  Nos.  1  to  3. 

1.  As  ah'eady  noticed,  a  letter  not  otherwise  explained  is  considered  as  denoting 
a  function  of  the  variables  of  the  set;  but  when  necessary  we  indicate  the  variables 
by  a  notation  such  as  2  =  z(x,  y);  3  is  here  a  function  (known  or  unknown  as  the 
case  may  be)  of  the  variables  x,  y,  the  z  on  the  right-hand  side  being  in  fact  a 
functional  symbok  And  thus  also  z  =  z{x,  y),  =  const,  denotes  that  the  function  z{x,  y) 
of  the  variables  w,  y  has  a  constant  value,  which  constant  value  is  =z,  viz.  we  thus 
indicate  a  relation  between  the  variables  x,  y. 

2.  The  variables  x,  y,  &c.,  may  have  infinitesimal  increments  dx,  dy,  &c. ;  and 
the  eqiiations  of  connexion  between  the  variables  then  give  rise  to  linear'  relations 
between    these    increments,    the    coefficients    therein    being    differential    coefficients   and. 
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d,s  - 


as  such,  represented  in  tbe  usual  notation;  thus  if  z—z(x,y),\</e  have  de  —  -T-dx  +  -j-dy, 

in   regard    to    x,   y 
=  -^  dx,   and   the   foregoing    equation 


dx'    dy 

respectively.      If   we   have   y  =  y  (le),   then   i 

becomes 

,       /dz     dz  dy\  , 

dz=={j-+-r^]dx; 

\dx     ay  dxj 

but    considering    the    two    equations    2^z{x,   y)   and   y  =  y(x)   as    determining    s  as   i 


function  of  x,  say  z  =  s(x),  we  have  dz 


_d(.) 


-  dx ;   whence  comparing  the  two  formula 


d  (z)  _  ds      ds  dy 
dx      dx     dy  dx' 

where   -^ —  is   the   so-called   total    differential    coefficient    of   z    in    regard    to 

distinction  is   best  made,  not  by  any  difference  of  notation  —J"     .    j- .  but  by 

in   any  case   of  doubt   the   equations   or   equation   used   in   the   differentiation.     Thus  we 

have    7-  where  s~z{x,  y)\   or,  as  the  case  may  be,  -y  where  z  =  z(x,  y)  and  y  =  y{(c). 

3.     A   relation   between   increments   is   always   really   a  relation  between   differential 
coefficients :   but  we   use   the   increments   for   symmetry  and   conciseness,   as   in   the  'case 

of  a   differential   system   -^  =  -^  =  -=- ,  or  in   a  question  relating  to  the  lineo -differential 

Xdx  -v  Ydy  -t-  Zdz,  for  instance  in  the  question  whether  this  can  be  put  =  dn. 


Notations.     Art.  Nos.  4  to  6. 


4.     Functional  determinants.     If  a,  h,  c 
then  the  detenninants 


i  for  shortness  represented  by 


1  functions  of  the  vai'iables  x,  y,  z,  iv, . 


da 

da 

<k, 

da 

da 

da,' 

dy 

dx' 

dy- 

dz 

db 

db 

db 

db 

db 

di- 

Sj\ 

di' 

dy- 

S 

de 

do 

* 

Si' 

dy- 

i 

d  (a,  b)     d(a,   b,  c) 
d(x,  y)'    d{x,  y,  z)' 
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first-mentioned    case   where    the    symbol    is 
■enient    to    extend     this     notation,    and     for    instance 


the   notation   heing   especially   used 

d(a,  6)        T.     ■ 

-,-, — — '-.      it     IS    sometim 

d  {as,  y) 

use    ,  ,     ' — —,   to  denote  the  series  of  determinants 

da       da 


which   can    be    formed    by   selecting    in    every   way   two    columns    to    form    thereout    a 
determinant;   the  equation 

d(a,  ^)    ^Q 
d{!e,  y,  z) 


das- 

da' 

dn 

db 

db 

db 

die' 

d,r 

dn 

will  then  denote  that  each  of  the: 
The  analogous  notation 


!  determinants  is  =  0. 


d  (a,  b,  c) 
di^.y) 


would   denote  non-existent    determinants,  viz.   there    ai'e    here    not    columns    enough    to 
form  with  them  a  determinant :   and  the  notation  is  not  required. 


5.     In    the    case    of    a    bipartite    act    {x,   y,   z,...: 
functions  of  these  variables,  we  consider  the  derivative 


...),    if   a,    b    are    any 


/„    ,.,_t?(a.  b)   ,  d(a,  b)     d{a,  b) 
^''•'''-d{p,a:)^d{q,yVd{r,  z)^  — 

to   denote   the   sum    of   the    functional    determinants    on    the    right 


viz.   (a,   b)   : 
hand. 

6.  Taking  again  {x,  y,  z,  w,...)  at 
lineo-differential  Xdx  +  Tdy  +  Zdz  +  Wdw  + . 
to  Pfaffians.  They  may  be  thus  defined ; 
corresponding  to  the  variables  x,  y,  z,  w, .. 

l=X,  2=7,  S  =  Z,  4,=  W,  &c., 

,„     dX     dY    ^^     dX     dZ   , 

dy      dx  dz      dm 


the    variables,   then    in    the    theory    of    the 
.,  we  use  certain  derivative  functions  e 
viz.  considering  the   numbers  1,  2, 
respectively,  we  have 


\az      dy)  \dx      dz ! 

1234  =  12  .  34.  + 13 .  42  + 14 .  23 


idX.  _dY\ 
\dy      dx)' 


\dy       dwj  \dw      ds }      \dz      dx)  \dy      dw)     \dw       dx  j  \dz      dyj' 
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and,  adding  for  greater  distinctness  the  next  following  cases, 

12345=    1.2345+    2.3451+    3.4512+    4.5123+    5.1234, 
123456  =  12  .  3456  +  13 .  4561  +  14  .  5612  +  15 .  6123  +  16 .  2345, 
where  of  course  2345,  Sic,  have  the  significations  mentioned  above. 

Dependency  of  Fuiictmis.     Art.  Nos.  7  and  8. 

7.  Two  ov  more  functions  of  the  same  variables  may  be  independent,  or  else 
dependent  or  connected;  viz.  in  the  latter  case  any  one  of  the  functions  is  a  function 
of  the   others   a  =  a  (w),   b  =  h  (x),   the   functions   a,   b   are   dependent,   but  if 

a=a{x,  y),    h  =  h (x,  y), 

then  the  condition  of  dependency  is 

and,  aimilaiiy,  if  « =  « (x,  y,  z),  b  =  b  (_a>,  y,  z),  then  the  conditions  of  dependency  are 

d{x,  y.  z) 

viz.    if   the    equations    thus    represented    are    all    of    them    satisfied,   the    functions    are 
dependent,  but  if  not,  then  they  are  independent. 

Observe  that,  when  a  =  a{x,  y,  z),  b  =  h {x,  y,  z)  as  above,  if  we  choose  to  attend 
only  to  the  variables  x,  y,  treating  2  as  a  mere  constant,  there  is  then  a  single  condition 

of  dependency   -jA  '   "v=0,  and  so  if  we  attend  only  to  the  variable  x,  treating  y,  z  as 
a((e,  y) 

mere  constants,  then  a  and   6  are   dependent.     Thus  when  a  —  oi,  h  —  i^A-y,  the  functions 

a,   h   are    independent    if    we   attend   to    both    the   variables    x,  y ;    dependent   if   y   be 

regarded  as  a  constant. 

8.  Further  when  a  —  a{x,  y),  b  =  h(x,  y),  c  =  c(x,  y),  the  functions  a,  b,  c  are 
dependent ;  but   when  a  =  a(x,  y,  z),  h  =  h {x,  y,  z),  g~g {x,  y,  z),  the  condition  of  depen- 


and   so   when   « =  a  (x,   y,   z,   w),   h  =  b  {x,   y,   z,   w),  c  =  c  {x,  y,  s,   w),   the    conditions   of 
dependency  are 


viz.   if   all   the   equations  thus    represented    are    satisfied,   the    functions   are   dependent ; 
but  if  not,  then  tbey  are  independent.     And  so  in  other  cases. 

c.  X.  13 


d(a,  b,  c) 

dix,  y,  z) 

;),   b  =  b{x,   y,   z, 

d(a,  b,  c) 

d{x.  y,  z,  w) 
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The  General  Differential  System.     Art.  JNos.  9  to  22. 

9.  Taking  the  set  of  variables  to  be  (x,  y,  z,  w),  the  system  is 

dx _dy _dz _  dw 

^nd  wo  associate  with  this  the  linear  partial  differential  equation 

xf+rf  +  zf  +  wf-o. 

dx  dy  dz  dw 

10.  It  is  tolerably  evident  that  the  differential  equations  establish  between 
X,  y,  z,  w  a  threefold  relation  depending  upon  three  arbitrary  constants ;  in  fact, 
regarding  {x,  y,  z,  w)  as  the  coordinates  of  a  point  in  four-dimensional  space,  and 
starting  from  any  given  point,  the  differential  equations  determine  the  ratios  of  the 
increments  dtc,  dy,  dz,  dw,  that  is,  the  direction  of  passage  to  a  consecutive  point ; 
and  then  again  taking  for  x,  y,  z,  w  the  coordinates  of  this  point,  the  same  equations 
give  the  direction  of  passage  to  the  next  consecutive  point,  and  so  on.  The  locus 
of  the  point  is  therefore  a  curve,  or  we  have  between  the  coordinates  a  threefold 
relation,  and  (the  initial  point  being  arbitrary)  we  have  a  curve  of  the  system 
through  each  point  of  the  four-dimensional  space,  viz,  the  relation  must  involve  three 
arbitrary  constants.  But  this  being  so,  the  constants  will  be  expressible  as  functions 
of  the  coordinates,  viz.  the  threefold  relation  involving  the  three  constants  will  be 
expressible  in  the  form  a  =  const.,  b  =  const.,  c  =  const.,  where  a,  b,  c  denote  respectively 
functions  of  the  coordinates  {w,  y,  s,  w). 

11.  Supposing  that  one  of  the  relations  is  a  =  const.,  it  is  clear  that  the  incremeut 

,         da  ^       da  ,       d,a  ,       da  , 
da,  =  -}-  <te  +  ^i- av  +  -,-  dz+  ,—  dw, 
dip         dy         ds         WW 

must  become  =  0,  on  aubstitiiting  therein  for  dx,  dy,  dz,  dw,  the  values  X,  Y,  Z,  W 
to  which  by  virtue  of  the  differential  equations  they  are  pix)portional,  viz,  that  we 
must  have  identically 

xf  +  rp+zf+w?"-.o. 

dx  dy  dz  dw 

Conversely,  when  this  is  so,  we  have  da  —  0,  by  virtue  of  the  differential  equation. 

We  say  that  a  is  a  solution  of  the  partial  differential  equation,  and  an  integral 
of  the  differential  equations,  viz.  any  solution  of  the  partial  differential  equation  is 
an  integral  of  the  differential  equations,  and  any  integral  of  the  differential  equations 
is  a  solution  of  the  partial  differential  equation,  or,  this  being  so,  we  may  in  general 
without  risk  of  ambiguity,  say  simply  a  is  an  integral* ;  similaiiy  h  and  c  are 
integrals,  and,  by  what  precedes,  there  are  three  integrab  a,  b,  c. 

*  Viz.  we  nae  indifferently,  in  regard  to  the  differential  equations  and  to  the  partial  differential  equation, 
tlie  term,  integral,  which  ia  appropriate  to  the  differential  equations ;  the  appropriate  term  in  regard  to  the 
partial  differential  equation  would  be  eolation. 
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Observe  that,  in  speaking  of  an  integral  a,  we  mean  a  function  of  the  valuables ;. 
the  differential  equations  give  between  the  variables  the  relation  a  =  const.,  and  when 
this  is  so,  we  use  the  same  letter  a  to  denote  the  constant  value  of  this  function. 

12.  In  speaking  of  the  three  integrals  «,  b,  c  we  mean  independent  integrals; 
any  function  whatever  (jta  of  an  integral  a,  or  any  function  whatever  0  (a,  h)  of  two 
integrals  a,  b,  is  an  integral  (viz.  it  is  an  integral  of  the  differential  equations,  and 
also  a  solution  of  the  partial  differential  equation),  but  such  dependent  integrals  give 
nothing  new,  and  we  require  a  third  independent  integral  c,  viz.  we  need  this  to 
express  the  threefold  relation  between  the  variables,  given  by  the  differential  equations, 
and  also  to  express  the  general  solution  0  {a,  b,  c)  of  the  partial  differential  equation. 

13.  By  what  precedes  the  analytical  condition,  in  order  that  the  integrals  «,  b,  c 
may  be  independent,  is  that  they  are  such  as  not  to  satisfy  the  relations 


d{a,  b,  c) 
d{x,  y,  2,  w) 


=  0. 


14.  We  moreover  see  cb  posteriori,  that  there  cannot  be  more  than  three  inde- 
pendent integrals ;  in  fact,  if  a,  b,  c,  d  are  integrals,  then,  considering  them  as 
solutions  of  the  partial  differential  equation,  we  have  four  equations  which  by  the 
elimination  therefrom  of  X,  Y,  Z,   W,  give 

d(a,  b,c,  d)_ 

and  this  is  the  very  equation  which  expresses  that  a,  b,  c,  d  ai-e  not  independent. 

15.  The  notion  of  the  integrals  may  be  arrived  at  somewhat  differently  thus: 
take  a,  h,  c,  d  any  functions  of  the  variables,  and  write 

ax:  ay         as  am 

and  the  like  for  B,  G,  D\  then  replacing  the  original  variables  x,  y,  z,  w  hy  the 
new  variables  a,  6,  c,  rf,  the  differential  equations  become 

da  _db  _dc  __dd 
A  "B  ~'~G~B' 

where  A,  B,  C,  J)  are  to  be  (by  means  of  the  given  values  of  a,  b,  c,  d  as  functions 
of  X,  y,  z,  w)  expressed  as  functions  of  a,  b,  c,  d.  If  then  ^1  =  0,  5=0,  (7=0,  the 
differential  equations  become 

da  _db  _dc  _  dd 

via.  we  have  d«  =  0,  <^  =  0,  dc  =  0,  and  therefore  a  =  const.,  6  =  const.,  c  =  const.,  that 
is,  we  have  the  integrals  a,  h,  c  as  before. 

13—2 
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16.  There  is  no  general  process  for  obtaining  an  integral  a  of  the  differential 
equations.  Supposing  such  integral  known,  we  can  introduce  it  as  a  variable,  in 
place  of  one  of  the  original  variables,  say  w,  viz.  we  thus  reduce  the  system  to 

dx  _^dy  _dz _  da 

where  X,  Y,  Z  now  denote  the  values  assumed  by  these  functions  upon  expressing 
therein  w  as  a  function  of  x,  y,  z,  a,  viz.  they  are  now  functions  of  x,  y,  s,  a.  The 
system  thus  breaks  up  into  dct  =  0  and  the  system 

dx  _^dy  _^dz 
X  ~  T  ~  1 ' 

in  which  last  (by  virtue  of  the  fii-st  equation,  or  a  =  const.)  a  is  to  be  regarded  as 
a  constant ;  the  original  system  of  three  equations  between  four  variables  is  thus 
reduced  to  a  system  of  two  equations  between  three  variables.  Supposing  h  to  be 
an  integral  of  this  reduced  system,  h  is  given  as  a  function  of  x,  y,  z,  a,  but  upon 
substituting  herein  for  a  its  value  as  a  function  of  x,  y,  z,  w,  we  have  6  a  function 
of  the  original  variables  x,  y,  z,  w,  and  b  is  then  a  second  integral  of  the  original 
system. 

17.  In  like  manner  supposing  n  and  h  to  be  known,  we  reduce  the  system  to 
the  single  equation 

da;  ^dy 
X^'Y' 

where  X,  Y  are  now  functions  of  x,  y,  a,  b;  supposing  an  integral  hereof  to  be  c, 
we  have  c  a  function  of  x,  y,  a,  b;  but  upon  substituting  herein  for  a.  b  their  values 
as  functions  of  a;,  y,  z,  w,  we  have  c  a  function  of  w,  y,  z,  w,  and  as  such  it  is  the 
third  integral  of  the  original  system. 

18.  It  may  be  remarked  that  if,  to  the  original  system,  we  join  on  an  equality 
=  dt,  viz.  if  we  consider  the  system 

dx  _dy  _dz  _dm        , 

where  X,  Y,  Z,  TT  ai*e  as  before  functions  of  the  variables  (x,  y,  z,  w),  then  the 
integrals    a,    h,   c    of    the    original    system    being    known,   we    can    by   means    of   them 

express   for   instance  X   as  a  function   of  x,  a,  b,  c,  and  we   have   then,  const.  =t—  ( -y , 

where  the  integration  is  to  be  performed  regarding  ct,  6,  c  as  constants ;   writing  I  ^  =  t, 

but  after  the  integration  replacing'  a,  b,  c  by  their  values  as  functions  of  x,  y,  z,  w, 
we   have   t   a   function   of  x,   y,   z,  w;    and   we   say  that   t—r  is   an   integral ;    putting 

it   =  const,   we   use    also   t    to    denote    the    constant    value    of    the    integral   i  —  J  -=    in 

question.  Observe  that  here,  the  integrals  a,  b,  c  being  known,  the  last  integral  t—r 
is  obtained  by  a  quadrature. 
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19.  The   result   would   have   been   similar,   if  the   adjoined   equality  had   been   =^ 

{T   a    function   of   x,  y,   z,   w),   but    in    reference    to    subsequent    matter,    I    I'etain    the 

dV 
equality   =  rfi,   and   adjoin  a   second   equality   =  j^-    (fl   a   function   of    x,   y,   z,  vj);    we 

have   then   the   integi-al   t~T   as   before,   and   another   integral    1^- 1  ^       where    O    X 

are  first  expressed  as  functions  of  a:,  a,  b,  c,  but  itter  the  mtegiation  «  6  e  iie 
replaced  by  their  values  as  functions  of  (x,  y,  z,  u^  saj  this  is  the  mtegial  V—\ 
this,  when  the  integrals  a,  h,  c  are  known,  is  (iike  t  —  r)  obtained  by  i  quadratuie 

20.  Attending  only  to  the  adjoined  equality  =dt  we  can  by  meanb  of  the  foiii 
integrals  express  each  of  the  variables  a;,  y,  s,  w  as  j.  function  of  «  h  c  t—r  viz. 
these  four  equations,  regarding  therein  t—r  as  i  viiiable  paiameter  are  m  fact 
equivalent  to  the  equations  a  =  const.,  6  =  const.,  c  =  const  which  connect  the  viriables 
X,  y,  z,  IV  with  the  integrals  a,  h,  c  regarded  as  con'stint'^ 

21.  All  that  precedes  is  of  course  applicable  to  a  bjbteiu  of  ii  —  \  equations 
between  n  variables,  the  number  of  independent  integrals  being  —ii  —  l. 

22.  I  take  an  example  \vith  the  three  variables  x,  y,  z;  the  differential  equations 
being 

dx      _       dy       _       dz 
«:{y~^)~  yK^-i^)"  s{x-y)' 

and  therefore  the  partial  differential  equation 


The  integrals  are  a  =  tc  +  i/+s,  h  =  xyz;  and  it  will  be  shown  how  either  of  these 
integrals  being  known,  the  system  is  reduced  to  a  single  equation  between  two 
variables,  say  x,  y. 

First,  a  being  known,  —x  +  y  +  z  as  before,  wc  have 

x{^j-z)^x{x  +  '2y-a),     y  {0- x)  =  y{a-2x-y), 
and  the  system  is 

'^{x+  '2y-ll)  -  yia~2x-y) ' 

which   has   the   integral  b  =  xy{a  —  x  —  y);    observe  that  this  is  a  solution  of  the  partial 

differential  equation 

.        ^  ,  du        ,       ,  ,  ciu     ^ 

.(.+  2j,-c)3j+j(»-2.-!,)j^.O. 

For  a  putting  its  value  we  find  b  =  xys. 
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Secondly,  6  being  known,  =  xyz  as  before,  we  htive 

x(^j-s)  =  ay}j-^.  y(z-x)^--^xy, 
and  the  system  is 

dx     ^     dy 

xy xy 

which   has   the   integral   (t  =  ic  + ;/  +  — ;    observe   that   this   is   a  solution    of    the   partial 
differential  equation 

(        h\de     /h         \dd     . 

r-^-y)dF,+  k-''j)d-y=^- 

For  b  putting  its  value,  wc  find  a  —  x+y  +  s. 

The  Multiplier.     Art.  Nos.  23  to  29. 

23.     First,    if    there    are    only    two    variables    («,   y),    the    system    consists    of    the 
single  equation 

dx  _  dy 

which  may  be  written 

Ydx~Xdy=0. 

Hence,  if  a  be  an  integi-al,  we  have 

%" 
the  two  will  agi'ee  if  there  exists  a  function  M  such  that 

f  =  MY,    ^ MX, 

aw  dy 

and  thence,  in  virtue  of  the  identity 

d  da  _  d  da 

dy  dx     dxdy' 
we  find 

dMS     dMY  ^ 
dx  dy  ' 

or,  as  this  may  also  he  wiitten, 


ax  ay  \dx      dy  / 


'  dx  dy  \dx      dy  J 

as  the  condition  to  determine  the  multiplier  M.  Supposing  M  known,  we  have 
M{Yda>  —  Xdy)  =  da,  or  say  a=  JM {Ydx~ Xdy),  viz.  the  integral  a  is  determined  by  a 
quadrature. 
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24.  lo  the  case  of  three  variables  (a;,  y,  z),  the  system,  is 

dec  _dp  __  dz 

or,  writing  these  in  the  form 

Ydz~My^O,     Zdx~Xdz^O,    Xd>j~Ydx^O, 

the    conrse   which    immediately   suggests    itself    is    to    seek    for    factors   L,   M,   N,   such 
that,  a  being  an  integral,  we  may  have 

L{Ydz- Zdy)  +  M (Zdw  -  Xdz)  +  N {Xdy  -  Ydx)  =  da, 

bnt  this   does   not   lead   to   any  result.     The   course  taken   by  Jacobi  is  quite  a  different 
one  r   he,  in  fact,  determines  a  multiplier  M  connected  with  lnuo  integrals  a,  h. 

25.  Supposing  that  a,  h  are  independent  integrals,  we  have 

,,  da  ,    „da     „da 
da:  ay         ae 

die         dy        dz 

and    determining    from    these    eqiiations    the    ratio    of   the    quantities    X,    Y,    Z,    we    may, 
it  is  clear,  write 

d  {y,  2)      d(z,  w)'     d  {w,  y) 

It  may  be  shown  that  we  have  identically 

d_  dja,  b)      d   d{a,J>)  d   d{a,^h)^ 

dx  d(y,  z)     dy  d  (z,  .v)  dz  d  {x,  y)       ' 
and  we  thence  deduce 

djMX) ^d(MY)  dJ^Z)  ^  ^ _ 

die              dy  dz            ' 


what  IB  the  same  thing. 


^        dM         /dX     dY     dZ\ 

dy  dz  \<&      dy      dz)       ' 


as  the  condition  for  determining  the  multiplier  M. 

26.  The  use  is  as  follows:  supposing  that  M  is  known,  and  supposing  also  that 
one  integral  a  of  the  system  is  known,  we  can  then  by  a  quadrature  determine  the 
other  integral  b.  Thus,  supposing  that  we  know  the  integral  a,  =a  {m,  y,  z),  we  can 
by  means  of  this  integral  express  s  in  terms  of  le,  y,  a ;  and  hence  we  may  regard 
the    imknown    integral    b    as   expressed    in    the    like   form,   b  =  h(x,  y,  a).     The   original 

values   of  -j- ,    -=- ,    -5-   become   on   this   supposition 
die     dy     dz  '^' 

dh      db  da      db      db  da      db  da 

dx     da  dx'     dy     da  dy'    da  dz ' 
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and  we  thence  find 

d{a.  h)      d(a^b)      d(a,  b) ^     da  db       da  db       d(a,_b) 
d  {y,  z) '     d{s,  x)'     d  {x,  y)         dz  dy'    de  dx'     d  {x,  y) ' 

We  have  therefore 

I  db      da  db 


and,  consequently, 


de 


viz.   M,  -J-  ,   Y,  X   bcmg  all   of  them   expressed   as   functions   of  x,  y,  a,   the  expression 
on  the  right-hand  is  a  complete  differential,  and  we  have 


that  is,  the  integral  b  is  deteiTnined  by  a  quadrature. 

27.  Thus,  in  the  example  No.  22, 

dX     dY     dZ^^ 
da:      dy      ds       ' 

and  a  value  of  the  multiplier  is  =1.     Supposing  that  the  given  integral  is  a—x-\-y-\-z, 

then   ■:^  —  l,  and  we  have  accordingly  1  as  the  midtiplier  of  the  equation 

y  (a ~'ia>  —  y)dx  +  x(a—  X  —  2y) dy  =  0, 

viz.   this   equation   is   integrable  per   se.     Supposing    the    given    integral   to   be   &  =  xyz, 

then  -T-  =  xy,  viz.  we  have  —    as  the  nmltiplier  of  the  equation 

\i  ~  '^^)  ^'^'^\y~  ^)  ^'^  "  ^' 
and  we  thus  in  each  case  obtain  tlie  other  integral  as  before. 

28.  The  foregoing  result  may  be  presented  in  a  more   symmetrical   tbrin  by  taking 
in  place  of  x,  y  any  two  variables  u=u{x,  y,  z),  v—v {x,  y,  z). 

Supposing  the  integral  a  known  as  before,  the  system  then  is 

du  _dv  _da 
ir~T"  0"' 

_  '^1 

dx         dy         ds'       dx 
of   u,   V,   a;    or,   what    is    the    same    thing,   we    have    Vdu  —  Udv  =  0,   a   being    in    this 
equation  regarded  as  a  constant. 


Hosted  by 


Google 


655]  A    MEMOIR    OS    DIFFERENTIAL    EQUATIONS.  105 

From  the  foregoing  values  of  MX,  MY,  MZ,  we  deduce 

d  (o!,  y,  z)       d  {x,  y,  z) 

But   forming   the  vahies  of  du,  dv,  da,  dh,  we  have  an  equation,  determinant  =  0,  whicli 
equation  may  be  written 

,   d(v,  a,  h)      ,  d(a,  b,  u)      ,   d(b,  u,  v)      „  d(u,  v,  a)     „ 
dia:,  y,  z)  d{x,  y,  z)  d{x,  y,  z)  d(a:,  y,  z) 


,  writing  herein  (fa  =  0,  this 


d{D,  y,  a)  i{ii,  y,  «)  d{a:,  y,  «) 

*  (  FA.  -ndv)  =  db  li*'  "'  "l , 


'-/K^jffllc*'-'*)' 


where,   on   the   right-hand   side,   everything   must   be   expressed  in   terms   of  u,  v,  a.    It 
thus  appeai-s  that   on  expressing  the  final  equation   as  a  relation   Vd/u—Udv^^O  between 


with  a  foregoing  result. 

29.     The   theory  is  precisely  the  same  for   any  number  of  variables.     Thus,  if  there 
ai'e  four  variables  x,  y,  z,  w,  we  have 

Mx.MY.Mz.Mw-^--!!^,.  -^>-A4,  |iaA4,  -jJiA.«), 

d(y,  s,  w)  d\z,  w,  x)      a{iv,  tv,  y)  d{x,  y,  z) 

and,  we  have  between  the  functions  on  the  right-haad  an  identical  relation,  in  virtue 
of  which 

dj{MX)     d(MY)     djMZ)     d{MW)  ^  ^ , 
dm  dy  dz  d/iv  ' 

then,  supposing  that  a  value  of  Jtf  is  known,  and  also  any  two  integrals  a,  b,  and 
that  by  means  of  these  the  equation  to  be  finally  integrated  is  expressed  as  a  relation 
Vdii  —  Udv  =  0  between  any  two  variables  u  and  v,  the  multiplier  of  this  is 


.  d  {u,  V,  a,  b) 
'  d  (x,  y,  z,  w) ' 


where   U,   V  and  this  multiplier  are  to  be 

The   general   result   is  that,  given   a   value   of  the   multiplier,  and  also   all  but   one 
of  the  integrals,  the  final  integral  is  expressible  by  a  quadrature. 

C.  X.  14 
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Pfafm.  Thmn 


30.     According  as 
the  varia 


we  have 

Xdfc  =    Sm, 

y,  Xdx  +  Ydy  =  \du, 

y,  z,  Xdx  +  Ydy  +  Zdz  =  'Kdu  +    dv, 

y,  s,  w,  Xdx  +  Ydy  +  Zdz  +  Wdw  =  \du  +  i^dv, 

and  80  on ;  viz.  the  theorem  is  that,  taking  for  instance  two  variables,  a  given  lineo- 
differential  Xda:+  Ydy  is  =''Kdu,  that  is,  there  exist  X,  u  functions  of  x,  y,  which  verify 
this  identity,  or,  what  is  the  same  thing,  such  that  we  have 


and  so,  in  the  case  of  three  variables,  there  exist  X,  u,  v  functions  of  it,  y,  z,  such  that 

•V    T.7    '7     ■.  du      dv         du     dv      ^  dif.     dv 
ax     da:         ay     ay  as     dz 

The  problem  of  determining  the  functions  on  the  right-hand  side  is  known  as  the 
Pfaffian  Problem ;  this  I  do  not  at  present  consider,  but  only  assume  that  there  exist 
such  functions. 


The  ffamiltonian  System,  its  derivation,  from  the  general  System,.     Art.  Nos.  31  to  34, 

31.  Considering  a  hipai'tite  set  (x,  y,  z:  p,  q,  r),  the  general  system  of  differential 
equations  may  be  written 

dx  _dy  _dz _  dp  __  dq  _  dr 
'¥^'Q'~'R~  -X'  -Y"  -Z- 

But  by  the  Pfaifian  theorem  we  may  write 

Xdx  +  Ydy  +  Zdz  +  Pdp  +  Qdq  +  Itdr=  ^dp  +  nda  -+  ^dr, 

viz,   there  exist   ^,  t/,  ^,  p,  a-,  t   functions  of  the   variables  x,  y,  s,  p,  q,  r,  such  that  we 
have 

-^      f^dp        da-       dr  p     ^dp        do-        dr 

^  dx      '  dx     ^ ax  ^  dp        dp      'dp 

and   we   have  the   foregoing  general  system  expressed  by  means  of  these  given  functions 
^,  1),  ^,  p,  a;  T  of  the  variables. 

32.  But  the  lineo-differential 

Xdx  +  Ydy  +  Zdz  +  Pdp  +  Qdq  +  Edr 
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may  be  of  a  more  special  form ;  for  instance,  it  may  be  a  sum  of  two  terms  =  ^df>  +  jjc^tr : 
or,  finally,  it  may  be  a  single  term  =^dp,  and  in  this  case  wo  have  the  Hamiltoniaii 
system,  viz.  writing  If  in  place  of  p,  if  we  have 

Xdw  +  Ydy  +  Mz  +  Fd-p  +  Qdff  +  E(^r  =  ^H, 

where  H  is  a,  given  function  of  the  variables,  then  the  system  is 

dx  _  dy  _  ds  _    dp    _    dq    _    dr 
dH'dS~dS~  ^dS^  _dE~'~dH' 
dp      dq       dr  dx  dy  dz 

which  is  the  system  in  question. 

33.     Any  integral  a  of  the  system  is  a  solution  of 

dHde     dHdM     dH  m _dH  de _dH  de _dJI  de _ 
dp  dx      dq  dy      dr  ds      da:  dp      dy   dq      dz   dr         ' 

viz.  writing,  as  above, 

^rf(ff,  Q)  ^  d{H,  0)      d{H,  $) 
d{q,  y)        d(r,  z) 


the   partial   differential   equation    is    {H,  d)~0 ;    and,   conversely,    any    solution    of    this 
equation  is  an  integral  of  the  differential  equations. 

34  It  is  obvious  that  a  solution  of  (H,  6)  =  0  is  H;  hence  the  entire  system  of 
independent  solutions  may  be  taken  to  be  H,  a,  h,  c,  d;  or,  if  we  choose  to  consider 
a  set  of  five  independent  solutions  a,  h,  c,  d,  e,  then  we  have  H  =  H{a,  b,  e,  d,  e)  a 
function  of  these  solutions. 


An  Identity  in  regard  to  the  Functions  (H,  &).     Art.  Nos.  35  and  36. 

S5.     Taking   the   variables   to   be   {x,  y,  z,  p,  q,  r),  and   H,  a,  h  to  be  any  functions 
of  these  variables,  we  have  the  identity 

{H.  (a.  b))  +  {a,  (b.  E))  +  (l,  (H,  <<)).0, 

which  is  now  to  be  proved.     For  this  purpose  we  write  it  in  the  slightly  different  form 

{{a,  b).  H)  =  [a,  {h,  ir,)-{h,  (a.  H)). 

The  first  term  on  the  right-hand  side  is 

fda    d  da    d  da    d      da    d      da    d      da   d,\ 

\dp  dx  dq  dy  dr   dz     dx  dp     dy   dq      dz  drj 
operating  upon 

/dbdH  dhdH  dbdil  _^dbdH  _db  dH  _db  dH\ . 

\dp  dx  dq  d,y  dr  dz      dm  dp      dy  dq      dz  dr )  ^ 
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and   if  we  herein   attend   to   the  terms  which  contain  the  second  differential  coefficients 
of  H,  these  are  symmetrical  functions  of  a,  h.     For  instance, 

iPH  «.-,.■  da  dh 
-^-— ,  coenicient  is  -7-  ■^-  , 
da?  dp  dp 

d^H  da  db     da  dh 

dx  dy        "  "         dp  dq     dq  dp ' 

d^H  da  db      da  db 

dxd/p         "  "  dp  dx     dx  dp' 

d^H  da  db      da  db 

dx  dq         "  "         dp  dy     dy  dp ' 

Hence,  forming   the  like  terms  of  the  second  terms  (h,  {a,  H))  and  subtracting,  the 

terms  in  question   all  vanish :   and   we  thus  see  that  (a,  (b,  H))  —  {b,  (a,  H))  is  a  linear 

function  of  the  differential  coefficients 

dH^     dH     dH     dH     dH     dH 

dx  ''     dy'     dz  '     dp  '     dq  '     dr  ' 

36.  Attending  to  any  one  of  these,  suppose  --t—  ,  the  cocjfficient  of  this 

iMM»,^))„      (.4;),    -[%.^). 

wherefore,  in  the  difference  of  these,  it  is 

«)-(!■ ')■  =.^  («■')• 

Hence,  for  the  several  terms 

dH  dJi.      dH     dH      d^H     d^ 
dx  '     dy  '      ds  '     dp  '     dq  '     dr  ' 
the  coefficients  ai'e 

/d^  ^      d_     _d_         d  ^\i      }\ 

\dp'  dq'    dr'       dx'   ~dAf'   ~5i/*"'    -^' 

or,  what  is  the  same  thing,  we  have 

{o„  (b,  H))-(b,  (a,  fl"))  =  ((<(,  b),  H), 
the  identity  in  question. 

The  Foisson-Jaoohi  Theorem.    Art.  Nos.  37  to  39. 

37.  The  foregoing  identity  shows  that  if  {H,  a)  =  0,  and  (ff,  &)  =  0,  then  also 
{H,  {a,  6))  =  0 ;  or,  what  is  the  same  thing,  if  a  and  h  are  solutions  of  the  partial 
differential  equation  {H,  d)  =  0,  then  also  (a,  6)  is  a  solution ;  or,  say,  if  a,  b  are 
integrals,  then  also  (a,  b)  is  an  integral. 
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Supposing  that   the  set   is   {x,  y,  z,  p,  q,  r),  so   that   there   are  in  all   live  ini 
a,  b,  c,  d,  e,   then   the   theorem   may  be  otherwise  stated,  we   have   (a,  b)   a   function   of 
the  integrals  n,  b,  c,  d,  e. 

Observe  that,  knowing  only  the  integrals  a  and  b,  we  find  (n,  h)  as  a  function  of 
X,  y,  if,  p,  q,  r,  this  may  be  =0,  or  a  determinate  constant,  or  it  may  be  such  a 
function  that  by  virtue  of  the  given  values  of  a  and  b  it  reduces  itself  to  a  function 
of  a  and  b ;  in  any  of  th^e  cases  the  theorem  does  not  determine  a  new  integral.  But 
if  contrariwise  the  value  of  (a,  b),  obtained  as  above  as  a  function  of  the  variables,  is 
not  a  function  of  a,  b,  then  it  is  a  new  integral  which  may  be  called  c. 

38.  To  obtain  in  this  way  a  new  integral,  we  require  two  integrals  a,  b  other 
than  H;  for  knowing  only  the  integrals  a,  II,  the  theorem  gives  only  (a,  H)  an 
integral,  and  we  have  of  course  (a,  5)  =  0,  viz.  we  do  not  obtain  a  new  integral. 

But  starting  from  two  integrals  a,  h  other  than  H,  we  may  obtain  as  above  a 
new  integral  c;  and  then  again  (a,  c)  and  (b,  c)  will  be  integrals,  one  or  both  of 
which  may  be  new.  And  it  may  therefore  happen  that  in  this  way  we  obtain  all  the 
independent  integrals  a,  b,  c,  d,  e;  or  the  process  may  on  the  other  hand  terminate, 
without  giving  all  the  independent  integrals. 

The  theory  is  obviously  applicable  throughout  to  the  case  of  a  bipartite  set 
(iB,  y,  z,...,  p,  q,  r,  ...)  of  2n  variables. 

39.  It  may  be  remarked  here  that,  in  the  Hamiltonian  system,  a  value  of  the 
multipKer  is  M=  1 ;  and  consequently,  if  in  any  way  all  but  one  of  the  integrals, 
that  is,  2h  —  2  integrals,  be  known,  the  remaining  integral  can  be  found  by  a 
quadrature. 

It  is  further  to  be  noticed  that,  if  we  adjoin  a  new  variable  (  and  a  terra  =  dt 
to  the  system  of  equations ;  then  the  2n  —  1  integrals  of  the  original  system  being 
known,  all  the  original  variables  can  be  expressed  in  terms  of  the  2m  —  1  integrals 
i  constants  and  of  one  of  the  variables  say  x:   we  then  have 

dp 


viz.   if   after   the   integration   we   suppose   the   2m  —  1    integrals    replaced    each    of    them 
by  its  value,  we  have 

e  =  t-~<P(a;,  y.  z,...,  p,  q,  r,  ...), 

which    is    the    remaining    or    2 nth    integral    of    the   original   system   as    augmented    by 
the  term  =dt. 
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The  Poisson-Jacobi  theorem  pectdiar  to  the  Hamiltontan  Form.     Art.  Nos.  40  to  45. 

40.     Taking  for  greater  simplicity  the  set  (x,  y,  p,  q),  and  writing 

Xd!c  +  Ydy  +  Pdp  +  Qdq  =  ^dp  +  ijda; 

then  the  general  system 

dx _dy _   dp  _  dq 

dp  _  dq 


^do         dtr      fdp         da  ft.  dp         da-\  fs-dp         da-\' 

^Tp  +  ''Tp      ^dq  +  ^dq       -(,?£  +  '&)       ^\fAil*'>di) 

and  the  coii'esponding  partial  differential  ecjiiation  {&  the  independent  variable)  i 

f(p,  9)  +  ,(<r,  fl)-0, 
where 

d(j,.  e)   d(p.  e)  d{,.ii)d(„,0) 

*''  "'     d(y»*rf(3,  !/)■  '   ■     '     dip.  „•)* d{q.  yY 

It  is  to  be  shown  that  if  a,  h  are  solutions,  viz.  if  we  have 


^{p,  a) +  7)  {a-.  «)-0, 

J  (p,    &)  +  1?  {(T,    h)  =  0, 

implying  of  course 

(p,  a)  (a,  h)-{p,  h)(^,  a)  =  0. 

then   it   is   not   in  general  true  that  we  have   (a,  b)  a   solution 
true  that 

|{p,  (a,  h))  +  ,,(<r,  (a,  &))=0; 

;    that  is,  not  in 

the   condition   for   the   truth   of  this   equation   is    in   fact   ?  =  a 

function    of   p, 

when  this  is  so,  ^dp  +  7}da-  is  XdH,  viz.  there  exist  X,  H  functions  of  p,  <t  (and 
therefore  ultimately  of  x,  y,  p,  q)  satisfying  this  equation,  and  the  system  is  really 
Hamiltonian. 

41,     We  consider  whether  it  is  true  that 

f(p,(«,  6)) +  ,(».(,,  !.)).0. 
We  have  identically 

((»,  6).  p)+((6,  p),  (.)+((,,  »),  6)-0, 
((»,  h).  »)  +  ((i,  ,r),  o)  +  ((,7,  o),  6)  =  0, 
so  that  muitiplying  by  f,  jj,  and  adding,  the  equation  in  question  is 

t[((i,  p).  o)  +  «p,  »),  4)]  +  K(6,  .r),  «)  +  ((».  a),  6)]-0. 
But  in  virtue  of  the  equations  satisfied  by  a,  b,  we  may  write 
(p,  a)  =     l-n,  (h.  p)  =  -  (p,  6)  =  -  m-ri, 
(a,a)  =  ~ll,(b.a)^-(,.,b)=      m^, 
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where   I,   m   sxe   indeterminate   functions   of  x,   y,  p.   q;    and   the    equation   in   question 
now  becomes 

n-(m>  «)+(%  l>y]+^[(m^,  a)-{ll  t)]  =  0; 
that  is, 

^i-mi-n,  a)-v{m,  a)  +  l{v,  h)+i}{l,  b)] 
+  V[    ™(?,  «)  +  |(m,  a)-l(l  b)-^il,  b)]^0: 
viz.  omitting  the  terms  which  destroy  each  other,  this  is 

-  m?  {v,  0,)  + 1^  {v,  h)  +  mv  (I  a)-h,  (?,  h)  -  0. 
Substitiiting  for  m^,  &c.,  their  values,  we  have 

(<r,  6)(,,  »)-(»,  »)(,,  b)  +  (p,  J)(f.  o)-(p,  a)  (I.  6)  =  0; 
and  the  question  is  whether  this  is  iniphed  in  the  equations 

f(p,  «)  +  i(^,  «)-o, 

l(p.  Ii}+v(<',  *)  =  o. 
42.     Write  jj  —  kI;,  the  cqiiatiou  in  question  is 

(T,  !.)(«f,  o)-(<r.  ")('i,  *)  +  (ft  *)«,  «)-((>,  «)(!,  i)-0; 


that  i 


-S:;»):i::)-ll::')'(:»)V«^' '>«■"■>-<"->«■ '^-"^ 


«,  <.)[(p,  (.)  +  «(,r,  6)]-(f,  (.)[fc  o)  +  «(.7,  <.)]+f  R<r,  6)(«,  »)-(„,  „)(.,  6)]  =  0; 
and  we  wish  to  see  whether  this  is  implied  in 

(p,  a)  +  K  (<7,  a)  =  0, 

which  give 

K  i)(p.  a)-(^,  a)(p,  b)  =  0; 

or,  what  is  the  same  thing,  whether  these  last  equation.^  imply 

(.7,  4)(«,  c.)-(<,,  o)(«,  6)  =  0. 

:  is  a  function  of  p,  cr,  then,  as  is  at  once  seen, 

d. 

■Tp^' 

and  thence 

(„.  4)(«,  «)^(».  «)(«,  i)-)^[{.^,  4)(p,  o)-(^,  »)(p,  6)]; 

viz.  K  being  a  function  of  p  and  o-,  the  two  equations  imply  the  third. 
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43.     But   wc   wish   to   prove   the    converse,   vk.    that,   if    the    two    equations    imply 
the  third,  then  «  is  a  function  of  p,  o: 


Now  the  equations 

(",  !>)(', 

«)-(<r,   a)(.,   b)- 

=  0, 

(t.  4)  (p,  o)  -  (<r, 

n)((),  6)-0, 

ai'e  transformable  into 

d(„,  ^)d(b,  a) 
d(p,  a!)d(p,a!) 

+  1,  y, 

+  P.  5. 

+p.  y. 

+  «,  3, 
+  ".  V, 

=  0. 

d(,,,  ti)d(p,£) 
+  3.  S. 
+  »  9. 

+  »!,  3. 

+  »!.    y, 

=  0 

the   lines  after   the   first   being   the   corresponding  terms   with  j,  y,  &c.  instead  of  p,  «. 

And   if  independently   of  the   values  of  a,  h,  one  of  these   equations   implies  the  other, 

we  must  have 

A{<T,  K)      d(c-.  «)      d{<T,  k)      d(<r,  k)      d  (o-,  «)      d  {a,  k) 
dip,  *■)■    M<1,   y)'    d{p,  q)'    dip,  y)'    dix,   q)'    d(x,  y)' 

proportional  to  the  like  expressions  with  a;  p  instead  of  o",  k;    say  these  are 

^(^«)  =  A^I?^-P^     &c 
dip,  x)         dip,  fc)' 

44.     Assume  «  a  function  of  p,  a,  x,  y\   we  have 

d  (tr,   «)  _  d<j  (die  dp      da  du      die\      da  (die  dp      die  da\  _dKd  (<7,  p)      d/c  da 
dip,  x)~  dp  \dp  dx     da-dx     da)      dw  \dp  dp     da-  dp)     dp  dip,  x)  t^dxd^  '     '^' ' 

the  equations  thus  become 

d/c  d  (a-,    p)      da  dcr  ^       d  (a;    p) 
dp  d  ip,  a;)     dx  dp         d  ip,  x) ' 


die  d  (a;   p)  ^  die  da- 
dp  d  iq,  y)      dy  dq 

d(<r.  p) 

iia.v)- 

dicdia,  p),f. 
dpdip,q)+     **      - 

<*(?>.  3)' 

dK  d  (<r,   p)      dx  da- 
dp  d  ip,  y)     dy  dp 

'""MiryY 

d.dia,p)^d.da__ 
dp  d  (3,  «)      ax  dq 

..H'.  p) 

"diq..)' 

d,d(a;p)     d(,r,,c) 
df,d{r..y)      d{^,y) 

d(^.,jr 
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Hence,  unless    ,  .  '     ( —  0.  we  have  A  =  -^.     The  remaining  five  equations  then  are 

dK  d,<7  _^         dxdtr  _. 
dx  dp       '     dydq        ' 

die  da-  _         die  da  _         da-  die      da-  dx  _. 
dy  dp       '     dx  dq       '     dx  dy      dy  da;       ' 

which   give,   and    are    satisfied    by   t-  =  0,   ~j~  =  ^'   ^^^-   ^e    then    have    k   a   function   of 
p,  a  without  jc,  y  which  ik  the  theorem  in  question. 

46.     The    proof    fails    if    tt-'—c  =  0.     But    here,   unless   also     ,,      ";  =  0,   we    can, 
d(p,  q)  d(iv,  y) 

by   assuming   in   the   first   instance   «   a   function   of    p,   a,  p,   q,   prove  in    like   manner 

that   K   is  a   fiinction   of  only   p   and   a-;    if  however   we   have   as   well     ,;  '  ^(^0  and 
■'    '^  dip,  q) 

,-V-'--^  =  0,    the    last-mentioned    process    would    also    fiiil,    but    it    can    be    shown    the 
d(cc.  y)  _ 

conclusion    holds    good    in    this    case    also;     hence    the    conclusion    that    the 
Jacobi  theorem  holds  good  only  for  a  Hamiltonian  system. 

Conjugate  Integrals  of  the  Hamiltonian  System.     Art.  Nos.  46  to  51. 

46.     For   greater  clearness,  let  n  =  4,  or   let   the   variables   be   ts,  y,  z,  w,  p,  q,  • 
the  system  of  differential  equations  therefore  is 


dm      dy       dz      d/u) 

dp  _ 

dq     _ 

dr 

ds 

dH~dS~dH~dR~ 

dU 

dH 

dH 

dH 

dp       dq       dr        ds 

"^ 

-* 

"S 

-& 

and    any   integral    hereof   ia    as    before    a    solution    of   (H,   6)  =  0.      Assume    that    the 
integrals  are  H,  a,  h,  c,  d,  e,  f,  so  that 

(ff,  a)  =  0,    (ff,  6)  =  0,    (fl",  c)  =  0,    (-ff,  rf)  =  0,    (iT,  e)  =  0,    (fl,/)  =  0. 

Considering  here  a  as  denoting  any  integral  whatever,  that  is,  any  solution 
whatever  of  the  partial  differential  equation  {H,  &)  =  0,  it  is  to  be  shown  that  it  is 
possible  to  determine  ^  so  as  to  satisfy  as  well  this  equation  (H,  0)  =  0,  as  also 
the  new  equation  (a,  0)  =  0. 

47,     We,  in  fact,  sa;tisfy  the  first  equation  by  taking 

e,  ^e{H,  a,  b,  c,  d,  e,f), 

any  function  whatever  of  the  seven  integrals.     But,  $  having  this  value,  we  find 

(a,  e)  =  (a.  -ff)^  +  K  a)^^+ia,  b)^^+(a,  c)^  +  («,  d)^^  +  (a.  e)^^+{a,  f}^; 
c.  X.  15 
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or,  since  the  first  two  tei-mg  on  the  right-hand  vanish,  the  equation  {a,  6)  =  (i  thus 
becomes 

But  by  the  Poisson-Jaeobi  theorem  (a,  b),  &c.,  are  each  of  them  a  solution  of 
{H,  0)  =  0,  viz,  they  are  each  of  them  a  function  of  H,  a,  h,  c,  d,  e,  /.  This  is 
then   a   linear   partial   differential   equation   wherein  the  variables  are  II,  a,  b,  c,  d,  e,  f; 

or,   since   there    are    no    terms    in     rrj.,    -=- ,   we    may   regard    a,   H    as    constants,   and 

treat  it  as  a  linear  partial  differential  equation  in  6,  c,  d,  e,  f,  the  solutions  of  the 
equation  being  in  fact  the  integrals,  or  any  functions  of  the  integrals,  of 

dh    _    dc    _    dd    _    de    _^    df 
(a,  4)  -  S"c)  -  (o,  i)  -  r»;i)  -  (i.  /)  ■ 

48.  Suppose  any  four  integrals  are  &',  c',  d',  e',  so  that  a  general  integral  is 
0  (S,  a,  b',  c',  d',  e'),  then  6',  o',  d',  e'  qua  functions  of  11,  a,  h,  c,  d,  e,  f  arc  integrals 
of  the  original  equation  {H,  6)  =  f)\  hence  changing  the  notation  and  writing  b,  c,  d,  e 
in  place  of  these  accented  letters  we  have  (H,  a,  b,  c,  d,  e)  as  solutions  of  the  two 
equations  (H,  6)  =  0,  {a,  d)  =  0;  viz,  a  being  any  integral  of  the  first  of  these  equations, 
we  see  how  to  find  four  other  integrals  (&,  c,  d,  e)  which  are  such  that 

{H,  «)  =  0,     {H,  i)  =  0,     {H,  c)- 
{a,  6)  =  0,     (a,  c) - 

49.  We  proceed  in  the  same  course  and  endeavour  to  find  6,  so  that  not  only 
(II,  0)  =  0,  {a,  d)  =  0,  but  also  (6,  &)  =  0.  Assuming  here  8  =  8(11,  a,  h,  c,  d,  e)  an 
arbitrary  function  of  the  integrals,  the  first  and  second  equations  are  satisfied ;  for  the 
third  equation,  we  have 

'^dS^'"'  "''da^^"'  "'M^"-'"  '''dc^ 
viz.  the  first  three  terms  here  vanish,  and  the  equation  (h,  6)  =  0  becomes 

^''''^dc+^''''^^dd+^^''^de^^' 

where,  6,  c,  d,  e  being  solutions  as  well  of  (H,  0)=  0  as  of  (a,  8)  =  0,  we  have  (b,  c)  a 
solution  of  these  two  equations,  and  as  such  a  function  of  H,  a,  b,  c,  d,  e;  and  so 
(b,  d)  and  (b,  e)  are  each  of  them  a  function  of  the  same  variables.  The  above  is 
therefore   a  linear  partial  differential  equation  wherein  the  variables  are  H,  a,  b,  c,  d,  e, 

■      J  ^       ^  .      dO      dd  d8  J   o-        I 

but  as  the  equation  does  not  contam  -frr  >  -j- '  or  -jt,  we  may  regard  H,  a,  b  as  con- 
stants ;   and  the  solutions  of  the  equation  are,  in  fact,  the  intcgi'als  of 

dc_  __    dd    _    de 
(X  c)  ~  (b^dj  ~  (bTe) ' 


0, 

(H,  d). 

=  0, 

(H.e) 

=  0, 

0, 

(0  ,  d) . 

■0, 

(a,e) 

-0. 
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50.  Supposing  that  any  two  integrals  are  c',  d',  so  that  a  general  integral  is 
^(ff,  a,  b,  c',  d'),  then  c',  d'  qua  functions  of  H,  a,  b,  c,  d,  e  are  integrals  of  the 
former  equations  (R,  9)  =  0,  {a,  0)  =  0,  so  that  again  changmg  the  notation,  and  writing 
c,  d  instead  of  the  accented  letters,  we  have  {H,  a,  b,  o,  d)  as  solutions  of  the  three 
equations  {H,  d)=0,  (a,  B)=0,  {b,  d)  =  0,  viz.  a  being  any  solution  of  the  first  equation, 
and  b  any  solution  of  the  first  and  second  equations,  we  see  how  to  find  two  others 
c,  d,  of  the  same  two  equations,  which  are  such  that 

{H,a)^0,    (H,h)  =  0,    (^,  c)  =  0,     (H,d)=0, 

{a,  6)  ==  0,     (a  ,  c)  =  0,     (a  ,  d)  =  0, 

(&  ,  c)  =  0,     (b  ,d)  =  0; 

or,   attending    only   to    the    integi-ala   H,    a,   h,    c,  these    are    integrals   of  the   equations 
{H,  e)  =  0,  (a,  e)  =  0,  (b,  6)^0,  such  that 

(if,  a)  =  0,  (H,b)  =  0,  (H,  o)  =  0,  (a,b)=0,  («,  c)=0,  (&,  c)  =  0. 
We  here  say  that  H,  a,  6,  e  are  a  system  of  conjugate  solutions.  Attempting  to 
continue  the  process,  it  would  appear  that  there  is  not  any  new  independent  integral  d, 
such  that  (H,  d)  =  0,  {a,  d)  =  0,  {b,  d)  =  0,  (c,  (?)  =  0  {the  firat  three  of  these  are 
satisfied  by  the  integral  d  found  above,  but  the  last  of  them  is  not) ;  we  may, 
however,  taking  d  an  arbitrary  function  of  H,  a,  b,  c,  replace  H  hy  d;  viz,  we  thus 
have  the  four  integrals  a,  b,  c,  d,  such  that 

{a,  b)  =  0,     {a,  c)  =  0,     (a,  d)  =  0,     (b,  c)  =  0,     (b,  d)  =  0,     (c,  d)  =  0, 
and  which  are  eonsequently  said  to  form  a  conjugate  system. 

51.  The  process  is  of  course  general,  and  it  shows  how,  in  the  case  of  a 
Hamiltonian  system  of  In  variables,  it  is  possible  to  find  a  system  H,  a,  b,...,f  con- 
sisting of  H  and  n  —  l  other  integrals,  or,  if  we  please,  a  system  of  n  integrals 
a,  b,...,f,g,  such  that  the  derivative  of  any  two  integrals  whatever  of  the  system  is 
=  0;   any  such  system  is  termed  a  conjugate  system. 

Hamiltonian  System — the  function   V.     Art.  Nos.  52  to  58. 

52.  Taking  a  Hamiltonian  system  with  the  original  variables  x,  y,  s,  p,  q,  r,  we 
adjoin  the  two  new  variables  t,  V,  forming  the  extended  system 

dx^_  dy__  ds^_    dp    _    dg    _    <^»'    _  i, _  ^^^ 

dH~dH~dH_"~dH~  ^^~~__dH~  dH       dS       dH' 

dp       dq       dr  dx  dy  dz  "  dp     "  dq        ~dr 

Supposing  the  integrals  of  the  original  system  to  be  a,  6,  c,  d,  e,  we  have 
H  =  E(a,  b,  c,  d,  e)  a  determinate  function  of  these  integrals ;  also  an  integral 
T  —  t-<j>(x,  y,  z,  p,  q,  r)  and  an  integral  X=  V--\fr(x,  y,  s,  p,  q,  r);  these  integrals, 
exclusive  of  the  last  of  them,  serve  to  express  x,  y,  s,  p,  q,  r  as  functions  of 
a,  b,  c,  d,  e,  t-T;  and  the  last  integral  then  gives  V=\  +  9,  function  of  the  last- 
mentioned  quantities. 

15—2 
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53.     We  consider  the  differential  expression 

dV  —  p  d^  ~  qdy  ~  r  dz, 

which,  treating  the  integrals  as  constants,  that  is,  in  the  expressions  of  V,  x,  y,  z, 
regarding  t  as  the  only  variable,  is  at  once  seen  to  be  =0;  hence,  if  we  regard  all 
the  integrals  aa  variables,  the  value  is 

=  dX  +  Ada  +  Bdb  +  Cdo  +  Ddd  +  Ede, 

without  any  term  in  dr,  since  this  enters  originally  in  the  form  dt  -  dr,  and  there- 
fore disappears  with  dt. 


The  coefficients  A,  B,  C,  D,  E  are  of  course  functions  of  a,  b,  c,  d,  e,  t  —  r; 
it  is  to  be  shown  that  they  contain  t  —  r  Hnearly,  viz.  that  in  these  coefficients 
respectively  the  coefficients  of  i  —  t  are 

dll     dH     dE     dH     dH 
da'    db  '    dc  '    dd  '    de  ' 

where  H  is  expressed  as  above  in  the  form  H{a,  b,  o,  d,  e);  this  being  so,  the  entire 
term  in  t—r  will  be  (i— T)<iB";  each  coefficient,  for  instance  A,  has  besides  a  part 
A',  which  is  a  function  of  a,  b,  c,  d,  e  without  t  —  r,  or  changing  the  mutation  and 
writing  the  unaccented  letters  to  denote  these  parts  of  the  original  coefficients,  the 
final  result  is 

dV - pdic-  qd'i/  -  r  dz  =  {t-  t)  dH  +  dX  +  Ada  +  Bdb  +  Cde  +  Bdd  +  Ede, 

where  H  stands  for  its  value  H  {a,  b,  c,  d,  e),  and  A,  B,  G,  D,  E  are  functions  of 
a,  h,  c,  d,  e  without  ( -  t. 

54.     To  prove  the  theorem,  we  have 


dA  _  d^V      dp  da:     dqdy     drdz  S?x  d^y  d^z 

di      da,  dt     dt  da     dt  da     dt  da     "  dadt       da  dt       da  dt 


dt     ^dt        dt] 
dp  dx    dq  dy     dr  dz  _  d/p  dx  _dq  dy     drdz  _ 
da  dt      da  dt     da  dt      dt  da      dt  da      dt  da ' 


dt  ' 


,  their  values  from  the  system  of  differential  equations, 


the  first  line  vanishes,  and  the  second  line  becomes 


^dH)^     djidq     dHdr     dH  dx     dH  dy     dH  dz 
dp  da      dq  da      dr   da      dx  da      dy  da      ds   da' 

_^. 

"  da  ' 
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and    hence   A=(t  —  T)^ — I- A',   and    the    like    for    the    other    coefficients   B,   C,   D,   E, 

^        'da 

which  is  the  theorem  in  question. 

55.  We  may  have  between  two  coefficients  of  the  formula,  for  instance,  D  and  E,  a 
dD^dE 
de      dd ' 

that  if  a,  b,  c  are  conjugate  integrals,  then  this  relation  ^ — ~iM~^'  ^^^'^^  g'^^, 
merely  mentioning  that  the  proof  depends  on  the  consideration  of  certain  aymbols 
[a,  h],  which  are  the  converses,  so  to  speak,  of  the  symbols  (a,  h),  viz.  considering 
the  variables  as,  y,  s,  p,  5,  r  as  given  iiinctions  of  a,  b,  c,  d,  e,  t—  r,  then  we  have 

fn    M_'^(P.  ^)  ,  d{q,  y)     d{r,  z) 
l-  *  ^'  d{a,  h)^d{a.  hyd{a,  by 

The  assumption  is  used  only  in  the  two  following  Nos.  56  and  57. 

56.  Supposing   then    that    a,   b,   c  are    conjugate    integrals,   we    have    -= '1^~^' 

and  there  exists  therefore  ^,  a  function  of  a,  h,  c,  d,  e,  such  that 

dtf>  =  A'da  +  B'db+C"dc  +  Ddd+E  de, 

{A',  B',  C  functions  of  the  same  quantities  a,  b,  c,  d,  e),  we  have  therefore 

dV~pdx-'qdy-rdz  =  dX  +  (t~T)dff+d<j>  +  (A-A')da  +  (B-B')db  +  (G-C')dc. 

Taking  as  above  a,  b  conjugate  integrals  (a,  b)  =  0,  and  c  any  function  whatever 
of  a,  b,  H,  then  a,  b,  c  are  conjugate  integrals,  and  the  formula  holds  good.  Suppose 
further  that  a,  6,  H  are  absolute  constants,  then  dH=0,  da  =  0,  d&  =  0,  dc  =  0,  and 
the  formula  becomes 

dV-pdie~qdi/  —  rds  =  dX  +  dtj>; 

or,  writing  this  under  the  form, 

pdx  +  qd'i/  +  rds  =  dV—dK-  d^, 

it  follows  that  pdx-\'qdy  +  rdz  is  au  exact  differential,  a  theorem  which  may  be 
stated  as  follows:  viz.  if  a,  b  are  conjugate  integrals  of  the  Hamiltonian  system,  and 
if  from  the  equations  .ff=  const.,  «  =  const.,  &  =  const.,  we  express  p,  g,  r  as  functions 
of  X,  y,  z,  then  p  d(a -^  qdy -V  r  dz   is  an  exact  differential ;    or,  what   is  the  same  thing, 

«,  o,  r  are  the  differential  coeflicients  -i— ,  --,-  ,  --j-  of  C  a  function  of  m,  y,  z. 
^    ^  dx      dy       dz  ^ 

This   is,   ill   fact,    a   fundamental   theorem   in   regard   to   the   partial   differentia!   equation 

If  =  const.,  and  it  will  presently  be  proved  in  a  different  manner, 

57.  If,  as  before,  «  and  6  are  conjugate  integrals,  then,  writing  as  we  may  do 
\  in  place  of  X  + 1}>,  and  finding  F"  as  a  function  of  x,  y,  z,  a,,  b,  H  from  the 
equation 

V=X+\{pdx  +  qdy  +  rdz), 
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and  again  treating  a,  b,  H  as  variable,  we  have 

dV  —  p  dx  —  qdy  —  r  dz  =  d\  +  (t  —  t)  dll  +  Ada  +  Bdb, 

where  A,  B  are  functions  of  the  integrals  a,  h,  c,  d,  e,  that  is,  they  are  themselves 
integrals,  which  may  be  taken  for  the  integrals  d,  e,  or  we  have 

dV  —  pdx  —  qdif  —  rds:  =  d\  +  {t~  T)dlf+dda+  edb; 

wc  have  therefore 

dV      ,  dV 

1-  —d,  ,^  =  e, 

da  do 

equations  which,  on  substituting  therein  for  a,  h,  H  their  values  as  functions  of 
X,  y,  z,  p,  q,  r,  determine  the  integrals  d,  e,  which  with  «,  h,  H  or  a,  h,  c,  are  the 
remaining  integrals  of  the  Hamiltonian  system ;    and  further 

which,  when  in  like  manner,  we  substitute  therein  for  a,  h,  H,  their  values  as 
functions  of  x,  y,  z,  p,  q,  r,  determines  t,  the  remaining  integral  of  the  system  as 
I  by  the  equality  =  dt. 


to  the  general  theorem  No,  52,  let  Xo,  y^,  z„,  po,  qa,  r^,  %  be  cor- 
responding values  of  the  variables  x,  y,  s,  p,  q,  r,  t;  and  let  a^,  &c., ...,  Va  be  the 
same  functions  of  x^,  y,,,  z^,  p^,  qo,  n,  („  that  a,  &c.,,..,  V  are  of  the  variables;  we 
have  a  =  (i„,...,  e  —  Bo,  and  corresponding  to  the  equation 

dV  —pda;  -  qdy  —rds  ^dX  +  {t  —t)  dH  +  Ada  +  , , .  +  Ede, 
the  like  equation 

dVo-padx^-qody^  -  ndz^  =  d\  +  (t<,  -  t)  dH  +  Ada  +  ...  +  Ede. 
Hence,  subtracting 

dV-  dVti  =  (t  —  t„) dH -+  p dx-i- qdy  +  r dz  —p^dx„- q^ dy„ - n dz^, 
or,  considering  only  H  as  an  absolute  constant, 

dV—  dV„  =  pdx  -^  qdy  +  r  dz  —  p^dx^  —  qa  dy„  -  udzg] 

viz.    if    from    the    equations   ff  =  const.,   a  =  aa,   b  =  ba,   c^c^,   d  =  d„,  e  =  e„,   we   express 
p,  9,  '''<  p«'  qo'  ^0  ^s  functions  of  x,  y,  z,  x^,  y^,  z^,  H,  then 

P  dx  +  q  dy  +  r  ds  -  podixo  —  q^  dy^  —  r^  dz^ 

will   be   an   exact   differential.     And   in  particular  regarding   x^,  y^,  z„  as   constants,  then 
pdx  +  qdy  +  rdz  is  an  exact  differential,  viz.  there  exists  a  function 

V=X  +  j(pda:  +  qdy+rdz). 

We  have  thus  again  aiTived  at  a  solution  of  the  partial  differential  equation  .ff=  const. 
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The  Partial  Differential  Equation  H  =  const.    Art.  Nos.  59  to  70. 

59.  In  what  just  precedes  we  have,  in  fact,  brought  the  theory  of  the  Hamiltonian 
system  into  coimesion  with  a  partial  differential  equation,  viz.  we  have  determined 
the  variables  p,  q,  r  bb  functions  of  m,  y,  z  such  that  'pdx-^-qdy-Vrdz  is  an  exact 
differential  =rfF;   but  we  now  consider  the  subject  in  a  more  regular  manner. 

The  partial  differential  equation  is  Zf  =  const,  viz.  here  S.  denotes,  in  the  first 
instance,  a  given  function  of  p,  q,  r,  x,  y,  s,  where  'p,  q,  r  are  the  differential 
coefScients  of  a  function  V  of  x,  y,  z,  or,  what  is  the  same  thing,  there  exists  a 
function  V  of  x,  y,  s  such  that  pdx  +  qdy  +  rdz  —  dV\  and  then,  this  function  H 
being  constajit,  we  use  the  same  letter  H  to  denote  the  constant  value  of  the 
function.  The  equation  jEr=  const,  is  the  most  general  form  of  a  partial  differentia! 
equation  of  the  first  order  which  contains  the  independent  variable  only  through  its 
differential  coefRcients  p,  g,  r,  and  it  is  for  convenience  put  in  a  form  containing 
the  arbitrary  constant  H,  which  constant  might  without  loss  of  generality  be  put  =  0 
or  =  any  other  determinate  value. 

60.  We  seek  to  determine  p,  q,  r  as  functions  of  x,  y,  z,  satisfying  the  given 
equation  iT^  const.,  and  such  that  we  have  pdx  +  qdy  +  rdz  an  exact  differential 
=  dV;  this  would  be  done  if  we  can  find  two  other  equations  ^=const.  and 
L  =  const.,  such  that  the  values  of  p,  q,  r  obtained  fi'om  the  three  equations  give  p,  q,  r 
functions  having  the  property  in  question.  Attending  to  only  two  of  the  equations, 
say  ff  =  const,  and  £"  =  const.,  we  have  here  p,  q,  r  functions  of  co,  y,  z,  such  that 
pda:-\'qdy-\-r  ds  is  an  exact  differential,  and  two  of  the  equations  which  serve  to 
determine  p,  q,  r  as  functions  of  x,  y,  z  are  Zr  =  const.,  ^  =  const.  We  have  to 
prove  the  following  fundamental  theorem,  viz.  that  (H,  K)  —  0. 

61.  In  fact,  from  the  equations  i/'=  const,  ^=  const.,  treating  x,  y,  z  as  inde- 
pendent variables,  we  have 

dM     d^Edp     dMdjq      dHd^^^ 
da>       dp  dm      dq  dx      dr  dx       ' 

dK    dRdp     dK  dq     dK  d^^^_ 
dx      dp  die      dq    dx      dr  dx        ' 

and   if  from   these   equations  in   order  to  eliminate  -r-  we  multiply  by  -3— ,  —    v-  ,  and 


add. 

find 

d{K.  H) 
d(p.  ,)  + 

-t 

d{K,E)dq 
d{p,g)    dx^ 

d(K,  H) 
dip  r) 

dr 

and, 

in 

precisely  the  same 

way. 

d{K,  H) 
d(q.  y)  + 

d{K,  H)  dp 
d{q,  p)   dy 

+ 

d  (K.  H) 

d{q,  <■) 

dr 

dy 

i(K,  H) 

d{K.B)dp 

d(K,  H)  dq 
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Adding  these  together,  we  have 


{K,  H). 


d(K,  H) 


j]/y     ds)       d  (r,  p)    \dz     dx)       d  (p,  q)   {.dm     dyj         ' 


d{q,  r)    \d/y 

viz.  \i  pdx-\-qdy  +  rdz  be  an  exact  differential,  then  {H,  K)  =  0,  which  is  the  theorem 
in  question. 


62. 


In  the  case  where  the  variables  are  (w,  y,  p,  q), 
d(K.  H)(dq  _dp- 


then 


have  simply 

complete    differential,  {K,  H)  =  0.      Conversely,   if   {K,  H)  =  0, 
=  0,    and   pdx  +  qdy    is    an    exact    differential ;     viz.    this    is    so    unless 

0 ;    this   equation   would   imply   that  K,  H  considered   as   functions   of  p,  q. 


viz.  pdx  +  qdy   being   •■ 

dq 

dx     ~dy 
d  (K,  H)  _ 
d{p,  q)  ~ 

are  functions  one  of  the  other:  and,  supposing  it  to  hold  good,  we  could  not  from 
the  equations  if=0,  ^=0  determine  p,  q  s&  functions  of  x,  y,  for,  eliminating  one 
of  the  variables  p,  q,  the  other  would  disappear  of  itself.  We  bence  obtain  the 
complete  statement  of  the  converse  theorem,  viz.  the  functions  H,  K  being  such  that 
it  is  possible  from  the  equations  H=0,  K  =  0  to  express  p,  q  as  functions  of  x,  y, 
then,  if  (if,  K)  =  0,  we  have  pdx  +  qdy  an  exact  differential. 

63.  Returning  to  the  case  of  the  variables  (x,  y,  z,  p,  q,  r),  if  p,  q,  r  are 
determined  as  functions  of  x,  y,  s  by  the  three  equations  H  =  0,  K—O,  Z  =  0,  then, 
by   what  precedes,   in  order  that  pdx-i-qdy  +  rds   may   be   a   complete   differential,   we 


that   . 


0, 


unless  we   have 


must   have   {H,   K)  =  0,   (H,   Z)=0,   {K,  i)  =  0;    and   it   further 
equations   are   satisfied,   then   we   have,   conversely, 

dr     ^  _n     ^P      "^^ 
dy     ds       '    dz     dx 

that  19,,  pdx  +  qdy +  rdz  is  an   exact   differential;  viz.  this   is   the  < 
between  H,  K,  L  the  relation 

djU,  K)  d (H,  K)  d (H,  K) 

d{q,  r)  '  d{r,p)   '  d(p,  q) 
H,  L    ,       H,  L    .      H,  L 
K,  L    ,       K,  L    ,      K,  L 

where    in    the    determinant    the    second    and    third    lines    are    the    same    functions 
H,  L  and  K,  L  respectively  that  the  first  line  is  of  H,  L. 


The  determinant  is,  in  fact,  equal  to  the  square  of 

d{H,  K.  L) 
d  (p,  q,  r)   ' 
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and,  if  it  vanish,  it  is  impossible,  by  means  of  the  equations  H  =  0,  K—0,  L—0, 
to  determine  p,  q,  r  as  functions  of  x,  y,  s.  Hence,  if  the  last-mentioned  equations 
are  such  that  by  means  of  them  it  is  possible  to  effect  the  determination,  and  if, 
moreover,  {H,  K)  =  0,  {H,  L)  =  0,  {K,  L)  =  0,  then  pdx  +  qdy-^-rdz  will  be  an  exact 
differential. 

64.  Considering  H  as  given,  we  have,  by  what  precedes,  K,  L  solutions  of  the 
linear  partial  differential  equation  {//,  ^)  =  0 ;  and  since  also  K,  L  must  be  such 
that  {K,  L)~0,  they  are  conjugate  solutions;  or  in  conformity  with  what  precedes, 
using  the  small  letters  a,  h .  instead  of  K,  L,  we  have  the  following  theorem  for  the 
integration  of  the  partial  differential  equation  H  =  const.,  where  as  before  if  is  a 
given  function  of  x,  y,  z,  p,  q,  r. 

Find  a  and  b,  such  that  H,  a,  h  are  a  system  of  conjugate  solutions  of  the  linear 
partial  differential  equation  (jfiT,  ^)  =  0:  then  from  the  equations  if  =  const.,  a  =  const., 
6  =  const.,  determining  p,  q,  r  as  functions  of  a,  6,  H,  and  in  the  result  treating 
these  quantities  as  constants,  we  have  pdx  +  qdy+rds  an  exact  diiferential  =dF, 
and  thence 


V=X+  i  (pdw  +  qdy  +  rdz), 


an  expression  for  V  containing  the  three  arbitraiy  constants  \,  a,  h,  and  therefore  a 
complete  solution  of  the  given  partial  differential  equation  H  =  const. 

The  theorem  applies  to  the  case  where  n  has  any  value  whatever,  viz.  if  there 
are  n  variables  x,  y,  s, ,..,  then  we  have  to  find  the  ?i  — 1  integrals  a,  h,  c, ..,. 
constituting  with  H  a  system  of  conjugate  integrals;   and  the  theorem  holds  good. 

In  particular,  if  «.  =  2,  or  the  independent  variables  are  x  and  y,  then  we  find  anj' 
solution  a  of  the   partial  differential  equation  {H,  ^)  =  0 ;   the   values  p,  q   derived   from 

the  equations  ir  =  const.,  o;  =  const.,  give  Y  =  \ -Y  \  {p  d^  ■{■  q  dy),  a  complete  solution. 

65.  But  there  ia  a  different  solution  depending  on  the  consideration  of  corre- 
sponding values;  viz.  if  the  independent  variables  be  as  before  «,  y,  z,  p,  q,  r,  and  if 
^0,  ^0.  So,  Po.  Its,  n  a^re  corresponding  values  of  x,  y,  z,  p,  q,  r,  then,  taking  a,  h,  o,  d,  e 
to  be  integrals  of  (H,  6)  —  (3:  so  that  H  is  here  a  given  function  of  cs,  b,  c,  d,  e, 
since  the  number  of  independent  variables  is  =5:  and  representing  by  a„,  bo,  Co,  d^,  e^, 
the  like  functions  of  *„,  y,,,  Zo,  P«<  qm  *'o,  we  form  the  equations 

5"=const.,  a  =  ao,  b  =  hn,  c  =  Co,  d  =  de,  e  =  eo. 

We  have  the  theorem  that,  expressing  by  means  of  these  equations  p,  q,  r,  as 
functions  of  x,  y,  z,  x^,  yo,  Zo,  H,  and  regarding  therein  Xo,  y^,  Zq,  H  as  constants, 
we  have  pdas  +  qdy  +  rdz  an  exact  differential,  and  therefore 


V=\ 


b  iipdic+qdy  +  r  dz). 


Hosted  by 


Google 


A   MJiMOIB   ON    DIFFERENTIAL    EQUATIONS. 


[655 


a    solution    of   the    equation   i/=  const,    involving    the   arbitrary   constants   X,   «(,,   j/o,   Zo 
{one  more  than  required  for  a  complete  solution). 

The   theorem   is    here    stated   in    the   form   proper   for    the    solution   of    the   partial 
differential  equation  if=  const. ;   a  more  general  statement  will  be  given  further  on. 


66.  I  take  first  «  =  2,  or  tl 
determined  by  the  equations  a  = 
that  pda;  +  qdy  =  dV. 


i    independent    variables  to   be   en,   y\    here  p,   q   are 
a-a,   i  =  &o>   c  =  Co,   -ff=  const.,   and    it   is   to   be   shown 


q,   pe,    g„    as    functions    of   the    independent    vanables    x,    y,    then 


differentiating  in  regard  to  jb,  and  eliminating  -/- 


das'    die'    dx  ' 


da  da  dq  da  da„  da^ 

dx  dq  dx'  dp'  dp^'  dq-i 

db  db  dq  dh  db^  db 

dx  dqdie'  dp  dpa '  dq 

dc  do  dq  dc  dcr,  dt^ 

dx  dq  dx'  dp'  lipa'  dq„ 

dS  dSdq  dE 


dp' 


0,     0 


But  in  the  same  way 


d{<h,_h)Jd(H,  o)^d{ff,c)dq[     ^^  _ 
^  (Po-  ?»)  \d  ip,  x)     d  {p,  q)  d4 

d  (p„,  q,)  I  d  (q,  y)      d  (q,  f)  dy\ 


adding  these  two  equations  we  have 

d{p„  q.){  ^(P'  9)  V<^     ^^^) 


the    terms    denoted    by   the 


being    the    like    terms    with   b,   c,   a    and   e. 


place   of  a,  b,  c.      We    have   (H,    a)  =  0,    {H,    b)  =  0,   (ff,   c)  =  0,    and    the    equation,   in 
fact,  is 

iv'^K  b,)  d(ff,  c)]  (dq_d^\_. 

Tdip,,  q,)d(p,  q)\[dx      dy)      " ' 

Yiz.  we  have  -^  — t^  —  0,  the  condition  for  an  exact  differential. 
d/e     ay 

67.  Coming  now  to  the  case  where  the  independent  variables  are  x,  y,  z,  we 
proceed  in  the  same  way  with  the  equations  if  =  const.,  a^a^,  6=6o,  c  —  c^,  d  =  da, 
e  =  e„.     Differentiating  in  regard  to  x,  and  eliminating 

dp     dq     dpa     dq,,     dr„ 
dx'    dx'    dx'    dco'    dx' 
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d(c„d,^)  (drd(a,  h,  H)     d(a.  b,  E)] 
d  (p„  q„  r„)  \dx  d  {r,  p,  q)  '^  d  (a:,  p,  q)}'^ 


die,,  d,,  e,)  |#  d(3j,_£)  ^  d(a,  b,  ff))  ^  ^^  ^  ^ 
^(Po,  5o.  n)  \ds  d(p,  r,  q)       d{s,  r,  q)  ]  ' 

whence,  adding,   we  obtain 

d(c„_dj^e^  f /rfr _dp\d {a,_b,  H)     d (a,  b,  H)     d (a,  b,  H)\   ,  ^    ^ „ 
d (pn,  qo,  n)  \\dx     dz)  d  (r,  p,  q)       d  (fn,  p,  q)      d  {r,  z,  q))  '       ' 

where  the  terms   denoted  by  the   &C.   are  the   like   terms   corresponding  to  the  different 

permutations  of  the  letters  a,  h,  c,  d,  e. 

The  equation  may  be  simplified ;   we  have  identically 

da,,     yr.      db  ,jr     V     dH ,      ,.      d(a,  b,  H)     d(a,  b,  H) 

-  -,-  (b,  H)  ~  -J-  {H,  a)  -  y  (a,  b)  =  -^, r^  +  -^^7 —(- ; 

dq^  dq  dq  •  d{aj,  p,  q)       d (s,  r,  q) 

or,    since    {H,   a)  —  0,    (II,   b)  =  0,    the    left-hand    side    is   simply    —  -j—  (a,   b),    and    the 
equation  becomes 


d  (c„,  do,  e,)  ffdr  _ dp\  d(a,  b,_H) _ dH 


d(pt„  3o>  »"o)  lV(^a;     dz)  d{r,  p,  q) 


-^{a,  &)  +&c.  =  0. 


{d{p„  q„  )-o)'        'j 

which   is   thus  the  condition   which   has  to   he  proved.     By  the   Poisson-Jacobi  theorem, 
(a,  6)  is  a  iunction  of  a,  b,  c,  d,  e:  if  we   write 

('^'""'-rfCi^o,   x,Vd{q„,y„)-^d(r„,.,)- 

then  (oio,  60)  is  the  same  function  of  a^,  bn,  Cn,  d^,  e„;  but  these  are  equal  to  a,  b,  c,  d,  e 
ly,  and  we  then  have  (a,  b)  —  {a^,  b„),   and  the  theorem  to  be  proved  is 


{^-1^!  <-«}-• 


But,   substituting   for   («„,   60)   its   value,   the   function    on   the    left-hand  side   is 
Basy  to  see,  the  sum  of  the  three  functional  determinants 

d(ao^ba,  Cfl,  da,  e,)       d(a„,  tj,  c„,  da,  fio)      d{ao,  bo,  c^,  <?„,  e^) 
d(p„,  qo,  n,  p„  «o)'     dip,,  q„,  n,  q„,  y„)'     d{po,  q^.  n,  r„  z^)' 

16—2 
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and  each  of  these,  as  containing  the  same  letter  twice  in  the  denominator,  that  is, 
as   having    two    identical    columns,   is   =  0 ;    the   theorem   is   thus    proved.     And    in    the 

same   way  -r- —  -^ ,   -t-~  ,    are   ea«h    =0;   that   is,  pd/x+adv  +  rds  =  dV. 
■'   ay     ax     dz     dy  ^  ^    ^ 

69.  The   proof  would   fail   if  the   factors  multiplying   -^ —  J- ,   &e.,  or  any   one   of 

these  factors,  were  =0.  I  have  not  particnlarly  examined  this,  hut  the  meaning  must 
he  that  here  the  equations  »  =  «(,,  &c.,  fl'=  const,  fail  to  give  for  p,  q,  r  expressions 
as  fiinctions  of  x,  y,  z,  x^,  y^,  z„,  H;   whenever  such  expressions  are  obtainable,  we  have 

■p  dx  +  qdy  -\-  r  dz=  dV. 

The  proof  in  the  case  of  a  greater  number  of  variables,  say  in  the  next  case 
whei'C  the  independent  variables  are  x,  y,  z,  lu,  would  probably  present  greater  difficulty, 
but  I  have  not  examined  this. 

70.  Taking  the  independent  variables  to  be  x  and  p,  we  may  from  the  equations 
a  —  a^,  S  =  6o>  "  =  01,,  H=const.  (which  last  equation  may  also  be  written  H  =  H'„  =  cnnst.) 
find  p,  q,  pe,  §0  as  functions  of  x,  y,  a^„,  y^,  H ;  and  we  have  then  the  theorem  that, 
considering  only  Jf  as  a  constant, 

pdx  +  qdjy  ~pa  dx^  —  q„  dy^  =  d,V. 

To  show  this,  we  have  to  prove  the  further  equations  J~  +  -^  =  0,  &c. ;    we  find 

dp  ^  \dQ)o,  Cj)  d{a,  H)\      dH_  djoo^&o,  c«)_f. 
dxa      {d(pt,  5o)  d(p,  q)}       dq   d(xo,  p^,  (/o)~    ' 


dx      \d  (p,  q)   d  (po,  qS}       dq,  d  (x,  p,  q) 


'-  i     =  0, 


and   it   is    to    be    shown    that    the   coefficients   of 

signs,   and    that   the   other    two    terms    are   equal ;    viz.    this   being   so,   subtracting   the 

two  equations,  we   have   the   required   relation  ^  +  -p  =  0.     Now   H,  Ho  are  the  same 

functions  of  a,  b,  c  and  of  a„,  6,.  Co",   and  there  is  no  real  loss  of  generality  in  assuming 
c  =  H,  Co  =  5„i   but  this  being  so,  the  first  coefficient  is 

diK_H^)  d (a.  H)     djH,,  a,}  d (b,  H) 
d(p„,  qo)    d(p,  q)       d(p„  3„)  ~d(p,  q)' 
and  the  second  is 

d  (6,  H)  d(a„,  H„)     d(H,_a)  d{b„  H,) 
d(p,  q)    d(p„  q,yd(p,  q)  'd{p„  q^)' 

which  only  differ  by  their  signs.     As  regards  the  other  two  terms,  we  have  identically 

-j-\b,  n.)  +  -T-{,ti,  a)+  -.—  {a,  o)  =  —z-y~ r-, 

dq^         '     dq^         '      dq  '      d{x,  p,  q) 
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which,  in  virtue  of  (a,  H)  =  0,  (b,  H)  =  0,  becomes 


lilarly, 


dH  ,       ,  ,     d{a,  b,  H) 

,-   (a,  &  )  =  -j^ (- ; 

dq    "■    '      '      d{x,  p,  q) 


dq„  d{x^,p„,  q„) 


Hence  the  terms  in  question  are 

_dHdH,  _'^Jl'^^(a  b) 

dq    dqa     "'    "  dq    dq„      ' 

which  are  equal  in  virtue  of  (a,  h)  =  {a^,  &„);  and,  similarly,  the  other  conditions  might 
be  proved.  But  the  proof  would  be  more  difficult  in  the  case  of  a  greater  number 
of  variables. 

Eanmples.     Art.  Nos.  71  to  79. 

71.  The  variables  are  taken  to  be  co,  y,  z,  p,  q,  r.  As  a  first  example,  which  will 
serve  as  an  illustration  of  most  of  the  preceding  theorems,  suppose  pqr—l  =  H;  the 
Hamiltonian  system,  with  the  adjoined  equalities,  is  here 

dw _dy     dz __dp _dj:i  _dr  _  ,       dV 
qr'~  rp     pq      0        0       0  ^pqr ' 

The  integrals  of  the  original  system  may  be  taken  to  be 
a=p, 
b-q. 
c  =r, 

d  =  qy  —  px, 
e  ='TS  —  pie, 

and  there  is  of  course  the  integral  II=-pqr—l,  which  is  connected  with  the  foregoing 
five  integrals  by  the  relation  H  =  abc—1. 

We  form  at  once  the  equations 

{a,h)  =  0,    («,  c)=0,     (a,  rf)  =  -«,     (a,  e)  =  -a. 

(b.  c)=0,     (b,  d)=     b,     (&,  e)=     0, 

(e,  d)  =     0,     (c ,  e)  =     c, 

(d,e)=     0; 

hence  it  happens  that  no  two  of  these  integrals  a,  b,  c,  d,  e  give  by  the  Poisson- 
Jacobi  theorem  a  new  integral.  To  show  how  the  theorem  might  have  given  a  new 
integral,  suppose  that  the  known  integrals  had  been  a  =  p  +  q,  and  e  =  rs—px,  then 
(a,  e)  =  — p:   or  the  theorem  gives  the  new  integral  a  =  p. 
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We  have  as  a  conjugate  system  a,  b,  c;  also  the  conjugate  systems  H,  a,  b; 
H,  a,  c;  S,  b,  c;  H,  b,  e;  ff,  c,  d;  H,  d,  e;  but  the  first  three  of  these,  considering 
therein  H  as  standing  for  its  vakie  ra&c— 1,  are  substantially  equivalent  to  the  first- 
mentioned  system  {a,  b,  c). 

72.  Postponing  the  consideration  of  the  augmented  system,  we  now  consider  the 
partial  differential  equation  pqr  =1  +  H,  where  H  ia  a,  given  constant  and  p,  q,  r 
denote  the  differential  coefficients  of  a  function  V,  The  most  simple  solution  is  that 
given    by  the    conjugate    system    H,   a,   h,    viz.    here    p,   q,   r    are    determined    by   the 

equations  p  =  a,  q  =  b,  pqr  =  1  +  H,  that  is,  r  = j—  ;   or,  introducing  for  symmetry  the 

constant  c,  where  abc  =  1  +  if  as  before,  then  r  =  c,  and  we  have 

Y=  x+  i  {adx->rbdy-^  vds),    =X  +  ax-^by  +  cs, 

where  a,  6,  c  are  connected  by  the  just-mentioned  equation  ahc  =  l+  H.  This  is  there- 
fore a  solution  containing  say  the  arbitrary  constants  \,  a,  b,  and,  as  such,  is  a 
complete   solution. 

But  any  other  conjugate  system  gives  a  complete  solution,  and  a  very  elegant  one 
is  obtained  from  the  system  S,  d,  e.  Writing  for  symmetry  0  —a,  7  —  a  in  place  of 
d,  e,  we  have  here  to  find  p,  q,  r  from  the  equations- 

H  =  pqr—  1,     qif-px^^  —  a,    rz  —  px^y  —  a; 
or,  if  we  assume  6  =  px  —  a,,  then 

H^pqr-l;  px,  qy,  rz  =  d+cf,  9  +  0,  d  +  j 
respectively,  whence 

{l+H)xyz  =  i.e+a)(0  +  0){0  +  y), 

which  equation  determines  ^  as  a  function  of  x,  y,  z  (in  tact,  it  is  a  function  of  the 
product  mz\  and  then 

^  ^  e  +  o.    0  +  0    ^  +  7 

p,  q,  r  =  ,       , ■  , 

and  we  have 

.....      ...      .,.,  ,^ 


— /(^"--^' 


There   is   no   difticulty  in   effecting   the   integration   directly  by  introducing   ^  as   a 
variable,  and  we  find 

F.X  +  39-»log*±-''-,31og''t^-Tlog«-+.r 

Or,  starting  from  this  form,  we  may  verify  it  by  differentiation;   the  value  of  dV  is 
/  a  ^  7    \      adx      Bdy      'idz 

'^^r-^i:^"r+^-^7''     ~    "2/     ^^  ' 
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where  the  term  in  dd  is 

-"''(«:r.+fr+K+«+^)' 

which,  from  the  uqiiation  which  detennines  d,  is 

\.x        y        zj' 
and  the  value  of  dV  is  thus 

= da;  H dn  +  — -  ds. 

w  y       '^         z 

The  solution  coiitainB  apparently  the  four  constants  \,  a.,  ^,  y,  but  there  is  no  loss  of 
generality  in  writing,  for  instance,  a  =  0,  and  the  number  of  constants  really  contained 
ia  the  solution  may  be  regai-ded  as  3. 

73.  To  show  how  the  equations  ^  =  const,,  a=a„,  b  =  ba,  c  =  Cu,  d  =  d„,  e=e„ 
give  a  solution;  remarking  that  these  equations  are  pqr  —  1=H,  p=po,  'i  =  <lo,  *'  =  ^o, 
qy  —  px  =  q^y^  ~ p^m:^,  rz  —  'p!je  =  r^t,—p^Xt„  we  find 

p{x~x^)=qiy~  y„)  =  r{z-  z,), 
and  consequently  p,  q,  r  = 

^(i+5)fe^.te^)-,  y(i+g)<'-;.)'(--->'.  ^a+i,)<«-5^^*, 

{x-x,f  {y-y,r  {z-z^f^ 

respectively:   whence 

Y  =X-v\{pdx  ^-  qdy  ->r  r  ds), 

=  X  +  3  ^(  1  +  if)  (^  -  x,f  (y  -  y;)i  (z  -  z.)K 

which  is  the  solution  involving  the  four  constants  X,  x„,  y^,  z„. 

If  in  the  foregoing  value  of  V  we  consider  x^,  y„,  z^  aa  variables,  then  p,  q,  r 
having  the  values  just  mentioned,  and  p„,  q^,  r^  being  equal  to  these  respectively,  we 
obviously  have 

dV'^pdx+qdy  +  r  dz  —  p^dx^--  q^dyi,  ~  Tadz^. 

74.  Considering   now   the  augmented  Hamiltonian  system,  we  join  to  the   foregoing 
integrals  a,  b,  c,  d,  e,  the  new  integrals  t  - 
all  the  quantities  in  terms  of  t-r, 

X  =6c((-t). 


y  =ca((-T)  + 
3  =a,h(t- 


p  =a,  q  =  h,  r  =  c,  H  =abG  —  l, 
V=X  +  5abo(t-T). 
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Forming   from   these   the  expression   for   dV—pdx  —  qdy  —  rds,   the  term  in  dt  —  dr 
disappears ;  there   is  a   term   in   t~  r,  the  coefficient  of  which  is 

Sd . abc  —  ad.ho  —  bd  .ca  —  cd.ah, 

which  is  ^d.ahc,  or  the  term  is  (t  —  T)dH;   and  we  have,  finally, 


viz.  (  enters  only  in  the  combination  {t—T)dH,  which  is  the  fundamental  theorem. 
Considering  if  as  a  determinate  constant,  this  term  disappears. 

We   may   show   how   this   formula   leads   to   the   solution   of    the   partial   differential 
equation    pqr  —1  +  H\    treating    J?    as    a    deiinite    constant,   then    in    order    that    the 

formula  may  give  dV —  pdis— qdy  —  rdz  =  dx,  or  V—X+ \  {pdx  +  qdy -i-Tdz),  as  before, 

d  e 

the   last    two    terms    of  the   formula  must   disappear ;   this   will  be   the   case   if  j  and  - 

ai'e  constants,  or,  say,  d  =  6;S,  e  =  07,  ^  and  7  being  constants.  But,  this  being  so,  we 
have  q^  =  qy  —px,  r'^  =  rz  —px,  that  is,  pa:  =  q(y  —  &)  —  r{z  —  j),  pqr  —  l+H,  giving  the 
values  of  p,  5,  r;   and  then 

r=X+jipdx  +  qdy  +  rdz),     =X  +  S^il  +  11)0!^  (3,  - /3)^(s -j)\ 

which   is    substantially  the   same   solution   as   is   obtained   above   by   a  different    process. 

Or,  again,  observing  that  we  have 

d         e 
dV—pdx  —  qdy—rds  —  dX-\-  (t  —  T)dlI  —  dd  —  de  —  j-db  —  dc, 

then,  taking  //,  b,  c  constants,  we  have 

dV -pdx—qdy~rdz^d\-dd~  de, 
which,  changing  the  value  of  X,  gives  the  be  fore -mentioned  solution 
F=  \  +  aa:  +  by  +  cz,     (abc  =  1  +  fl). 
75.     As  a  second  example,  suppose 

H  =  ^(p'+  g=  +  r^-^-'-y-  -z'); 
the  augmented  system  is 

dtv _dy  _dz _dp ^dq  _dr _,  dV 

p  ~  q  ^  r       x~  y  ~  z~      ~  p'  +  q^+r''' 

corresponding  to  the  dynamical  problem  of  the  motion  of  a  particle  acted  upon  by  a 
repulsive  central  force  equal  to  the  distance. 

The    integrals    of   the    original    system    may   be    expressed    in    various    forms,    viz. 
the   quotient   of  any   two   of  the   expressions   ic-\-p,    i/  +  q,  z  +  r,   or   of  any   two   of  the 
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expressions  x  —p,  y  ~q,z  —  r  is  an  integral,  or  again  the  product  of  any  expression  of  the 
first  set  into  any  expression  of  the  second  set  is  an  integral:   we  may  take  as  integrals 


^a?-f,    ^  =  if-q\    7  = 


_l±l 


x  +  2>  ce+p 

We  have  then 

*  "  7(^10 '  *"'  '"■'""  '°=  f'"  +  '"■"'  -  °>l "  '°s  ('"  +'■>' 

giving  x  +  p  —  ^~^,  and  tlience  tiie  other  quantities  x—p,  y+ij,  &c.  For  greater 
symmetry,  I  introduce  a  new  set  of  constants  a,  b,  c,  a',  &',  c',  and  I  write  also  ^-^=T, 
«-'+'_  r  (ivliere  TT' -  1),     We  tlien  have 

,t  =  aT+a'T',    p-aT-a'T', 
y  =  iT  +  VT,    q-bT-  b'T, 
^-cT+c'T,    t-cT-b'T'; 
also,  comparing  with  the  values  obtained  as  above, 

o  =}  ,    6  =i8  ,    »  =ie  , 
„'.J«,    y.if,    <,'.i|. 

We  have,  moreover, 

ff=-2.(<Ki.'  +  M'  +  cc')--^(a  +  /9  +  7). 

76.     We  find 

p^  +  q''+r^  =  ff+(a'  +  b''  +  c')T''  +  (a'''+b"'  +  c'')T\ 
and  thence 

V=\  +  j{p'  +  <f  +  r')dt 

We  may  from  this  obtain  the  expression  for 

d,V — pdx  —  qdy  —r  dz, 

when  everything  is  variable.  The  terms  in  {dt  —  dr},  as  is  obvious,  disappear;  omitting 
these  from,  the  beginuing,  we  have 

dV=dk-{-{t-T)dH  +  {ada  +  bdb  +  cdc)T^-{a'da-  +b'dh'  +  c'dc')T"': 
also 

pdx  =  {aT~  a'T)  {Tda  +  T'da'), 

=  da  (a.r=  -  a")  +  da'  (-  a"J"^  +  a) : 
thence  forming  the  analogous  expressions  for  qdy  and  rdz,  we  have 

pdx  +  qdy  +  rds  —  (ada  +  bdb  +  cdc)T'^  —  (a'da'  +  b'db'  +  c'dc')  T'^ 
—  {a'da  +  b'db  +  c'rfc)       +  (a  da'  +  bdb'  +  g  do'), 
C.  X.  17 
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whence 

dV  —  p  dx  —  qdy  —  r dz  —  d\  +  {t  ~  r)  dH  +  a'da  +  b'dh  +  c'dc  —  ada'  —  bdb'  —  cdc; 

or,   in   place   of  a,  h,  c,  a',  b'.  c',  introducing  a,  /3,  7,  B,  e,   and    attending   to   the   value 
of  ^, 

dV-pda:-qdy-rds=^dK+(t-T)dH  +  ldIf  +  ii^dB  +  ^'^de. 

77.     Suppose  H,  8,  e  absolute  constants,  this  becomes 
d(V-X)  —  pdx  +  qdy  +  rdz. 


V=\- 


v\{pdx  +  qdy  +  r  dz), 


and  we  have  thus  a  solution  of  the  partial  differential  equation 

p'  +  2^  +  r=  =  i^  +  )/=  +  3'  +  2if ; 
viz.  p,  q,  r  are  here  to  be  determined  as  fiinctions  of  x,  y,  z  by  the  equations 
p=  +  (/  +  r=  =  «=  +  ^=  +  £^  +  'i.H, 
y  -Vq  =h(x+p), 

z  +r  =€{w+p). 

We  have 

2B  +  W'' -\.f  +  2fi^p^  +  {y~B  (x+p)}'+  {z~e (x+p)Y ; 
or,  on  the  right-hand  eidc,  vinting  p^  =  {x  +  pY  —  2x  (x  +  p)  +  x^, 
left         „  „  «^  =  (fl!  -  py  -  2x  (x+p)  +p\ 

the  equation  is 

(l+S'  +  e"'){a:  +  py-2{x  +  By  +  €z}{x  +  p)-2H=0, 

which   gives  p   as   a  function   of  x,  y,  s.     But   the   result   is   a    complicated  one,  except 
in  the  case  H  =  (i;   we  then  have 

x  +  p- 

z  +r  -- 
and  thence 

a  complete  solution  of  the  partial  differential  equation 
p^  +  q^  +  i^^x^  +  y^  +  ii\ 


2  (a:  +  Si/  +  e^) 

1  +  S"  +  6-      • 

28  (it +8;/ +  62) 

1  +  8-  +  <■     ' 

2e(,i!  +  Sy  +  e») 

l  +  8'+e"      ■ 

„■  ,  ,„  ,  li  +  H'J  +  aY 
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More  symmetrically,  we  have  the  solution 

as  can  be  at  once  verified. 

78.  In  the  same  particular  case  H  —  O,  introducing  the  corresponding  values 
po'  9o>  ^0.  ^0.  3/oi  ^1),  we  find  a  very  simple  expression  for  V—  V^,  as  a  function  of 
w,  y,  2,  a:^,  y„,  z^.     We  have,  writing  2'o=e'»"~'',  T^  =  e~^'*'^,  and  therefore  T„Tt,'  =  l, 

X,  =  aT,  +  a'T,',    p,  =  aT,  -  a'T,', 

y,  =  bT„  +  b'T,',     q,  =  bT„  -  h'T,', 

z,  =  cT,  +  cT;,     n  =  cT^  -  cX', 


and  thence 

(S  —  Xa  =  a 


«.  +  %  =  <.(?+ 3'.)  +  o'(i  +  yJ.=(r-T.)(»  +  ^). 
Forming  the  analogous  quantities  y  —  yn,  &c.,  we  deduce 

(a;  -  a:.)' +  (J  -  y.)' 4  («  -  «.)■  =  (T -  r.)' jo- +  f  +  c- +  (tt- +  J'- +  C-)  ji^,| , 

(^  +  a;.)-  +  (s  +  y.)-  +  (a  +  «.)■  =  (7  +  T,)'  ja-  +  f  +  c-  +  («'•  +  6"  +  <;■•)  j,l,,| . 
But  we  have 

F-  F.  =  J  j(o'  +  6=  +  »■)  (P  -  r.-)  -  (o"  +  6'=  +  </■)  ( J,  -  j!i)} 

-  i  (T-  -  !;•)  Ill' + 4-  +  c- + (»'■  +  y + c'<)  j,y , 

and  hence  the  required  formula 

F-  F.  -  J  V((«  -  «!)■  +  (y  -  y.)-  +  (2  -  «.)■)  V((»!  +  %)'  +  (y  +  j.)'  +  (^  +  «.)•), 

or,  say,  for  shortness, 

=.iv/(Ji)V(S). 
79.     We  ought,  therefore,  to  have 

I  d  ^/(R)  -/(S)  =p  da;  +  3  %  +  r  (Is  —  po  rfiKo  —  5o  dya  —  '"o  f^^o , 
where  p,  q,  r,  p,,,  jo,  ^o  denote  as  above,  and  consequently 

p=  +  2^  +  r=  =  a^  +  y^  +  3=,    po^  +  qi  +  )■„=  =  iB(,=  +  y^  +  V- 
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We  have  in  fact 

and  thence 

p=  +  g=  +  r=  =  i  {E  +  S  +  2  (ic^  + 1/^  +  s=  -  ic„=  -  2/0'  -  So')},  =  ^=  +  2/'  -  «% 
Po=  +  2,'  +  r^^  =  i  [-S  +  -S  -  2  (a^  +  y'  +  «^  -  «„^  -  jfo^  ~  3(=)|,  =  a:„=  +  y«^  +  V. 

or  the  last-mentioned  results  are  thus  verified. 

Partial   Differential  Equation   containing  the  Dependent  Variable:   Reduction   to   Standard 
Form.     Art.  Nos.  80,  81. 

80.     The   equation   S^=  const,   is   the   most    general    form    of   a    partial    differential 

equation  not  containing  the  dependent  variable  V;  but  if  a   partial  differential  equation 

does  contain  the  independent  variable,  we  can,  by  regarding  this  as  one  of  the  dependent 

variables,    and    in    place    of   it    introducing    a    new    independent    variable,   exhibit    the 

equation   in   the   standard   form   if  =  const.,   H    being  here    a    homogeneous   function   of 

the  order  zero   in   the   differentia!   coefficients.     Thus,   if  the   independent   variables   are 

a),   y,   the   dependent  variable   z,   and   its   differential    coefficients   p,   q,   then    the    given 

partial    differential    equation    may    be   H,    =H  (p,  q,  x,   y,   z),   —  const.      But    we    may 

determine    a    as   a    function    of   x,    y    by    an    equation    y=  const.,    Y   being    a    desired 

dY    dV 
function   of  x,  y,  z;   and   then    writmg  p,  g,  r   for   the   differential   coefficients   -j— ,   -p, 

-J- ,   we   have   p  =  ~^,   q  =  -",  and   the  proposed  partial  differential  equation  becomes 


5(-f.  -2.  «,!/,«) 


=  const. 


viz.   this    is    an    equation    containing    only   the  differential    coefficients   p,   q,   r   of   the 

dependent   variable    V,   a   function   of    x,   y,  z.  And,   moreover,   K   is   homogeneous   of 
the  order  zero  in  p,  q,  r;   consequently 

dR       dH  dH     ^ 


integral   is  F=  const. ;   as   already  stated,  this   is   the  equation  by  which  z  is  determined 
as  a  function  of  x,  y. 

81.     Thus,  if  the  given  partial  differential  equation  be  ^<\  —  z  =  H,  we  here  consider 

the  equation  ^  —  z  —  H.     The  Hamiltoniaii  system  is 

r'ofe  _  r^dy  _  -  rHz  __i^_dq  _dr  /  _  dV\ 
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having  the  integrals 

b=q. 

c  =px  —  qy, 

r      q 

_  s  _1 
pq     1^' 

(whence  H=  —  abe).     We   have  H,  a,  b,  a   system   of  conjugate   integrals  and,   in   terms 
of  these, 

,,-»,  5-6,  r-y(-jy; 
hence,   writing  X  for  the  constant  value  of  V,  we  have 

that  is, 

X  =  ttic  +  6)/  +  2  V{«&  (s  +  II)], 
or  say, 

iab  (z  +  H)^  {ax  +  by~  X)\ 

a   solution  containing  really  the  two  constants  \  and   j-,   and   ihtis   a   complete  solution 
of  the  given  equation  ^i\  —  e  —  H,    We  have,  in  fact, 

lah  p  =  a  {oAc  +  hy  —  \), 

2aht\  =  h  {a^  +  hy-\); 


that  is, 


as  it  should  he. 


4a'&'pq  =  a&  {ax  +  by~  Xf,  =  4ffl'i=  (e  +  H), 
pq  =  2  +  iT, 
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Q56. 

ON   THE   THEORY   OF  PARTIAL  DIFFERENTIAL   EQUATIONS. 

[From  the  MatJmnatische  Annalen,  t.  xi.  (1877),  pp.  194 — 198.] 

In  what  follows,  any  letter  not  otherwise  explained  denotes  a  function  of  certain 
variables  (x,  y,  p,  g),  or  (a,  y,  s,  p,  q,  r),  &c.,  as  will  be  stated  in  each  particular  case. 

An  equation  «  =  const,  denotes  that  the  function  a  of  the  variables  is,  in  fact,  a 
constant  (viz.  by  such  equation  we  establish  a  relation  between  the  variables):  and  when 
this  is  so,  we  use  the  same  letter  a  to  denote  the  constant  value  of  the  function  in 
question;   I  find  this  a  very  convenient  notation. 

Thus  if  the  variables  are  x,  y,  a,  p,  q,  r  and  if  p,  q,  r  are  the  differential  coefficients 
in  regard  to  x,  y,  z  respectively  of  a  function  V  of  a;,  y,  z,  then  H  (as  a  letter  not 
otherwise  explained)  denotes  a  function  of  .c,  y,  z,  p,  q,  r  and  considering  it  as  a  given 
function, 

H  =  const. 

will  be  a  partial  differential  equation  containing  the  constant  H.  For  instance,  if  H 
denote  the  function  pqr  —  xyz,  H  =  const,  is  the  partial  differential  equation,  pqr  —  xyz  =  '^ 
(a  given  constant). 

The  integration  of  the  partial  differential  equation,  H  =  const.,  depends  upon  that  of 
the  linear  partial  differential  equation 

(H,  ^))  =  0, 
where  as  usual  (H,  ©)  signifies 

3(H,  0)     S(H^  ©_)     9(H,  Q) 

dip,  x)       d(q,  y)        d(r,  z) 

It  can  be  effected  if  we  know  two  conjugate  solutions  a,  b  of  the  equation  (H,  @)  =  0, 

viz.  a,  h  da  solutions  are  such  that   (H,  a)  =  0,  (H,   h)  =  0,   and   (as   conjugate   solutions) 

are  also  such  that  (a,  6)  =  0 ;   in  this  case  if  from  the  equations 

H  =  const.,     a  =  const.,     b  =  const. 
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i  determine  p,  g,  r  as  functions  of  x,  y,  z,  the   resulting   value   of  pi^ic+^d^+rd. 
I  exact  differential,  and  we  have 


F=  \+  I  (p(?fl!  +  2 (??/  +  )■  Az), 


a  solution  containing  three  arbitrary  constants,  X,  a,  6,  and  therefore  a  complete  solution 
of  the  proposed  partial  differential  equation  H  =  const. 

Eut  (as  is  known)  there  is  a  different  process  of  integration,  for  which  the  con- 
jugate solutions  are  not  required,  and  which  has  reference  to  a  system  of  initial  values 
^1,  J/n.  ■^c,  Pa-,  So.  i''i'-  viz.  if  the  independent  solutions  of  (H,  ©)  =  0,  are  a,  b,  c,  d,  e,  and 
if  Oc,  h,  Co,  t^o.  So  denote  I'espectively  the  same  functions  of  the  initial  variables  that 
a,  b,  c,  d,  e  are  of  x,  y,  z,  p,  q,  r,  then  if  from  the  equations 


?>  =  &oi     c  =  Co,     d=dc, 


H  =  const. 


e  express  p,  q,  r  as  functions  of  x,  y,  s  and  of  a^^,  i/„,  2„,  H,  these  last   being   regarded 
i  constants,  we  have  p  d^, -V  q  dy  +  r  dz  an  exact  differential,  and 


f  I  ipdx+qdy-{ 


a  solution  containing  the  constants  \,  ce„,  y^,  z^  (that  is,  one  supernumerary  constant),  and 
as  such  a  complete  solution. 

It  is  interesting  to  prove  directly  that  pdx  +  qdy  +  rdz  is  an  exact  differential. 

I  consider  first  the  more  simple  case  where  the  variables  are  p,  q,  x,  y.      Here  p,  q 
are  to  be  found  from  the  equations 

«  =  «(,,     6  =  &o.     c  =  Co,     H  =  const. 

and  it  is  to  be  shown  that  pds:  +  qdp  is  an  exact  differential. 

Considering  p,  q,  p^,  q^  as   functions   of  the    independent   variables    a;,   y,    then    dif- 
ferentiating in  regard  to  x,  and  eliminating   -^ ,     -^— ,     7-,  we  have 

da      da  dq      da      da^      da^ 
dx       dq   dx'     dp'     dpa '     dqn 

db       db   dq      dh       dbo      db^ 
dx       dq  dx'     dp'    dp^'     dq^ 

dc      dc  dq      do      dcp      dOr, 
dx      dq  dx'     dp'     dp^'     dq„ 

dn    mdq    rfH    ^j      y 

tfo      dq  dx'    dp  ' 


Hosted  by 


Google 


136  ON  THE  THEORY  OF  PARTIAL  DIFFEBBNTTAL  EQUATIONS.  [656 

or   introducing   a  well-known   notation   for    functional    determinants,    and    expanding    the 
determinant,  this  is 

3  (P..  ?.)l3(P.  '!>     8(y,  j)  duf 
But  in  the  same  way 

3(°.,  i.)  \SJH^  ,3(H.  e)  M  ^  *,  _„. 
3(p.,  S.)13(S,  3r'>(t.P)«  ' 

or  adding  these,  attending  to  the  value  of  (H,  c),  and  observing  that  ^ — '—^  =  —  xV-^ — ^ 


8 

the  terms  denoted   by  the  &c.   being  the  like  terms  with  h,  c,   a  and  c,   a,   b  in  place 
of  a,  h,  c.     We  have  (H,  a)  =  0,  (H,  6)  =  0,  (H,  c)  =  0,  and  the  equation  in  fact  is 

viz,  we  have   ^  -  -,"  =  0,  the  condition  for  the  exact  differential. 
ax     ay 

Coming  now   to   the   case   where   the   variables   are  x,  y,  z,  p,  q,  r,  and   in   the   six 
equations   treating  p,  q,  r,  p^,  q„,  r^  as  functions  of  the  independent  variables  x,  y,  z, — 

then   differentiating   with    regard   to    x   and   proceeding    as    before,   we    find    for  -^    the 

equation 

9(c.,  <^.,  e„)  \dT_  ^{a^_,J^     a  (a,  h,  H)j  ^  ^^  ^  q 
9(Fo.  2o.  n)  \^   9(^.  P'  <l)      9(«.  P,  <i)] 

We  have,  in  the  same  way,  for  -^  the  equation 

3(°.,  <i..  e.)   {dpS(a.b,  H)     3(«.  i,  H)l      ,     _ 
3  (ft,  S.,  f.)  V«  3  (p.  r,  <,)  +  3  («,  r,  5)  P  ^"^     " ' 

or,  adding  the  two  equations, 

3(c..  rf.,  e.)  |rfr     <iy\3(».  t.  H)     3(a,  i,  H)  ,  3(i»,  b,  H)]  ,  ,,    _ 
3(p.,   }.,  r.)  Ilifa     lis;'  a(r,  },,  })  +  8(«,  p.  q)  +  3(«,  r,  5))  +      '  ~"" 

where    the    tenns    denoted    by   the    &c.    indicate    the    lilte   terms    corresponding   to    the 
dififerent  partitions  of  the  letters  a,  b,  c,  d,  e. 

The  equation  may  be  simpliiied ;   we  have  identically 

_  8  (0,  b,  H)     3  (a,  b,  H) 
S}"'-  "'~  dq  >"■  "'-  3^:irs)      3(3,  r,  q)  ' 
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oecomes 

d(c„,  d„  e,)  {fdr     dp\d(a,  b,  U)     rfH  ,         ) 

3  (Po,  ?o,  n)  \\dx     dz)  3  (n  p,  5)       dg  ^""^  "'j  +  *'^-  -  "■ 

This  ought  to  give  ;j '  —  ^   =  0,  and  it  will  do  so  if  oidy 

this  is  then  the  equation  which  has  to  be  proved.  By  the  Poisson-Jacobi  theorem,  {a,  h) 
is  a  function  of  «,  h,  c,  d,  e:  if  we  write 

then  (a„,  io)  is  the  same  function  of  (to,  &„,  Co,  d„,  e„;  but  these  are  =a,  6,  e,  d,  e 
respectively,  and  wo  thence  have  (a,  b)  =  (aa,  bo),  and  the  theorem  to  be  proved  is 

„  [3(c„,  do,  e„)  ,       i\)      r. 

But  substituting  for  («„,  bo)  its  value,  the  function  on  the  left-hand  is  (it  is  easy  to  see) 
the  sum  of  the  three  functional  determinants 

d(ch>  i>K,  Co.  dp,  a,)     8 (a,,  bg,  c^,  dp,  eg)      9(tt„  h,  Cp,  dg,  e„) 

3(Pi).   3o.  ^'o,  iJoi  ifo)      3(i'ii.   ?o.  »'oj  ffo,  ya)      3(^0.  9o,  »'o,  ''t.   ««) ' 

each  of  which  vanishes  as  containing  the  same  letter  twice  in  the  denominator,  that  is, 
as  having  two  identical  columns ;   and  the  theorem  in  question  is  thus   proved.      And   in 

the  same  way  -/  —^ ,  j  j~  ^''^  each  =  0 :  or  we  have  pdx  +  qd^  +  rdz  an  exact 
differential. 

The  proof  would  fail  if  the  factors    multiplying  ^  —~j    >  &c.,  or  if  any  one  of  these 

factors,  were  =  0 ;  I  have  not  particularly  examined  this,  but  the  meaning  would  be, 
that  here  the  equations  in  question  a  =  a^,  &c.,  H  =  const.,  are  such  as  not  to  give 
rise  to  expressions  for  p,  q,  r  as  functions  of  tc,  y,  s,  x^,  yn,  Zo,  H,  as  assumed  in 
the  theorem;  whenever  such  expressions  are  obtainable,  then  we  have  pdx  +  qdy  +  rds 
an  exact  differential. 

The  proof  in  the  case  of  a  greater  number  of  variables,  say  in  the  next  case 
where  the  variables  are  x,  y,  z,  w,  p,  q,  r,  s,  would  present  more  diificulty— but  I  have 
not  proceeded  further  in  the  question. 

It  is  worth  while  to  put  the  two  processes  into  connexion  with  each  other:  taking 
in  each  case  the  variables  to  be  x,  y,  z,  p,  q,  r,  and  the  partial  differential  equation 
to  be  H  =  const. ; 

C.  X.  18 


Hosted  by 


Google 


138  ON   THE   THEORY    OF   PARTIAL    DIFFERENTIAL    EQUATIONS.  [656 

In  the  one  case,  a,  b  being  conjugate  solutions  of  (H,  ©)  =  0, 

from  the  equations  H  =  const.,  a  =  const.,  h  =■  const., 

we  find  p,  q,  r  functions  of  x,  y,  z,  H,  a,  b : 

and  then  pdar  +  qdy  +  rdz  is  an  exact  differential. 
In  the  other  case,  a,  b,  c,  d,  e  being  the  solutions  of  (H,  0)=O, 

from  the  equations  H  =  const.,  a  =  aa,  b^b^,  c  =  Co,  d=d„,  e^e^, 

we  find  p,  q,  r  functions  of  x^,  yo,  Za,  H; 

and  then  pdx+  qdy -^-r ds  is  an  exact  differential. 

It  may  be  added  that,  if  from  the  last  mentioned  equations  we  determine  also 
pm  qa,  ^0  as  functions  of  x,  y,  z,  Xt,,  y„,  s^,  then  considering  only  H  as  a  constant,  we 
ought  to  have  'pda>  +  qdy-^rdz—p^dXa  —  qadyt,  —  radet,  an  exact  differential;  I  have  not 
examined  the  direct  proof. 

Gaivbridge,   28  Nov.,   1876. 


Hosted  by 


Google 


657] 


657. 

NOTE    ON    THE   THEORY  OF    ELLIPTIC   INTEGRALS. 

[From  the  Mathematisohe  Annalen,  t.  Xil.  {1877),  pp.  143 — 146.] 

TiiE  OLjuation 

Mdy  dx 


is  integi'able  algebraically  when  M  is  rational:  and  so  long  as  the  modulus  is  arbitrary, 
then  conversely,  in  order  that  the  equation  may  be  integrable  algebraically,  M  must 
be   rational.     For   particular  values   however   of  the   modulus,  the   equation   is   integrable 

algebraically  for  values   of  the   form   M,  or   (what   is   the   same  thing)  -r^ ,   =  a   rational 

quantity    +    square    root    of   a   negative    rational    quantity,   say   =  -  (l  +  mv  —n),  where 

I,  til,  n,  p  are  integral  and  n  is  positive ;  we  may  for  shortness  call  this  a  half- 
rational  numerical  value.  The  theory  is  considered  by  Abel  in  two  Memoirs  in  the 
Astr.  Nach.  Nos.  138  &  147  (1828),  being  the  Memoirs*  XIII  &  XIV  in  the  (Euvres 
Completes  (Christiania  1839).  I  here  reproduce  the  investigation  in  a  somewhat  altered 
(and,  as  it  appears  to  me,  improved)  form. 

Putting  the  two  diffei'eutials  each  =du,  we  have  x  =  sn{u  +  d),  2/=sn  1^  +  ^);   and 

the  question  is  whether  there  exists  an  algebraical  relation  between  these  functions, 
or,  what  is   the   same   thing,   an   algebraical  relation  between   the  functions  ic  =  sn  n   and 

Suppose  that  A  and  B  are  independent  periods  of  snw;  so  that  sa(u+  A)=snu, 
sn  (u  +B)  =  sn  u,  and  that  every  other  period  is  =  mA  +  nB.  where  m  and  n  are 
integers.     Then  if  u  has  successively   the   values  «,  u-i-A,  u  +  2A,  etc.,  the   value  of  tc 

["  They  are  the  Memoirs  sis.  and  xs.  in  the  OPiiivres  Ccmpmea,  t.  l.,  Chciatiania,  1881.] 

18—2 
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remains   always   the   same,   and    if    x  and    y    are   algebraically    connected,    ij    can    have 
only   a  finite   number   of  values;   there    are  consequently  integer  values  ^',  p"  for  which 

sn  ■^(«  +  j)'jl)  =  sn  ■^(M  +  p"ji):   or  writing  n  —  f'A  for  %  and  putting  y  —  p' =  p,  there 
is  an  integer  value  p  for  which  sn  ^  (it  +pii)  =  sn  j^-m. 

Similarly  there  is  an  integer  value  5  for  which  sn -v^(m +g'S)  =  sn-v^?(;   and  wc  are 

at   liberty   to   assume   q^p;    for  if  the   original   values   are   unequal,   we   have  only    in 
the  place  of  each  of  them  to  substitute  their  least  common  multiple. 

We  have  thus  an  integer  p,  for  which 

Bn^(u+pB)  =  >mj^u. 
There  are  consequently  integers  m,  n,  r,  s  such  that 
=  mA  +  nB, 
'f  =  rA+  sB, 


pA_ 

M  ' 


2)B 

equations   which    will    constitute    a   single    relation  -^  =  m,   if  «i  =  s,    r  =  n=0;    but   in 

every  other  case  will  be  two  independent  relations.  In  the  case  first  referred  to,  the 
modulus  is  arbitrary  and  M  is  rational. 

But  excluding  this  case,  the  equations  give 

B(mA  +  nB)  =  A{TA+sB), 
or,  what  is  the  same  thing, 

rJ.=  -{m-s)AB-nB'  =  0, 

an  equation  which  implies  that  the  mi>dulu8  has  some  one  value  out  of  a  set  of 
given  values.  The  ratio  A  :  B  oi  the  two  periods  is  of  necessity  imaginaiy,  and  hence 
the  integers  m,  n,  r,  s  must  be  such  that  {in  —  sy+nr  is  negative. 

The  foregoing  equations  may  be  written 

Un  ~^A+  nB  =  0, 

rA^(s^:^)B^O, 
whence  eliminating  A  and  B  we  have 


-i)( 
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that  is, 


and  consequently 


(l)-(">-)|- 


|  =  i(m  +  ,)+iV{,» 


where,  by  what  precedes,  the  integer  undei-  the   radical   sign   is   negative:   and   we   ha' 
thus  the  above  mentioned  theorem. 

As   a  very  general   example,   consider   the   two   rational   transformations 

z={if!,  u,  i>);   mod.  eq.  Q(u,  v)  =  0;       —  - 


y  —  {z,  V,  w);   mod,  eq.  P(v,  w)- 


Mdy dz 


viz.  z  is  taken  to  be  a  rational  function  of  x,  and  of  the  modular  fourth  roots 
■a,  v;  and  ^  to  be  a  rational  function  of  z,  and  of  the  modular  fourth  roots  v,  w; 
the  transformations  being  (to  fix  the  ideas)  of  different  orders.  "We  have  y  a  rational 
function  of  x,  corresponding  to  the  differentia,!  relation 

MNdy _d^__  _ 

'\/l—y^.l  —  w^y^     Vi  —  a^ .  1  —  wW ' 

Suppose  here  iv'^^u",  or  say  w^Ou,  0  being  an  eighth  root  of  unity:  we  then  have 
Q(u,  i')  =  0,  P^o,  Ou)  =  0,  equations  which  determine  u.     The  differentia!  equation  is  then 

MNdy 


an   equation  the  algebraical  integral  of  which   is  y  =  a  rational   function  of  x  as  above : 
hence,  by  what  precedes,  we  have 


a  halt- rational  immerical  value,  as  above. 

To  explain  what  the  algebraical  theorem  implied  herein  is,  observe  that  the 
equations  Q {u,  v)'=0,  P (v,  6u)  =  0,  give  for  w  an  algebraical  equation.  Admitting  6  as 
an  Eidjoint  radical,  suppose  that  an  irreducible  factor  is  tj>  («),  and  take  u  to  be 
determined  by  the  equation  0«  =  0 ;   then  v,  and   consequently  also  any  rational  function 

^jy-j.-r  of  u^  V,  can   be   expressed  as  a  rational  integral   function   of  u,  of  a  degree  which 

is  at  most  equal  to  the  degree  of  the  function  ^u  less  unity.  The  theorem  is  that, 
in  virtue  of  the  equation  0m  =  0,  this  rational  function  of  u  becomes  equal  to  a  half- 
rational   numerical   value   as  above.      Thus   in   a   simple    case,   which    actually   presented 

itself,   the   equation   i^m  =  0   was    tt"  —  iu  + 1  =  0 ;    and -^^^   had   the   value   M  — 2,   which 

in  virtue  of  this  equation  becomes  =  +  v  —  3. 
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Thus   if   the   second   transformation   be   the   identity   e  =  y,    w=-v,   if=l:    we   have 
v  =  6u;   and  the  equations  are 

'Vl—'f.l  —  u^y^      Vl  -  ic^  1,  —  u^a? 
In  particular,  if  the  relation  between  y,  x  be  given  by  the  cubic  transformation 


so  that  the  modular  equation  Q(j(,  v)  =  0  is  w*  — 1>*  + 2jhj{1  —  i(V)  =  0;  then,  writing 
herein  v=Ou,  and  taking  6  a  prime  eighth  root  of  unity,  that  is,  a  root  of  ^  + 1  =  0, 
we  have 

Q  (u,  du)  =  - 16"  11?  {0u''  +  6'  +  It') ; 

viz.  disregarding  the  factor  u^,  the  equation  for  u  is  u^+  dv?  +  ^■-  =  0 ;  or,  if  a  be  an 
imaginary  cube  root  of  unity  (w'^  +  m  +  1  =  0),  this  is  {u''— a>6){u'- ai^6)  =  ^;  so  that  a 
value  of  u^  is  ii^  =  —  m$. 

Assuming   then   ^  +  1=0,  v=du   and   ii?  =  -  ad,    we   have    {v  +  2i(=) v  =  &'m{'\  +  2<o), 

=  5'w(w-ffl');    '^ii^^w-w^;    ■""  =  0,=,    {v^%i<}')vvr^-m'{o}-m%    w«  =  w'^  =  -^;    and 

the  formula  becomes 


(«- 

-«•) 

ic  +  fw'a? 

1- 

»■(. 

.-t,')^- 

(' 

•i')dx 

whei-c  as  before  &)-  +  w+l  =  0,  a  result  which  can  be  at  once  veriiied.  We  have 
(ft)  —  w^)^  ==  —  3 ;  or  the  coefficient  a  —  ai^  in  the  difFerential  equation  is  =^-3,  which 
is  of  the  form  mentioned  in  the  general  theorem. 


We  might,  instead  of  z  =  y,  have  assumed  between  y  and  s  the  relation  cor- 
responding to  any  other  of  the  six  linear  transformations  of  an  elliptic  integral,  and 
thus  have  obtained  in  each  case,  for  a  properly  determined  value  of  the  modulus,  a 
cubic  ti-ansformation  to  the  same   modulus. 

Ca/r)ihridge,  10  April,   1877. 
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ON    SOME    FORMULiE    IN    ELLIPTIC    INTEGRALS. 

[From  the  Mailiematische  Annalen,  t.  xii.  (1877),  pp.  369 — 374.] 

I  REPRODUCE  in  a  modified  form  an  investigation  contained  in  the  memoir, 
Zolotareff,  "  Sur  la  methode  d'integration  de  M.  Tchebychef,"  Mathematische  Annalen, 
t.  V.  (1872),  pp.  560—580. 

Starting  from  the  quartic 

(a,  h,  c,  d,  e)  {(«,  1)',     =a,x  —  a.  x~  jB  .x~y  .x  —  Z, 

we  derive  from  it  the  quartic 

(au  h,,  c„  dj,  e,)ix„  iy  =  a^.a^,-a,.x,-0,.x,-y,.a:,-B,^ 

where,  writing  for  shortness 


>.  =  -«  +  ;3  +  7-S, 

^=     a-y3+7-S, 

>.=     a  +  B-j-S, 

roots  of  the  new  quartic  i 

iro 

«-=^-£' 

^"'-'i' 

0  being  arbitrary:    the   differences   of  the   roots   a,,  ^i,  ji,  S^  are,   it   will   be   observed, 
functions  of  the  diiferences  of  the  roots  a,  0,  7,  B. 
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We  assume  ai  —  a  —  1,  nevertheless  retaining  in  the  fonnulee  Oi  or  a  (each  mean- 
ing 1),  whenever,  for  the  sake  of  homogeneity,  it  is  convenient  to  do  so.  The  relations 
between  the  remaining  coefficients  b^,  Ci,  d^,  e^,  and  b,  c,  d,  e,  are  of  course  to  be 
calculated  from  the  formulae  — 46  =  2a,  6c  =  2a/3,  &c.,  and  the  like  formulsi  — 4&i  =  2a,, 
6ci  =  2ai/3i,  &c.     Wc  thus  have 

6^-66^  +  1^  S^+iSV, 
-4di  =  4^  +  |^=  X  ^  +  K2V  +  \\i>.v, 

where   2  ^  =■:—-■  2>-V. 


Wilting,  for  shortness. 


C  =  ac    —  i^, 

_£■  =  tt^e  -  ^a^hd  +  6a6=c  -  %¥  =  a-/  -  30, 

I  =ae  -ihd   +  3c', 

J  ==  ace —ad"     —Ifie      +2'bcd  —  d', 

^= — w — ' 


we   have 


2\      =-4(ft  +  S), 
XX"     =  -  48C, 
SX^    -     24C+8(!.  +  S)=, 
X/i»     -     32fl, 
2X>"=     61(-o'/+12C«), 
where  the  last  equation  may  be  verified  by  means  of  the  formula 
(2X;a)"  =  SXV  +  SX/iii  SX. 
And  we  hence  obtain 

a,  =     1, 

e  -  B, 

fl"  +  im  -   2C, 
■»"-3Bfl«+    6(79  -D, 
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And  consequently 

(a,,  &.,  cu  du  e,)(«i.  iy  =  0,  -B,  ~2C,  ~D,  0)(x,-e.  1)*. 
Hence   also 

7,  =  (S,e,  -  4&,<i,  +  3ci'  ==  -  ^BD  + 120^  =  a'l ; 

J,  =  a^c^e,  -  aA^  -  b,%  +  2b,c^d,  -  c/  =  -  D'  +8C'  -  iBOD 

=  -D'  +  SC"'  +  GSa?!  -  12C') 

where,  as  regards  this  last  equation  a?GI —  isO^- IP^a'J,  observe  that  G  and  D  ai-e  the 
leading  coefficients  of  the  Hessian  H  and  the  cubicovariant  ^  of  the  quartic  function 
JJ,  and  hence  that  the  identity  —  *'  =  >/f/°  — Jf7'H  +  4H',  attending  only  to  the  term 
in   a!*,  becomes  —  B^  =  a?J  ~  a^OI  +  iC^,  which  is  the  eijuation  in  question. 

We  thus  have  /,=  /,  Ji—J;  viz.  the  functions  {a,  b,  c,  d,  e){a;,  Vf,  (dj,  6,,  c,,  di,e^(Xi,  ly, 
are  linearly  transformable  the  one  into  the  other,  and  that  by  a  unimodular  substitution 
w,  =  pt);+a;  ^i  =  /j'ic  +  a-',  where  pa-'  —  p'tr  =  1.  It  may  be  remarked  that  we  have 
(a,  b,  c,  d,  e){ai,  iy  =  (l,  0,  0,  D,  E)(x  +  b,  1)';  and  hence  the  theorem  may  be  stated 
in  the  form:  the  quartic  functions  (1,0,  G,  D,  E){x,  1)*,  and  (1,  -S,  -20,  -D.  Q){x„  l)\ 
are  transformable  the  one  into  the  other  by  a  unimodular  substitution :  or  again,  sub- 
stituting for  E  its  value  a'l  —  SC,  =  —  4Si)  +  90',  the  quartic  functions 

(1,  0,  G.  D,  -iBD+QG^){x,  ly,  and  (1,  ~ B,  -20,  - D.  0)(x„  ly 

are  linearly  transfonnable  the  one  into  the  other  by  a  unimodular  substitution.  In 
this  last  form  B,  G,  D  are  arbitrary  quantiti^ ;  it  is  at  once  verified  that  the  invariants 
/,  J  have  the  same  values  for  the  two  functions  respectively ;  and  the  theorem  is  thus 
self-evident. 

Reverting  to  the  expressions  for  a,,  j3,,  71,  Si  we  obtain 

"■-^'-fx'   "■-'■"v.*"     '''■    -     ..-a.     ■ 

Hence  also 

o;-S.^-7,     ;3-S.7-a,     7  -  g  .  „  - /3 
=  «i-S,./3,-7„     /3i-S,.7,-ai,    7,-S,.ai-A> 
which  agrees   with   the   foregoing  equations  1^=1   and   Ji  =  J,   since   /,  J  are   functions 
of  the  first  set   of  quantities   and  /„  J^   the   like  functions   of  the  second  set ;   in   fact, 
/  =  g^j(P=+QM--S?).  and  J=^^{Q-B){R-P){P~q),  if  for   a  moment  the  quantities 
are  called  P,  Q,  R. 

c.  X.  19 
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'v; 


dx 
We  consider  now  the  differential  expression  -. ■—  ;    to  transform 


this  into  the  elliptic  form,  assume 

y—  a..  ^  —  S'  J  —  S' 

(where  a  is  of  course  not  the  coefficient,  =1,  heretofore  represented  by  that  letter: 
as  a  will  only  occur  under  the  functional  signs  sn,  en,  dn,  there  is  no  risk  of  ambiguity). 
And  then  farther 

a  sn^  M  —  S  sn^  a 


snHt-m'a    ' 

Forming  the  equations 

Jfc=sn=a.=  - 

deduee  without  difficulty 

sn= 

_y~a       snMt  _  a;  -  S 

cn^ 

_a-S       cn^M      x-y 

dn= 

^^a-S_    drf„^»-<3^ 

1-4=  sn' 

(a-S)(-a  +  ,3  +  ,-8)        X(.-S) 

/3-S.-/-S              /3-S.y- 

the  use  of  which  last  equation  will  presently  appear. 
We  hence  obtain 

2  sn  M  en  it  dn  M  (^!(  =  —  (a  -  S)  sn'  a  -j-- 


M  en  ii  da  w       =     sn  «  en  «  dn  i 


Vie  —  a 


cn  a  dn  a    'Jx-a,x~^  .x 


or,  reducing  the  coefficient, 


which  is  the  required  formula. 
We  next  have 

{l-lif&n'a'f  V  7,-5,' 
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in  virtue  of  the  foregoing  values 

r./,-a,  =  ^(/3-S)(7-«)  and  7,-S,  =  |^. 

Moreover 

is _ _ a-j3-7-^ _  _ '^i^Z^i^izll 
7-a.j9-S~     7i-a,./9i~S/ 

Hence   the  like   fonmjlat   Avith   the   same   value   of  k^,   and   with    2a  in   place   of  a,  will 
lie  applicable  to  the  like  diiferenbial  expression  in  asi :   viz.  asauming 

_  a,  sn^  w,  —  Si  s 


i"  M,  —  an°  2a 
we  have 

da:,  -2 


ViBi  —  Oi .  iK,  —  ^1  .  iC,  —  7]  .Wi  —  S^       V7,  —  «!  .  /3i  —  S, 

We  have  thus  the  integral  of  the  differential  equation 

dwj  _  dx 


•/xi  —  a,  .iCi  —  /9].iC,  —  Ti.iC,— 5i      '^a:  —  a.cc  —  ^.!);~'y.ai  —  S 

{the  two  quartic  functions  being  of  course  connected  as  before);  viz.  assuming  x,  x, 
functions  of  u,  Wj  respectively  as  above  and  recollecting  that  71 -a,./3i  —  81=7 -a.  ;S  — S, 
we  have  (fc,  =  dtt ;  and  therefore  u^  =  w  +/  (/  an  arbiti-ary  constant) ;  the  required 
integral  is  thus  given  by  the  equations 

sn^ M     x-B      sn'  (u  +/)     aj,  - Sj      ,  j-  . .  ..    ^    e  ■  ^        ..■     \ 

— r— = — -~;    \n        ^ ;    (f  the  constant  01  mtepration). 

sn=  a     ai~  (X  sn=  2a         ic,  —  a, '     ^■'  °  ' 

Using  the  formula 

,        ,  sn"  M  —  stfy 

^       ■'        anwcnydny"— snycnit  dnw' 
we   obtain 

[(»-8)sn-»~(»-a)3nVl- 


'*i  — Oi  iV^^  a .  a;  —  S  sn  a  cn_/^dn/  —  ViC  —  >3 .  a:  —  7  en/cn  a dn  a]' ' 

which  is  the  general  integral. 

We   obtain   a  particular   integral    of   a   very   simple    form    by   assuming  /=a,   viz. 
this   is 

cc,-a,  cn^adn'a  \'\/x-a.x~B-^x~^.x-'y]^ 

this  is 

iCi  —  Si  7i  —  «!  _  7  —  a .  yS  —  S 

a^i  —  «i  7i ~ ^1      { ViC  —  a.;E  —  8  —  Vai— yS.a;  —  7}'' 
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or  writing  7  — 0.^  —  8  =  7,  — ai./3i—Sj,  reducing  and  inverting,  we  have 

which  may  also  be  written  in  the  equivalent  forms 


Xi—  S, 


^{'Jx-r,.x-t~^x-a.x-^}\ 


a,  -  S,     a,  -  S, .  j3,  -  Si  ^ 
In  fact,  from  the  iirst  equation  we  have 

where  the  expression  on  the  right-hand  side  is 

X  having  here  the  value 

X  =  a:  —  a,.x  —  ^.a>—<^.x  —  h. 
Writing  for  a  moment 

P  =  aS  +  /37,         P,  =  Oi  S.  +  /3,7i , 

Q=^8  +  70:,  a=/3i8,  +  7,  K„ 

J2  =  78  +  a^,        E,  =  7,  S,  +  a,  ^, , 

then,  by   what  precedes,   Q,- R„    -K,-P„    P,-Qi   are    equal    to    Q-R,   R-P,   P-Q 

respectively;   that  is,  P,-P=  Q,  -  Q  =  fi,-P,   =  (suppose)  il,  a  function  symmetrical  in 
regard  to  a,,  ySi,  7,;   a,  ^,  7:   the  equation  therefore  is 


-  7,)  -  2;c^  +  « (a  +  ;S  +  7  +  8)  +  2  VX  +  Jl, 

or  the   relation   is  symmetrical   in   regard   to   a,,   ;8„   7,;   a,    ^,   7:    and   the    iirst   form 
implies  therefore  each  of  the  other  two  forms. 

Cambridge,  8  May,  1877. 
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A    THEOREM    ON    GROUPS. 

[From  the  Mathematische  Annaleii,  t.  xiir,  (1878),  pp.  561 — 56.5.] 

The  following  theorem  is  very  simple ;  bub  it  seems  to  belong  to  a  class  of 
theorems,  the  investigation  of  which  is  desirable. 

I  consider  a  substitution-group  of  a  given  order  upon  a  given  number  of  letters ; 
and  I  seek  to  double  the  group,  that  is  to  derive  from  it  a  group  of  twice  the  order 
upon  twice  the  number  of  letters.  This  can  be  effected  for  any  group,  in  a  manner 
which  is  self-evident  and  in  nowise  interesting :  but  in  a  different  manner  for  a 
Gormnutative  group  (or  group  such  that  any  two  of  its  substitutions  satisfy  the  condition 
AB  =  BA):  it  is  to  be  observed  that  the  double  group  is  not  in  general  commutative. 

Let  the  letters  of  the  original  group  be  abode ...,  we  may  for  shortness  write 
U=ahcde ..,;  and  take  U  as  the  primitive  arrangement:  and  let  the  group  then  be 
1,  A,  B,...  where  A,  B, ...  represent  substitutions:  the  corresponding  arrangements  are 
U,  AU,  BU,...  and  these  may  for  shortness  be  represented  by  1,  A,  B,...;  viz. 
1,  A,  B, ...  represent,  properly  and  in  the  fiist  instance,  substitutions;  but  when  it  is 
explained  that  they  represent  arrangements,  then  they  represent  the  arrangements 
U,  AU.  BU,.... 

For  the  double  group  the  letters  are  taken  to  be  aJ>iCid,ei...  and  a^b^c^es..., 
=  U  and  U  suppose,  and  U,Ui,  is  regarded  as  the  primitive  arrangement;  Ai  and  A^ 
denote  the  same  substitutions  in  regard  to  Ui  and  U-^  respectively,  that  A  denotes  in 
regard  to  U:  and  so  for  Bj,  B^,  etc.;  moreover  12  denotes  the  substitution  (OjOa) 
(&i6a)  (ciCa)  (didi)  (eifis) .,.,  or  interchange  of  the  suffixes  1  and  2,  The  substitutions 
Aj,  Ai,  or  any  powers  of  these  A,',  Af,  are  obviously  commutative;  applying  them  to 
the  primitive  arrangement  UJJ^,  we  have  A^AfU-JJ^  and  A^A-^UJJ^  each  =A^UiA^Uz. 
But  Ai"-,  A/  are  not  commutative  with  12:  we  have  for  instance  12A,'^ .  UjU^ 
=  12A,-U,.U,^A,'U,.U„  but  A,'12U,U,  =  A,-^.U,U,=  U,.A,'U,.  If  instead  of  the 
substitutions  we   consider   the   arrangements   obtained    by  operating   upon   U,U.i,  then  we 
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may  for  shortness  consider  for  instance  A-^A^  as  denoting  the  arrangement  AiU-i.AJJ^. 
But  observe  that  in  this  use  of  the  symbols  the  A^,  A^  are  not  commutative,  A^Ai 
would  denote  the  diiierent  arrangement  A^U^.AiU,:  in  this  use  of  the  symbols,  1 
would  denote  U,Us,  and  12  would  denote  U^Ui,  but  it  would  be  clearer  to  use  12,  21 
as  denoting  UiU^  and  UiUi  respectively. 

These  explanations  having  been  given,  I  remark  that  in  every  ease  the  substitution- 
group  1,  A,  B,...  gives  the  double  group 

1,         A^A,„        B,B.,... 

12,     12^,^,,     12S.A, -.. 

as  is  at  once  seen  to  be  true:  but  further  when  the  original  group  1,  A,  B,  ...  is 
commutative,  then  if  m  be  any  integer  number,  such  that  m"  s  1  (mod.  the  order  of 
the  original  group),  we  have  also  the  double  group 

1,         Ai^A         B,Br,... 

12,     12-(l,.4r.     125,52'",... 

where  of  course  if  the  order  of  the  original  group  (=/:*  suppose)  be  prime,  we  have 
m=l  or  else  m=  — 1  (mod.  /i),  say  m  =  l  or  ^  —  1;  but  if  the  order  /i  be  composite, 
then  the  number  of  solutions  may  be  greater. 

The  condition  in  order  to  the  existence  of  the  double  group  of  course  is  that, 
in  the  system  of  substitutions  just  written  down,  the  combination  of  any  two  sub- 
stitutions may  give  a  substitution  of  the  system.  And  this  is  in  fact  the  case  in  virtue 
of  the  formula 

1".         ^,^™.      B^B^  ^  A,B,{A^B^r, 

2°.         A,A^^ .  12B,53«'  =  12J.,™5,  (^a^B^)™, 

3°.     I'lA.Ar  .      BA™  =  12  {A,B,)  (^,B,)™, 

r.     l2A,Ar  ■  125,Ss"'  =  -^rB,  (Ab^Bj)™, 

inasmuch  as  1,  A,  B, ...  being  a  group,  AB  and  A^B  are  each  of  them  a  substitution 
of  the  group,  =C  suppose;  we  have  of  course  in  like  manner  A,B,  =  C\,  AsBs  =  Gi, 
etc.,  and  the  right-hand  sides  of  the  four  formulse  are  thus  of  the  forms  CjC^, 
l^GjG^,  12GiCi^,  GiG^  respectively,  viz.  these  arc  substitutions  of  the  system. 

To  prove  for  instance  the  formula  2°,  considering  the  arrangements  obtained  by 
operating   upon    U-JJi,  we   have 

B,B^"'U^ir^=  B,BC",  12B,B,'"'ir,U^  =  B.B^'",    A,Ar  l2B^BrU',U^  =  A^'^B,  AA'", 

where  of  course  the  expressions  on  the  right-hand  side  denote  arrangements.  By 
reason  that  the  original  group  is  commutative  (A™B)™  is  ^A^'B'"  or  since  m' =  1  (mod.  y:*) 
this  is  =AB™;  hence  also  {A^'^B^f^'^A^B^™:  hence,  considering  as  before  the  arrange- 
ments obtained  by  operating  on   (7i(7j,  we  have 
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(A^B,)'^  U,U,=  1,  AA"";  ArBriA.^'B,)^  U,U,=  A.'^B.A.Br, 
and 

12  ArB^iArB.yU.U.^ArB.A^B^'^, 

where  of  course  the  right-tiaiid  sides  denote  arrangements.  Hence  in  the  formula  2", 
the  two  substitutions  operating  on  U^U-,  give  each  of  them  the  same  ai'rangement 
A.^'^B^AiBi'"',  that  is,  the  two  substitutions  are  equal.  And  similarly  the  other  formulEe 
1",  3°,  4°  may  be  proved. 

By  interchanging  A  and  B,  in  the  formula;  I  obtain 


1". 

AA" 

.      ftft- 

=    A,BMAr; 

BA" 

.    a,a;' 

•-     B,A,(B<A,y'  =  A,B,(A,B,y, 

which  ia 

-     A,A.r.B,B.;'; 

2"  and  3°. 

A,A,- 

.  12ftft~ 

=  12^,^-B,  (As^ft)™ ; 

UB,B,' 

.     A^A," 

=  12B,4i  (B^A^y  =  12^ift  (A^B.y, 

which  is  not 

-     A,AJ'.lW,Bf; 

3°  and  2°. 

liA,A;' 

.      B,Br 

~UA,B,(A,B,-l'>; 

Aft"  , 

12A,A," 

•  =  UA,B,"(A,B,-)-=12A,B,-  A,'B„ 

which  is  not 

-  liA,A,-  .  B,B,' ; 

4". 

124,^," 

.  UB,Br 

-      ^,»ft{^.'"ft)"! 

12i),B," 

.  12A,A,-' 

•  =     A,Br  (4,ft-)"  -  (^,-5,)"  AfB,, 

=  12A,^2™.12B,£s"'. 

That  is,  in  the  double  group  any  two  substitutions  of  the  form  A^A^™  are  commutative, 
but  a  substitution  of  this  form  is  not  in  general  commutative  with  a  substitution  of 
the  form  12BiBs'",  nor  are  two  substitutions  of  the  last-mentioned  form  12AjA^"'  in 
general  commutative  with  each  other;  hence  the  double  group  is  not  in  general 
commutative. 

In  the  formula  i",  writing  B  =  A,  we  have 

hence,  if  X  is  the  least  integer  value  such  that 

\(m+l)^0  imod.fi). 

we  have  (12^,^2'")^  =  1,  viz,  in  the  double  group  the  substitutions  of  the  second  row 
are  each  of  them  of  an  order  not  exceeding  2X,  the  substitution  12  being  of  course 
of  the  order  2.  In  particular,  if  m  =  ^  —  1,  then  \  =  1 :  and  the  substitutions  of  the 
second  row  are  each  of  them  of  the  order  2. 


Hosted  by 


Google 


152  A    THEOREM   ON   GROUPS.  [65i» 

As  the  most  simple  instance  of  the  theorem,  suppose  that  the  original  group  is 
the  group  1,  (abc),  (ach),  or  say  1,  0,  0",  of  the  ejclical  substitutions  upon  the  3  letters 
abc.  Here  TO^  =  l(mod.  3)  or  except  m  =  l  the  only  solution  is  m=2,  and  thence 
X  =  l.  The  double  group  is  a  group  of  the  order  6  on  the  letters  aibido^biC^:  viz. 
writing  &  =  (abe),  and  therefore  0i  =  (aii,Ci),  ®,^  =  (aie,b,),  0g=(aa&5C,),  &3^  =  i(hc%K),  also 
writing  12  =  a,  the  substitutions  are 

1,  ©j03^  0,^0s. 

a,     a©,03=,     00,^0,, 

the  arrangements  corresponding  to  the  second  row  of  substitutions  ai'e  a^b^CiaibiCi, 
b^da^Ciaibi,  c^a^b^biCiai,  viz.  the  substitutions  are  {<ii<J'i){b\b^ic,Ct),  (flih^{biC^{Ciai), 
(aiCj)(6iffl2)(c,6^),  each  of  them  of  the  second  order  as  they  should  be. 


I  take  the  opportunity  of  mentioning  a  fui-ther  theorem.  Let  fi  be  the  order  of 
the   gi'oup,  and   a   the   order  of  any  term   A    thereof,   a   being  of  course   a   submultiple 

of  fi:  and  let  the  term  A  be  called  quasi-positive  when  /til j  is  even,  quasi- 
negative    when    ^fl ]    is    odd.     The    theorem    is    that    the    product    of    two   tjua-si- 

positivc   terms,  or  of  two   quasi-negative   terms,  is   quasi-positive;  but  the  product   of  a 

quasi-positive   term   and   a   quasi-negative  term   is   quasi-negative.  And   it  follows  hence 

that,  either  the  terms  of  a  group  are  all  quasi- positive,  or  else  one  half  of  them  are 
quasi-positive  and  the  other  half  of  them  are  quasi-negative. 

The  proof  is  very  simple ;  a  term  A  of  the  group  operating  on  the  ^  terms 
(1,  A,  B,  G,...)  of  the  group,  gives  these  same  terms  in  a  different  order,  or  it  may 
be  regarded  as  a  substitution  upon  the  /j.  symbols  1,  A,  B,  C,  ...;  so  regarded  it  is 
a   regular   substitution   (this  is   a  fundamental  theorem,  which   I   do   not  stop  to  prove), 

and  hence  since  it  must  be  of  the   order   a   it   is  a   substitution  composed  of  -   cycles, 

each  of  a  letters.  But  in  general  a  substitution  is  positive  or  negative  according  as 
it  is  equivalent  to  an  even  or  an  odd  number  of  inversions;  a  cyclical  substitution 
upon   a    letters    is    positive    or    negative    according   as   a  —  1   is   even   or  odd ;    and  the 

substitution    composed    of    the   -    cycles  is   positive   or  negative    according  as   -(a  — 1), 

that  is,  fj-il 1,   is   even   or  odd.     Hence    by   the    foregoing    definition,   the   terra  A, 

accoi-ding  as  it  is  quasi-positive  or  quasi-negative,  corresponds  to  a  positive  substitution 
or  to  a  negative  substitution;  and  such  terms  combine  together  in  like  manner  with 
positive  and  negative  substitutions. 

Cambridge,  Srd  April,  1S78. 


Hosted  by 


Google 


660] 


660. 

ON    THE    CORRESPONDENCE    OF    HOMOGRAPHIES    AND 

ROTATIONS. 

[From  the  Maih&matische  Annalen,  t.  xv.  (1879),  pp.  238 — 240.] 

It  is  a  fundamental  notion  in  Prof.  Klein's  theory  of  the  "  Icosahedron "  that 
homographies  correspond  to  rotations  (of  a  solid  body  about  a  fixed  point):  in 
such  wise  that,  considering  the  homographies  which  correspond  to  two  given  rotations, 
the  homography  compounded  of  these  corresponds  to  the  rotation  compounded  of  the 
two  rotations. 

Say  the  two  homographies  are  A  +  Bp+ Cq  +  Dpq=0,  A,  + Btq  +  C,r  + D,qr  =  0, 
then,  eliminating  g,  the  compound  homography  is  A^  +  B^p  +  G^r-i- Diipr=0,  where 

A„  B„  C.  D^  =  BrA-A,G,  B^B-A^B,  D,A-C,0,  D,B-G,D; 
and  the  theorem  is  that,  corresponding  to  these,  we  have  rotations  depending  on  the 
parameters  {X,  /i,  v),  (X,,  fi^,  p^),  (X^,  /tg,  v^)  respectively,  such  that  the  third  rotation 
is  that  compounded  of  the  iirst  and  second  rotations.  The  question  arises  to  find  the 
for  the  parameters  of  the  homography  in  terms  of  the  parameters  of  the 
;  rotation. 

The  rotation  (X,  /i.,  v)  is  taken  to  denote  a  rotation  through  an  angle  &  about 
an  axis  the  inclinations  of  which  to  the  axes  of  coordinates  are  /,  g,  h,  the  values 
of  X,  fi,  V  then  being  =tan-|^^cos_/  tan^^cos^r,  tan^^eosA  respectively:  (X,,  fiy,  p,) 
and  (Xs,  fi2,  pi)  have  of  course  the  like  significations;  and  then,  if  (X,  /j.,  v)  refer  to 
the  first  rotation,  and  (Xi,  fi,,  vj)  to  the  second  rotation,  the  values  of  (Xj,  /tg,  v^ 
for  the  rotation  compounded  of  these  are  taken  to  he*: 

Xtj  =  X  4-  V  +  /^"i  —  /J-i", 

^=^  +/Al+  I'Xi  —  v,\, 

p^  =  V  -y  V,  +  X^i  —  X,(U, 

*  Th<^  numprakis  mi  ht  eiuaily  wdl  1  a  e  he  n  X  +  Xj- (/i  -f,)  tc  but  there  la  no  e  aential  dilfeien  e 
le  past  from  onu  set  of  foiraultB  to  the  otbei  b>  reveiaing  the  nigas  ot  all  the  Bymbol"!  and  henne  H 
properly  fising  the  Bense  of  the  lotationa  the  sigHR  may  be  made  to  be  +  is  in  the  text  Assuming  thi-i 
to  le  so  if  we  then  reverse  the  ordei  of  the  oomjoiient  rotat  oiif.  'ne  have  for  the  new  compoind  rotation 
the  lilte  formula  with  the  signs  -  uiBtaad  of  +  but  this  m  pa'^'iins  The  foimils  Mitualh  die  t 
Bolngues  aie  gi\6n  in  my  piiet  On  the  mtti  n  ol  rotatiu  i  cl  a  olil  b  dy  Gi  ih  M/iil  !  d 
t    m    (1843)    [11 

C.  X.  20 
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each  divi(3e(3  by 

1  —  X\  —  fL/i-i  —  vvi ; 

.and  if  we  then  write  for  X,  /t,  v,  the  quotients  x,  y,  z  each  divided  by  w,  and  in 
like  manner  for  Xi,  ^i^,  v^  and  Xj,  ^2,  v^,  the  quotients  a;,,  i/^,  z^  each  divided  by  Wi, 
and  a-'j,  7/5,  s^  each  divided  by  w^,  the  formulae  for  the  composition  of  the  rotations  are 

a^  =  asw-i  +  ic^v}  + 1/^,  —  i/j2. 


.and  the  question  is  to  express  A,  B,  (1,  D  as  functions  of  {x,  y,  z,  w),  such  that 
Ay,  Bi,  Gj,  D,  denoting  the  like  functions  of  (x^,  y^,  z-i,  Wi),  A^,  B.^,  0^,,  D^  shall 
denote  the  like  functions  of  {x^,  y.^,  s.^,  Wj). 

It  is  found  that  the  required  conditions  are  satisfied  by  assuming 
A,  B,  0,  D  =  im-y,     -iz  +  w.     -iz-tu,    -ix-y, 
'(where  i  =  V—  1  as  usual) ;    in  fact,  we  then  have 
A^  =  B,A-A,G 

=  (-  iz,  +  wO  {ix  -y)-  (ia:,  -  y,)  (-  iz  -  w) 

=  i{xWi-\-  iCjiy  +  yzi  —  yis) ~ (ywi -i- yiw  +zxi—  z^x) 

=  — l/a  +  is!;, 
as  it  should  be :   and  we  verify  in  like  manner  the  values  of  B~,  0^  and  A  respectively. 
The  result  consequently  is  that  we  have  the  homography 

{ix~y)  +  {—iz+  w)p  +  (~  ie -■  v;)  q  ■{-(■-- ix  ~  y)  pq  =  0 

■corresponding    to    the    rotation    ( - ,    - ,    - 1  ;    where   - ,    -  - ,    -    are    the   parameters    of 

'^  °  \W       W       Wj  W       W       'IV  -^ 

rotation,  tau-^^cos/,  tan  ^^  cos  ^,  tan  ^S- cos  A, 

I  remark  aa  regards  the  geometrical  theory  that,  if  we  consider  two  lines  J  and  K 
fixed  in  space,  and  a  third  line  L  fixed  in  the  solid  body  and  moveable  with  it ; 
then,  for  any  given  position  of  the  solid  body,  the  three  lines  J,  K,  L  are  directrices 
of  a  hyperboloid,  the  generatrices  whereof  meet  each  of  the  three  lines :  and  these 
generatrices  determine,  say  on  the  fixed  lines  J  and  K,  two  series  of  points  corresponding 
homograph ically  to  each  other:  that  is,  corresponding  to  any  given  position  of  the 
solid  body  we  have  a  homography.  But  it  is  not  immediately  obvious  how  we  can 
thence  obtain  the  foregoing  analyticEd  formulie. 

Gmnhndge,  3  April,  1879. 


Hosted  by 


Google 


661] 


661. 

ON    THE    DOUBLE    ^-FUNCTIONS. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  ix.  (18781,  pp.  29,  30.] 

PeoF.  Gayley  gave  an  account  of  researches*  on  which  he  is  engaged  upon  the 
double  ^--functions.  In  regard  to  these,  he  establishes  in  a  strictly  analogous  manner 
the  theory  of  the  single  'i- functions,  the  process  for  the  single  functions  being  in  fact 
as  follows : — Considering  m,  w  as  connected  by  the  differential  relation 


'/a  —  x.b  —  x.c  —  te.d  —  ic 

then,  if  A,  B,  G,  D,  il  denote  functions  of  m,  viz.  for  shortness,  the  single  letters  arc 
used,  instead  of  writing  them  as  functional  symbols,  A  (it),  B  {u),  &e.,  then,  by  way  of 
definition  of  these  functions  (called,  the  first  four  of  them  S-functions,  and  the  last 
an  M-function),  we  assume 

A,  B,  0,  D^d'^a^^,  nV&^^,  fiV^^^,  nVd^ 

respectively,  together  with  one  other  equation,  as  presently  mentioned.  Without  in  any 
wise  defining  the  meaning  of  il,  we  then  obtain  a  set  of  equations  of  the  form 


ASB-  BBA  =  a=  Vc  -  a; .  d  -  ic  8w, 

(mere  constant  coefticients  are  omitted),  or,  what  is  the  same  thing, 

ABB-BBA^CDBu, 

which  are  differential  equations  defining  the  nature  of  the  ratio-functions  A  :  B  :  G  :  D. 
If,  proceeding  to  second  differential  coefficients,  we  attempt  to  form  the  expressions  for 
Ai'A  —(BA)-,  &c.,  these  involve  multiples   of  ilS'fl  —  (&il)= ;    in   order   to   obtain   a   con- 
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venieiit  form,  we  assume  ilSr'il  —  (Bilf  =  iPM  (Suf,  where  M  is  a  function  of  x.  We 
thus  obtain  an  equation  AS^A  —  (_BAy  —  iV%{Buy,  where  the  value  of  21  depends  upon 
that  of  M.  The  value  of  M  has  to  be  taken  so  as  to  simplify  as  much  as  may  be 
the  expression  of  21,  but  so  that  M  shall  be  a  symmetrical  function  of  the  constants 
a,  b,  c,  d:  this  last  condition  is  assigned  in  order  that  the  like  simplification  may 
present  itself  in  the  analogous  relations  BB^S  —  (BBy  =  Ii^33  {Buf,  &c.  The  proper 
expression  of  M  is  found  to  be 

3/  =  -  2ic=  +  a--  (tt  +  6  +  c  +  (i)  +  a^  +  6^  +  c'  +  (i"  -  26c  -  2c«  -  2ab  -  2ad  -  2bd  -  2cd, 

viz.  M  having  this  value,  the  one  other  equation  above  referred  to  is 

fis^ii  -  (Bay = a=M(Buy ; 

and  we  then  have  a  system  of  four  equations  such  as 

A^A-(BAy  =  a^^{&u.y, 

where  91  is  a  linear  function  of  x,  and  where  consequently  Il^'St  can  be  expressed  as 
a  linear  function  of  any  two  of  the  four  squares  A\  B",  C^,  D^. 

To  establish   the   connexion   with   the   Jacobian    H  and  ^   functions,  the  differential 


Vx.l  —  x  .1  —  k^x ' 

viz.   we   have   here   <?  =  ao ,  and   to   adapt   the   formulse   to  this  value   it   is   necessary  to 

write   -7j   instead   of    u,   and   make   other   easy  changes.     The    result   is   that   fi   differs 

from    i>    by  a    constant  factor  only,  so  that,  instead  of  the  five  functions  A,  B,  G,  D,  il, 

we   have   only   the   four   functions   A,   B,    G,   D.     The  equation   IiS^Xi-(5];i)=  =  flW(Sw)= 

is  replaced  by  an  equation  DBI'D  -  {BDf  =  D"^  {Bu)\  or  say  P  (log  Z))  =  ®  {Buf,  which 
gives  a  result  of  the  form 

showing  that  D  differs  from  Jacobi's  0  {iC)  only  by  an  exponential  factor  of  the  form 
G^^.  And  it  then  further  appears  that  A,  B,  G  differ  only  by  factors  of  the  like 
form  from  the  three  numerator  functions  H  (u),  H  (u  +  K),  ©  (w  +  K),  so  that,  neglecting 
constant  factors,  the  functions 

^     ?     ^   are   ecml   to   "i"*       "<"  +  ■?>       ®  («+5 . 

that  is,  to  the  elliptic  functions  sn  u,  en  u,  dn  u. 
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ON     THE     DOUBLE     e-FUNCTIONS     IN     CONNEXION     WITH     A 
IG-NODAL    QUAKTIC    SURFACE. 


[From  the  Journal,  filr  die  reine  und  angewandte  MatkeiiWjtik  (Grelle),  t.  LXXXIII.  (1877), 
pp.  210—219.] 

I  HAVE  before  me  Gopel's  memoii-,  "  Tbeoriae  transcendentium  Abelianarum  primi 
ordinis  adumbratio  ievis,"  Crelle's  Journal,  t.  xsxv,  (1847),  pp.  277 — 312.  Writing 
i-"..  £\.  Pi,  etc.,  in  place  of  his  P',  P",  P"',  etc.,  also  a,  jS,  j,  S,  X\  Y',  Z' ,  W,  in 
place  of  his  t,  u,  v,  w,  T,  U,   V,   W,  the  system  of  16  equations  (given  p.  287)  is 

S)  (i'.  ¥',  Z',  F'), 

-  8)  (Z',  T,  Z',  W). 

-  8)  {T,  r,  Z',  W), 
S)  (A",  F',  Z',  M"), 
7)  (X',  Y;  Z',  W"), 

-  i)  (X',  r,  z',  B"), 

-  i)  (Z',  Y',  Z',  F'), 
7)  (Z',  F',  Z',  W), 
(9)  (X',  F',  Z\  W\ 

~  H)  (Z',  F-,  Z',  F'), 

-  fi)  (Z',  F,  Z',  F'), 
/3)  (Z',  F',  Z',  F'), 
»)  (Z',  F-,  r,  F'), 

-  «)  (Z-,  F',  2',  F'), 

-  »)  (Z',  F',  Z',  F'), 
a)(Z',  F',  Z',  F'); 


(1)  p-=(» 

-/5 

(1)     P,'  =  (a 

;i) 

(9)     P.'  =  (« 

-(3 

(12)     P.--{« 

(3 

(3)     «■  =(/S 

-  a 

(2)     ft' =((3 

" 

(11)     e,'  =  (/3 

-  a 

(10)     (i.'-O 

« 

(13)     iJ"  =  (7 

-8 

(16)     ii,'  =  (7 

8 

(5)     iJ,'-(7 

-8 

(8)     *-(7 

8, 

(15)     S"  =(8 

-7 

(14)     S,--(8 

7 

(7)    »  =  (8 

-  7, 

(6)     «.'.(8 

7. 
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viz.  we  have  P'  —  aX'  —  ^Y'—'iZ'-^-^W,  etc.  The  reason  for  the  apparently  arbitrary 
manner  in  which  I  have  numbered  these  equations,  will  appear  further  on.  I  recall 
that  the  sixteen  double  ©-functions,  that  is,  ©-functions  of  two  arguments  u,  vf,  are* 


p,  p„ 

-P., 

-P., 

iQ,    ft, 

iQ„ 

a, 

iB,  iB„ 

B,. 

M„ 

s,  <■«., 

«, 

S„ 

the  factor  i,  =  V— 1,  being  introduced  in  regard  to  the  six  functions  which  are  odd 
functions  of  the  arguments.  But  disregarding  the  sign,  I  speak  of  P',  Pi=,  ... ,  Q=,  etc., 
as  the  squared  functions,  or  simply  as  the  squares;  a,  /3,  7,  S  are  constants,  depending 
of  course  on  the  parameters  of  the  ©-functions ;  X',  Y',  Z' ,  W,  which  are  however 
to  be  eliminated,  are  themselves  ©-functions  to  a  different  set  of  parameters:  the 
16  equations  express  that  the  squared  functions  P^,  P^,  etc.,  are  linear  functions  of 
X',  Y',  Z\  W,  and  they  consequently  serve  to  obtain  linear  relations  between  the 
squai-ed  functions:  viz.  by  means  of  them,  Gopel  expresses  the  remaining  12  squares, 
each  in  terms  of  the  selected  four  squares  Pj,  P^,  Si,  S^,  which  are  linearly  inde- 
pendent :  that  is,  he  obtains  linear  relations  between  Ave  squares,  and  he  seems  to 
have  assumed  that  there  were  not  any  linear  relations  between  fewer  than  five  squarea 

It  appears  however  by  Eosenhain's  "M^moire  sur  les  fonctions  de  deux  vaiiables 
et  il  quatre  p^riodes  etc.",  M^m.  Sav.  Etrangers,  t.  xi.  (1851),  pp.  .364 — 468,  that 
there  are,  in  feet,  linear  relations  between  four  squares,  viz.  that  there  exist  sixes  of 
squares  such  that,  selecting  at  pleasure  any  three  out  of  the  six,  each  of  the 
remaining  three  squares  can  be  expressed  as  a  linear  function  of  these  three  squares. 
Knowing  this  result,  it  is  easy  to  verify  it  by  means  of  the  sixteen  equations,  and 
moreover  to  show  that  there  are  in  all  16  such  sixes ;  these  are  shown  by  the  following 
scheme  which  I  copy  from  Rummer's  memoir  "  TJeber  die  aigebraischen  Strahlensysteme 
u.  s.  w."  Berlin.  Ahh.  (1866),  p.  66:   viz,  the  scheme  is 


1 


10       11       12       13       14       15 


16 

1 

2 

3 

12 

5 

6 

7 

1 

le 

lo 

14 

2 

15 

16 

13 

3 

14 

13 

16 

12       1;}       14       15 


13       12       11       10 


16 


.  the  fisutflB  here  v 


01,     03,    31,    23, 
10,     13,     30,     32, 


11,     13,     ; 

Sxes  of  his  S 


■functions.  00  =  &j^„(ij,  iu). 
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In  fact,  to  show  that  any  four  of  the  squares,  for  instance  1,  9,  13,  8,  that  is, 
P^,  Pi,  H?,  Rg^,  are  linearly  connected,  it  is  only  necessary  to  show  that  the  determ- 
inant of  coefficients 

-/3,    -7,        S 


7. 


is  =  0,  or  what  is  the  same  thing,  that  there  exists  a  linear  function  of  the  new 
variables  (X,  F,  Z,  W),  which  will  become  =  0  on  putting  for  these  variables  the  values 
in  any  line  of  this  determinant :    we  have  such  a  function,  viz,  this  is 

or  say 

[1]     (0,  a,  -8,  -y)iX,   F,  Z,   W). 

This  function  also  vanishes  if  for  (X,  Y,  Z,   W)  we  substitute  the  values 


which  belong  to  7,  6,  that  is,  S.^^  and  , 
13,  8,  7,  6,  that  is,  P',  P/,  H?,  -B/,  5^= 
property  in   question.      I   remarii   that   the 


3^  respectively.     It    thus    appeai-s    that    1,   9, 
jS/,    are    a    set    of    six   squares    having    the 


of   forming    the   linear   functions   is 
and  thence  directly  obtain  the  result,  thus 


'ery  simple  one ;   we  write  down 


viz.  0,  a,  B,  7  are  the  letters  not  previously  occurring  in  the  four  columns  respect- 
ively: the  first  letter  0  is  taken  to  have  the  sigri  -I-,  and  then  the  remaining  signs 
are  determined  by  the  condition  that,  combining  the  last  line  with  any  line  above  it 
(e.g.  with  the  line  next  above  it  ^S -^-ixj -B^  —  ya),  the  sum  must  be  zero. 

We  iind  in  this  way,  as  the  conditions  foi'  the  existence  of  the  16  sixes  respectively, 
[1]     (0,        a,     ~B,     ~ry){X,  Y,  Z,   W)  =  (i, 
[2]     (<x,     ~^,     ^7,  B){X.  Y,  Z,   W)  =  0, 

[S]    (a,         0,     -7,     -  B)(X,   Y,  Z,   W)  =  0, 
[4]     (y3_     -a,    -S,         7)(X,  Y,  Z,   W)  =  0, 
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[5] 

(«, 

7 

/3 

■i)(X,  r,  Z,  Tf)  =  0 

m 

(7. 

-S 

a 

-  j3)  (JT,   F,  Z,   IT)  =  0 

m 

(7. 

S 

a 

/3)  (Z,  Y,  Z,  F)  -  0 

m 

(«, 

-7 

^ 

-  «)(X,  7,  Z,  F)  =  0 

[9] 

(A 

« 

S 

7)  (X,  7,  Z,  IF)  -  0 

[10] 

(«. 

-*J 

7 

-  S)  (X,  r,  Z,  W)  =  0, 

[11] 

(». 

/3 

7 

S)  (X,  7,  7,  F)  =  0 

[12] 

(ft 

-a 

S 

-  y)  (X,  F,  Z,  W)-0 

[13] 

(S, 

7 

-/9 

-  «)(X,  F,  Z,  lf)-0 

[H] 

(7, 

-S 

-a 

/3)(X,  F,  Z,  H0  =  0 

[16] 

<1. 

8 

-  a 

-/3)(X,  F,  2,  r)  =  o, 

[16] 

(8. 

-  7 

-;3 

a)  (Z,  F,  ^,  r )  =  0. 

I 

square 

repeat    in    a    new 
5,  viz.  tliese  ai'e 

order    t 

re    sets    of   coefficients   which 

(1)    i»  (« 

-(3 

-7 

8), 

(2)    ft"  (/3 

o 

-S 

-7). 

(8)     «■   iff 

-« 

-8 

7), 

(4)     P,.  (« 

^ 

-7 

-  8), 

(5)     Ji,-(7 

-8 

a 

-A, 

(6)    .%•  (8 

7 

/9 

«). 

(I)     *  (S 

-7 

/3 

-  "). 

(8)     Ji."  (7 

8 

a 

/3), 

(9)     P,'  (« 

-^ 

7 

-8). 

(10)     a-  (A 

a 

S 

7). 

(11)     ft'  (/3 

-a 

8 

-  7), 

(12)     P.-  (0 

^ 

7 

8). 

(13)     P"   (7 

-8 

-a 

m. 

(H)     «■■   (6 

7 

-f3 

- «). 

(lo)     S'   (8 

-7 

-ff 

«), 

(16)     R?  (y 

* 

-a 

-«■ 

And  I  remark  that,  if  we  connect  these  with  the  multipliers  (Y,  —  X,  W,  —  Z),  we 
obtain,  except  that  there  is  sometimes  a  reversal  of  all  the  signs,  the  same  linear 
functions  of  {X,  Y,  Z,  W)  as  are  written  down  under  the  same  numbers  in  square 
bi'ackets  above:   thus  (1)  gives 

{a,  -A  -7,  S)(7,  -1',    W,  -Z),  which  is  (A  «,  -S,  -7){X,    Y,  Z,    W),  =[!]; 
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and  so  {'2)  gives 

(A  a,  -5,  -7)(F,  -X,    If,  -2).  which  is  (-a,  0,  -y,  -  S)  (X,    F,  Z,   F), 
or,  reversing  the  signs, 

(a,  -A  -7,  S)(X  1^,  Z,   W).  =[2]. 

Comparing  with  the  geometrical  theory  in  Kummer's  Memoir,  it  appeare  that  the 
several  systems  of  values  (1),  (2),  ...,  (16)  are  the  coordinates  of  the  nodes  of  a  16-nodal 
quartic  surface,  which  nodes  lie  hy  sixes  in  the  singular  tangent  planes,  in  the  manner 
expressed  by  the  foregoing  scheme,  wherein  each  top  number  may  refer  to  a  singular 
tangent  plane,  and  then  the  numbers  below  it  show  the  nodes  in  this  plane:  or 
else  the  top  number  may  refer  to  a  node,  and  then  the  numbers  below  it  show  the 
singular  planes  through   this   node. 

And,  from  what  precedes,  we  have  the  general  result:  the  16  squai'ed  double 
0-functions  correspond  (one  to  one)  to  the  nodes  of  a  16-nodal  quartic  surface,  in 
such  wise  that  linearly  connected  squaj-ed  functions  correspond  to  nodes  in  the  same 
singular  tangent  plane. 

The  question  arises,  to  find  the  equation  of  the  16-nodal  quartic  surface,  having 
the  foiegoing  nodes  and  singular  tangent  planes.  Starting  from  one  of  the  irrational 
forms,  say 

'/A  [1]  [5]  +  V,B[2]"[6]  +  VO [3]  [7]  - 0, 
the  coefficients  A,  B,  C  are  readily  determined;   and  the  result  written  at  iiill  length  is 
^2(tt^-yS)(aS  +  ^y)i$X+a¥-SZ~yW}(SX  +  'rY+0Z  +  aW) 
+  ^(0=  -  ^^  -  7^  +  S=)  (07  -"^S)(SZ^^~SF  -yZ+  SW)  (yX  -  SY+  aZ~0W) 
+  ■^{a'  +  ^-y''-B^)(ay  +  ^S)(^  +  0r-jZ-BW)(yX  +  BY+aZ  +  ^W)  =  0, 

It    is    a    somewhat    long,    but    nevertheless    interesting,    piece    of    algebraical    work    to 
rationalise  the  foregoing  equation:   the  result  is 

03=7=  -  ct^B")  (rfa^  -  /3=5=)  {a=;3=  -  7=S=)  {X'  +  Y*  +  Z' +  W) 

+  (7 W  -  jS^a^)  (a'^  -  7=8= )  (0^  +  g'  -  ^3-  -  /)  ( Y'Z'  +  Z'  W) 

+  (a=/3^  -  7=8= )  (^=  -  c^B' )  (/9*  +  S*  -  7*  -  a*)  (Z^X'  +  F=  r =) 

+  (^7=  -  a=S= )  (7=a=  -  ^8^)  (y'  +  8'  -  a^  -  ^)  (X'Y^  +  Z'W) 

-  2a/37S  (a=  +  ^=  +  7=  +  aO  (a' +  8=  -  ;S' -  7=)  (/?"  +  S' -  «=  -  7=)  {7' +  8=  -  a=  -  ^=)  Zr^F  =  0 ; 

or,  if  we  write  for  shortness 


i  =  /3Y  -  a'S= , 

F  = 

M  =  7V  -  /3^S% 

e  = 

if  =a<^'-.,*. 

H  = 

A  - 
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then  the  result  is 

LMN  {X*  +Y''  +  Z'+  W) 

+  MN  (FA  +  2L  )  (Y'Z'  +  X'W) 

+  NL  (GA  +  23/)  (Z'X'  +  Y'W) 

+  LM  (ffA  +  2iV)  (X^Y^  +  Z'W) 

-  2a8yBFGIIAXYZW=  0. 

It  may  be  easily  verified  that  any  one  of  the  sisteeE  points,  for  instance  (a,  0,  y,  S), 
is  a  node  of  the  surface.  Thus  to  show,  that  the  derived  function  in  respect  to  X, 
vanishes  for  X,  T,  Z,  W='X,  0,  7,  B;  the  derived  function  here  divides  by  2a,  and 
omitting  this  factor,  the  equation  to  be  verified  is 

LMN .  2a^  +  MN  (FA  +  2L)  S^  +  NL  (ffA  +  2M)  7^  +  LM  (HA  +2N)0"--  ^^'S'FGHA  =  0, 

viz.   the   whole   coefficient  of  LMN  is  2{a^  +  ^^  +  7^  +  g^),  =  2A ;   hence  throwing  out  the 
factor  A,  the  equation  becomes 

2LMN  +  MNFP  +  NLGr^'  +  LMH0'  -  Q'^fPFGH  =  0. 

Writing  this  in  the  form 

L  (23IN  +  NGy'  +  MH&')  =  F'a'  (GH/3y  ~  MN), 

we  find  without  difficulty  C/f^V--^-^^- ('^"7')^-^;  hence  throwing  out  the  factor  L, 
the  equation  becomes 

iV  (2M  +  Gy)  +  MH^'  +  F§'  (8"'  -  y^y  -  0 ; 
we  find 

MH0'  +  F^'  (0'-  -  fy  =  (a=^  -  7^S=)  (20'B^  -y^(ci^  +  0^+  B')  +  7O 

=  N(20-'B'  -  7=  (a^  +8'  +  SO  +  y), 

or  throwing  out  the  factor  iV,  the  equation  becomes 

2j¥  +  GV  +  20'B'  -  y'  (a=  +  0' +  S^  +  7'  =  0, 

which    is    at    once    verified :    and    similarly   it    can    be   shown    that    the    other    derived 
functions  vanish,  and  the  point  (a,  0,  7,  S)  is  thus  a  node. 

The  surface  seems  to  be  the  general  16-nodal  surface,  viz.  replacing  X,  Y,  Z,  W 
by  any  linear  functions  of  four  cooi-dinates,  we  have  thus  4.4  —  1,  =15  constants,  and 
the  equation  contains  besides  the  throe  ratios  a  -.  0  -.  y  :  B,  that  is,  in  all  18  constants: 
the  general  quartic  surface  has  34  constants,  and  therefore  the  general  16-nodal  surface 
34—  16,  =18  constants:   but  the  conclusion  requires  further  examination. 


Gopel  and  Rosenhain  each  connect  the  theory  with  that  of  the  ultra-elliptic 
functions  involving  the  radical  t/X,  ='Jx.l  —x.l  —Ix.l  -Tnsc.l-nx;  viz.  it  appears  by 
their  formulEe  (more  completely  by  those  of  Rosenhain)  that  the  ratios  of  the  16  squares 
can    be    expressed   rationally    in    terms    of    the    two    variables    x,   x',   and    the    radicals 
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vX,   VX',  X'  being  the   same   function  of  «'  that  X  is  of  x.     We  may  instead  of  the 

preceding   form   take   X  to  be   the  general   quintic   function,  or   what   is  better   take  it 

to   be   the   sextic   function   a  —  m.h  —  a>.c  —  se.d,  —  cc.&  —  'ji.f—x\   and   we  thus   obtain   a 

remarkable   algebraical   theorem;    viz.   I   say   that    the    16   squares,   each  divided    by   a 
proper  constant  factor,  ai'e  proportional  to  six  functions  of  the  form 


and  ten  functions  of  the  forn 
1 


i>,  —  s>.a  —  x. 


^{V«- 


-a^.f- 


-Va- 


-a^,f-A\ 


and  consequently  that  these  16  algebraical  functions  of  x,  x'  are  linearly  connected  in 
the  manner  of  the  16  squares;  viz.  there  exist  16  sixes  such  that,  in  each  six,  the 
remaining  three  functions  can  be  linearly  expressed  in  terms  of  any  three  of  them. 

To  further  develop  the  theory,  I  remark  that  the  six  functions  may  be  represented 
by  ^,  B,  0,  D,  E,  F  respectively:  any  one  of  the  ten  functions  would  be  properly 
represented  by  ABG .  DEF,  but  isolating  one  letter  F,  and  wiiting  DE  to  denote  DEF, 
this  function  ABG .  DEF  may  be  represented  simply  as  DE ;  and  the  ten  functions 
thus  are  AB,  AG,  AD,  AE,  BG,  BD,  BE,  GD,  GE,  DE. 

Writing   for   shortness   a,   b,   c,   d,   e,  /,   to    denote   « —  a;, 
a' ,  b',  c',  d',  e',  f,  to  denote  a  —  x,  b  -  sc',  etc.,  we  thus  have 


etc.,   and    similarly 


(13) 
(9) 
(7) 
(8) 
(6) 
(1) 


A  —  («*', 
B-hV 
C  =  cc 
D  =  dd' 
E  =  m' 

DE 


CK-- 


CD  = 


(3) 
(■t) 
(2) 

(14)  BE  = 
(16)    BD- 

(15)  BC  = 
(10)    AE- 


-«■)• 


-»■)> 


{'JabcrXe'f  —  Vfl'i'c'ffo/"}-, 

^,  {-Jilxldef  -  ■JWtcefW 

\-JcJjK'if  -  ■JaWidfY, 


(= 
(■ 

(=5), 

i-E), 


^,T,  {■Jacdi'e'f  -  Vo'o'ii'6e/|',     (-  B), 


-a!J 


->ff 


{^aceb'd'f  —  ^a'(^e'bdfY, 
[■J'adeb'c'f  -  ■JaWibi/Y. 


Tr-_-—.,,  iVSciioV/'  -  'li'iid'aef];    (-  A). 
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(12)    AD  =     ^        [^bcea'd'f  -  •Jh'c'e'adf]\ 

(11)    AC^  r-~K^  {^bdea-c'f  -  ^b'd'e-acf]\ 
(x  —as) 


(5)    AB  =  .'-■ i-77-„  {'Jcdea-b'f  -  'Jc'd'e'ahfW 
yx  —  X)- 


in    accordance    with    the    foregoing    scheme;    viz.   the    scheme 
(1)     (2)      (3)      (4)      (5)     (6)       (7)      (8)     (9)     (10)     (11)     (12)     (13)     (14)    (15)   (16) 


where   tlie   numberK 
becomes 


AD 
BI) 
AB 


E 
BE 
AE 
TIE 


E      DE     <JE 
C      CD      F 


AS 
CD 
E 
BO 
BD 


CE    DE    DE      A 


Tliere   is   of    coiirse 
function   of    I,  x  +  a/,   ica/ 


AC 

DE  CE 

C  D 

BE  A 

A  BE 

BD  BO 

for  eacii 


A 
AB 

F 
AD 

AC 
AE     B 
of    these 


BE 
E 
CD 

AC 

AD 


BO 

0 

DE 
AE 

B 
AD 


BD 

D 


AE 

AC. 

linear 


and 


linear    relation    between    any   four    of 


A,  B,  C,  D, 
there  is  thus  i 
them.  It  would  at  first  sight  appear  that  the  remaining  sixes  were  of  two  different 
forms.  A,  B,  AB,  CE,  CD,  DE,  and  F,  A,  AB,  AC,  AD,  AE;  but  these  are  really 
identical,  for  taking  any  two  letters  E,  F,  the  six  is  E,  F,  AE,  BE,  CE,  DE,  or,  as 
this  might  be  written,  E,  F,  AEF,  BEF,  CEF,  DEF,  where  AEF  means  BCD  .  AEF, 
etc. ;  and  we  thus  obtain  each  of  the  remaining  fifteen  sixes.  The  six  just  refen'ed 
to,  viz.  E,  F,  AE,  BE,  CE,  DE,  or  changing  the  notation  say  E,  F,  A,  B,  C,  D  a^ 
indicated  in  the  table,  thus  represents  any  one  of  the  sixes  other  than  the  rational 
six  A,  B,  0,  D,  E,  F:  and  there  is  no  difiiculty  in  actually  finding  each  of  the  fifteen 
relations  between  four  functions  of  the  six  in  question,  E,  F,  A,  B,  C,  D.  It  is  to 
be  observed  that  every  such  function  as  A  contains  the  same  irrational  part 


and  that  the   linear   relations   involve   therefore   only  the  differences   A  —B,  A  —  G,  etc., 
which  are  rational.     Proceeding  to  calculate  these  differences,  we  have  for  instance 


C-D=     _       (cefcib'd  +  c'e'faM - defab'c  - cte'fabc)  =  T^zrj^^ ("''' ~  «'<*)(«/»''' - "Z"*) ; 
or,  substituting  for  a,  a',  etc.  their  values  a  ~ «,  a  —  3^,  etc.,  we  have 
ed'  -  c'd  -  (is  -  x)  (0  -  <i), 
e/(i'&'  —  a'fiih  =  (fl;  —  a;')  I  1,     x^  x ,    xx 
j  1,     a  +  6,     ah 
1.    e  +/.    0/ 
=  (i-a,')[a-c.4e/]. 


p  say  for  shortness 
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We  have  therefore 

and  m  hke  manner  we  obtain  the  equations 

S-a  =  (b-c)  lux'adefl  A-B  =  (a-d)  ium'bcef], 
C  -A  =  (B-a)  [am'bdefl  B-B-(b-d)  [='ooe/], 
A-S  =  (a~l)  [sa'edefl     C-S=(c-d)  [xx'alef]. 

It  is  now  easy  to  form  the  system  of  formula 

E  F  A  B  C 


ae.af.bcd 

-be.bf.edn 

+  ee  .  ef.  dab 

-de.df.cdte 

ad.b/.c/ 

-ad. be. a 

+  «/ 

-ef 

bd.ef.qf 

-bd.ce.ae 

*•/ 

-ef 

od.a/.bf 

-od.ce.k 

*ef 

-'f 

be.qf.  df 

-bi.ae.d. 

+  ./ 

-ef 

ci/.df 

-m.be.de 

-'/ 

+  ./ 

ab.o/.d/ 

-  «b.  ae.de 

+  «/ 

-ef 

~  of.  bid 

+  be.ed 

^ee.dh 

+  de.be 

-bf.fda 

+  OS .  ed 

^  ee.de, 

+  A.oc 

-cJ.diJt 

+  «..M 

tbe.da 

+  de.db 

-  df.  aU 

+  «e.fic 

+  be.eci 

+  e,..  „b 

-ae.bed 

+  bf.  ed 

+  ef.  db 

e.  df.be 

-  be  .  edu 

^{if.ed 

+  ef.  da 

*dfae 

-  ee  .  dab 

+  of.  bd 

+  bf.  dft 

+  df.  ab 

-  df.  ohe 

+  «/.  be 

*bf.ea 

.^  ef.  „b 

where   for  shortness   (tb,   ac,  etc.,  are   written  to  denote   a—b,   a  —  c,  etc, ;   also 
to    denote    (b  —  o)(c~  a)  (a  —  b),    etc, :    the     equations    contain    all    of    them 
differences  of  A,  B,  G,  D\   thus  the  first  equation  is  equivalent  to 

ae.af.bcd{A-I))-be.bf.cde{B-B)+ce.cf.dab(G~T})  =  (i, 
and  so  in  other  cases. 

Cambridge,  14  March,  1877. 


abc,  etc., 
jnly     the 
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FURTHER   INVESTIGATIONS   ON   THE   DOUBLE  ^-FUNCTIONS. 


[From  the  Journal  fur  die  reine  und  angewandte  Matkemaiik  (Crelle),  t.  Lxxxm.  (1877), 
pp.  220—233.] 

I  coNMiDEK  six  letters 

a,     h,    c,    d,     e,    /; 

a   duad    ah   not   containing  /'  may  be   completed   into   the  triad   ahf,  and   then  into  the 
double  triad  ah/.cde;  there  are  in  all  ten  double  triads,  represented  by  the  duads 

ab,    ao,    ad,     ae,     be,     bd,     be,     cd,     ce,     de, 

and  the  whole  number  of  letters  and  of  double  triads  is  =  16. 

Taking  te,  ce'  as  vanables,  I  form  aixteon  functions ;   viz.  these  are 

[a]  —a  —  oi  .a  —  a:'. 


■-     -^      '-•»'-ic)-(Vc  —  fl;.«-^.e-a;V 


■:-f~ 


where  the  function  under  each  radical  sign  is  the  product  of  six  factors,  the  arrangement 
in  two  lines  being  for  convenienoe  only:  the  sign  ±  has  the  same  value  in  ail  the 
functions,  and  it  will  be  observed  that  the  irrational  part  is 

_      __%  ja—x  .h  —  x.n  —  m  .d-~x  .e-x  ./—  a; 

~      (x^  x'Y  \    a  —  af.h  —  a/.c  —  «:'.d  —  x'  .e  —  m'  .f  ~  x" 

viz.  this  has  the  same  value  in  all  the  functions. 

The  general  property  of  the  double  ^-functions  is  that  the  squares  of  the  sixteen 
functions  are  proportional  to  constant  multiples  of  the  sixteen  functions  [a],  [aft] ;  but 
this  theorem  may  be  presented  in  a  much  more  definite  form,  viz.  we  can  determine,  and 
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that  very  simply,  the  actual  expressions  for  the  constant  factors;  and  so  we  can  enunciate 
the   theorem   as   follows;    the  squares  of  the  sixteen  double  ^-functions  are  proportional 
to  sixteen  functions  —  {a},  +  {ab\ ;   where,  in  a  notation  about  to  be  explained, 
[a]  = 'Jala],     {ab]=^/^[ah]. 

Here   in   the   radical   "/(t,  a   is   to  be  considered   as  standing   in   the   first   place   for   the 
pentad  bcdef,  which  is  to  be  interpreted  as  a  product  of  diiferences, 

—  bc.bd.be.bf.cd.ee.  cf.  de  .  df.  ef, 
(where   be,   bd,  etc.,  denote   the   differences   b  —  c,   b  —  d,   etc.).     Similarly,   in   the   radical 
"Jab,  ab  is  to  be  considei'ed  as  standing  in  the  first  instance  for  the  double  triad  abf.  cde, 
which  is  to  be  interpreted  as  a  product  of  differences,  =ab.af  .bf.cd.ce.de,  (where  aJ},  of, 
etc.,  denote  the  differences  a  —  b,  a—f,  etc.). 

It  is  convenient  to  consider  a,  6,  c,  d,  e,  f  as  denoting  real  magnitudes  taken  in 
decreasing  order:  in  al)  the  products  bcdef,  etc.,  and  in  each  term  abf  or  cde  of  a 
product  abf. cde,  the  letters  are  to  be  written  in  alphabetical  order;  the  differences 
be,  bd,  etc.,  ab,  af  etc.,  which  present  themselves  in  the  several  products,  are  thus  all  of 
them  positive;  and  the  radicals,  being  all  of  them  the  roots  of  positive  quantities,  may 
themselves  be  taken  to  be  positive. 

We  have  to  consider  the  values  of  the  functions  [a],  [ab],  or  [a],  [ab],  in  the  case 
where  the  vaiiables  a?,  «'  become  equal  to  any  two  of  the  letters  a,  b,  c,  d,  e,  f;  it  is 
clearly  the  same  thing  whether  we  have  for  instance  x-b,  x'  =  a,  or  a;  =  c,  *c'  =  b,  etc. : 
we  have  therefore  to  consider  for  x,  x  the  fifteen  values  ab,  ao,  ...,  af,  ....  ef;  there  is 
besides  a  sixteenth  set  of  values  x,  x  each  infinite,  without  any  relation  between  the 
infinite  values. 

Taking  this  case  first,  *■,  x'  each  infinite,  and  in  [ah],  etc.,  the  sign  +  to  be  +,  we 
have 

or,  attending  only  to  the  ratios  of  these  values, 

^  -^  '-     -'      (X  —  xf 

where   -, '—r-   is  infinite,  and  the  values  may  finally  be  written 

(cc~xf 

[«]  =  0,        [ab]  =  l; 

whence  also,  for  x,  x   infinite,  

{a\  =  0,         [ab]  =  \/(i&, 

the  radical  ^ab  being  understood  as  before. 

Suppose  next  that  a;,  x  denote  any  two  of  the  tetters,  for  instance  a,  b ;  then  two  of 
the  functions  [a]  vanish,  viz.  these  are  [a],  [b],  but  the  remaining  four  functions  acquire 
determinate  values ;  and  moreover  four  of  the  functions  [ab]  vanish,  viz,  these  are 
[ab],  [cd],  [ce],  [de],  for  each  of  which  the  xx'  letters  a,  b  occur  in  the   same    triad   (the 
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double  triads  for  the  four  functions  are,  in  fact,  abf.cde,  cdf.abe,  ce/.abd,  de/.abc); 
but  the  other  six  functions  [ab],  for  which  the  letters  a,  b  occur  in  separate  triads, 
acquire  determinate  values. 

It  is  important  to  attend  to  the  signs :    for  example,  if  x,  .«'  =  h,  e,  we  have 
[c]  =  ce.cb,     =~bc.  ce 
J_ch.eb.fb cb.fh      _      hc.bf 


[ce]  = 


(bef  ae.be.de'  ae.de' 

Table  I.  of  the  values  ok  [a],  [ab],  etc. 


X, 

..„. 

ah 

„ 

.. 

a. 

af 

be 

bd 

M 

0 

0 

0 

0 

0 

0 

^ah.ac 

+  ab.ad 

[»] 

0 

0 

-ah. be 

-ah.  Id 

-ab.bc 

-ab.bf 

0 

0 

W 

0 

+  ache 

0 

-ac.cd 

-ac.ce 

-ac.cf 

0 

-he.cd 

M 

0 

^ad.bd 

+  ad.  cd 

0 

-ad.d. 

-ad.df 

+  bd.cd 

0 

W 

0 

+  ae.be 

+  O.  .  M 

+  as.de 

0 

-ac.ef 

^be.ce 

+  be.de 

[/] 

0 

^^f.bf 

+  <,/.c/ 

+  a/.d/ 

+  »/../ 

0 

*¥.cf 

+  ¥-df 

M 

+  ab/.  cde 

0 

ad.ae 
*bc.cf 

^  hd.df 

+  S>.',/ 

0 

ac.bd 
*b..cf 

ad.hc 
-h..df 

M 

+  a^.bde 

ad 
be 

¥ 

0 

ah.m 
*  cd.,/ 

ab .  ad 

0 

^ah.bf 
cd.ee 

0 

[ad] 

+  adf.  bee 

~  hd 

hf 

ab.a, 
cd.cf 

0 

0 

0 

ab.bf 
cd.de 

H 

+  aef.hcd 

~be 

¥ 

ab  .ad 
~  a.ef 

ab.ai 
de.df 

0 

0 

0 

0 

p.] 

+  bcf .  ode 

^  bd 

be 

ab  .  af 
"  cd .  ee 

0 

0 

'df.cf 

0 

ab.be 
ed.df 

M 

+  bdf.  ace 

ad 
be 

«/ 

0 

ab.a/ 
^  cd.de 

0 

ab  .ad 
-cf.cf 

ah. he 
*  ed.cf 

0 

[he]  '  +bRf.acd 

~  be 

bd 

0 

0 

ah.  of 
ce.de 

ah.  a, 
cf.df 

ab.bd 
^ee.ef 

ab.bc 
^  de.df 

[cd\  :  +  cdf.  abe 

0 

ad.af 
br.  .cc 

ae.af 
*  bd.  de 

0 

ac.ad 

ac.bd 
■"bf.ec 

ad.  bo 
'^  hf  .de 

w 

+  eef.abd 

0 

^a..af 
■  So  .  rf 

0 

'  be  .dc 

"  bf.  if 

ae.  be 
^bf.ed 

0 

w 

+  df/.  abc 

0 

0 

a.. a/ 
bc.cd 

ad.af 
he  .ce 

ad.ac 
bf.cf 

0 

ad.be 
bf.cd 
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Here   the  symbols  be,  ce,  etc.,  denote  differences;    [ce]  is  the  product   of  four  differences: 
the  arrangement  in  two  lines  is  for  convenience  only. 

We  thus  obtain  the  series  of  values  of  [a],  [a6],  etc.,  which  although  only  required 
as  subsidiary  to  the  determination  of  the  corresponding  values  of  \a\,  {a}>\,  I  nevertheless 
give  in  a  table. 

The  signs  are  given  as  they  were  actually  obtained,  but  as  we  are  concei^ned  only 
with    the    ratios    of    the    functions,    it   is    allowable    to    change    all    the    signs    in    any 


FOR   THK   SIXTEEN    SPECIAL    VALUES    OF   0 


k 

¥ 

cd 

ee 

of 

de 

df 

'/ 

+  ,(,... 

^  ab.e^f 

+  ac.ad 

^ac.m 

■rac.af 

+  ad.ne 

tad.af 

*w,.af 

0 

0 

H-  be  .  hd 

+  hc  .bf. 

+  be  .  bf 

+  bd.he 

+  hd.bf 

+  he.bf 

-    he .  «e 

-  he  .  ef 

0 

0 

0 

+  cd.ce 

.t  ed.df 

*  ee.ef 

bd.d, 

-  bd.bf 

0 

-od.de 

-ed.df 

0 

0 

^  de.df 

0 

-he.ef 

+  ce  .  de 

0 

-ee.ef 

0 

-de.ef 

0 

+  »/../ 

0 

-v/.df 

+  <f-  ?/■ 

0 

+  df.ef 

0 

0 

ac.bo 

0 

0 

0 

a<:.hc 
df.ef 

0 

ad.bd 
'f.'f 

as.be 
ef.df 

0 

ai.be 
*  if.'f 

ad.  be 
ce  .df 

ne .  hi: 
"  cd.  ef 

n 

0 

ad.bf 
ed.ef 

ae.bf 
ee.df 

0 

ah.bd 

ac.bd 
ef.de 

0 

ae.bf 
ed.  ef 

ae.bd 
^"  cd  .  ef 

0 

,r,.bf 
ef.de 

»6.6/ 
ce  .de 

ah. he 
^  of  .  rf/ 

0 

ac.he 
^cf.de 

^.hf 
ce.df 

ad.  he 
^  ce.df 

ad.bf 
ef.de 

0 

ab.bd 
ee.ef 

0 

ae  .  hd 
te.df 

ac.be 
-cd.ef 

0 

0 

af.bd 
ed.ef 

af.be 
ee.df 

<id.be 

0 

ad.  be 
cf.de 

0 

af.bc 

cd.ef 

ad.be 
"ed.ef 

(1 

etf.he 
'    ef.d. 

0 

0 

0 

m.hc 

of. he. 
^  ce.df 

ae.bd 
*  ee.df 

af.  bd 
^  ef.  de 

0 

0 

af.W. 
bd.ef 

0 

at  .  be 
^  de.ef 

0 

ad.bd 

*  ee.ef 

0 

«/■  hf 
es  .eh 

m.be 
bf.de 

uf.bc 
ho.  .  df 

ac.bc 
de.df 

0 

0 

ae.be 
^  ed.df 

,  af.bf 
ed .  de 

0 

ae.bd 
bf.ee 

of.  bd 
-be.-,/ 

ad.bd 
oe  .of 

ne.be 
cd.cf 

cd.ce 

0 

0 

0 
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column ;  and  ib  appears  that  there  are  four  columns  in  each  of  which  the  signs  arc 
■or  can  be  made  all  + ;  whereas  in  each  of  the  remaining  twelve  columns  the  signs 
are  or  can  be  made  six  of  them  +,  the  other  four  — . 

Passing  to   the   values   of   [a],  \ab],  etc.,   we   have   for   example,  from  the  ab  column 
■of  the  foregoing  table, 

|cj  =  ~|-  ■\/c .  ac .  be. 
[d]  =  +  -Jd.ad,hd, 

,     ,  /  -  -     OG.ae 

l"l  =  -^"-     bc.if 

where  (since  the  radicals  are  all  positive)  the  aigas  are  correct:  substituting  for  the 
■quantities  under  the  i-adical  signs  their  full  values,  and  squaring  the  rational  parts  in 
■order  to  bring  them  also  under  the  radical  signs,  this  is 

{c}  =  +  ^ab  .ad.ae.  of.  hd.he .  hf.  de .  df.  ef.  ac-* .  ic^ 

{d\  —  +  vab .  ac.ae .  a/,  be  .be  .hf  .ee.  ef.  ef.  ad^ .  bd% 

{ac}  =  --  Vac .  af.  cf.bd  .be.de  .ac^ .  ae^ .  hif .  hf\ 
where  all  the  expressions  of  this  (the  ai-column)  have  a  common  factor, 

ae .  ad .  ae .  af  .he  .bd  .be  .hf. 
Omitting  this  factor,  we  find 

|c|  =  -f-  Vafe  .ac  .be  .de.  df.  ef, 

[d\  —  +  'Jab .ad.bd.ce.cf.  ef 


[ac]  — —  'J  ad.ae .  de  .he  .bf.cf; 
viz.  recurring  to  the  foregoing  condensed  notation,  this  is 
[c]  =  +  Vde, 
\d]  =  +  <Jce, 

[ac]  —  —  vhc, 

and,  in  fact,  the  terms  in  the  several  columns  have  on!y  the  ten  values  \/ab,  "^ao, 
etc.  each  with  its  proper  sign.  I  repeat  the  meaning  of  the  notation:  ah  stands  in 
the  first  instance  for  the  double  triad  ahf .  cde,  and  then  this  denotes  a  product  of 
differences  ah.af.bf.cd.ce.de.  We  have  thus  the  following  table  in  which  I  have 
in  several  cases  changed  the  signs  of  entire  columns. 


Hosted  by 


Google 


663] 


FURTHER  INVESTIGATIONS   ON  THE   DOUBLE  ^-FUNCTIONS. 


■s. 

> 

1^ 

> 

Is 

> 

1^ 

o 

o 

l"2 
> 

! 

1^ 
> 

o 

? 

IS 

> 
+ 

o 

It 
+ 

o 

o 

%. 

1^ 

m 

1"^ 

[■S 

Is 

u 

l-s 

IS 

IS 

It 

> 

> 

> 

V 

> 

+ 

+ 

+ 

1 

1 

1 

+ 

1 

+ 

+ 

1^^ 

i- 

l-s 

1^ 

1^ 

1^ 

h 

I"? 

1? 

1^ 

* 

^ 

> 

> 

> 

> 

> 

> 

■> 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

18 

l~^ 

l"S 

IS 

« 

l-s 

1"^ 

Is 

1^ 

l-s 

"> 

> 

o 

> 

> 

> 

~> 

> 

+ 

+ 

1 

1 

1 

+ 

+ 

+ 

, 

+ 

1 

+ 

o 

^ 

o 

Is 

> 

o 

^ 

o 

+ 

l-s 

o 

l-g 

> 

! 

o 

1 

1 

1^ 

o 

o 

? 

? 

o 

11 
> 

+ 

> 

+ 

o 

+ 

1^ 

> 

= 

o 

+ 

+ 

i. 

^ 

o 

1^ 
> 

+ 

IS 

+ 

1^ 

> 

+ 

o 

- 

1-^ 
> 

Is 
> 

> 

o 

o 

o 

1§ 

> 

? 

> 

g 

I'S 

1  8 

l-S 

IS 

(t 

Is 

1^ 

I~^ 

IS 

> 

> 

> 

> 

> 

> 

> 

1 

+ 

+ 

1 

1 

1 

+ 

+ 

+ 

h 

1^ 

1^ 

l~§ 

j-s 

|-s 

l-s 

1^ 

1-^ 

l-g 

f 

+ 

+ 

+ 

4- 

l-s 

\n 

1^ 

1^ 

IS 

1^ 

1"S 

is 

IS 

l-s 

> 

> 

> 

> 

+ 

+ 

4- 

+ 

+ 

H- 

+ 

+ 

\~^ 

|S 

1^ 

1^ 

i^ 

Is 

m 

1^ 

i:^ 

I.S 

■> 

> 

> 

> 

> 

> 

> 

> 

> 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

1^ 

1^ 

|.s 

|i 

l^ 

\n 

1-^ 

1* 

IS 

l'^ 

> 

> 

> 

> 

> 

+ 

+ 

4- 

1 

[ 

[ 

t 

+ 

+ 

+ 

IK 

1* 

l-g 

1^ 

l-S 

1^ 

l-s 

1-e 

IS 

l« 

'^ 

^ 

> 

> 

> 

> 

> 

> 
+ 

■> 

> 

1^ 

1- 

IS 

IS 

1-S 

115 

i^: 

i-S 

l-s 

|S 

- 

o 

> 

'-' 

> 

> 

+ 

■> 

> 

> 

> 

* 

> 

> 

+ 

■^ 

1 

o 

- 

'-T 

> 

It 
> 

= 

> 

? 

1-2 
> 
+ 

IS 
> 

+ 

+ 

o 

o 

o 

8 

1-8 

1^ 

[■^ 

|g 

« 

1^ 

1- 

1^5^ 

|S 

l-s 

« 

> 

■> 

> 

> 

> 

> 

' 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 
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Referring   now   to  Gopel's  memoir,  Grelle,  t.  xxsv.   (1847),   pp.    277 — ^312,    we   have 
the  sixteen  double  ^-functions 


P,   P„   F„   P,; 


iQ,  Qi,  iQ.,  Q.I    i^,  J-Ri,  J4,  Bs;    S,  iS,,  iS,,  S„ 


where  the  six  functions  affected  with  the  i  (=  v  —  1)  are  odd  functions,  vanishing  for 
the  values  m  =  0,  m'  =  0  of  the  arguments.  It  is  convenient  to  take  co ,  oo  as  the 
values  of  x,  te  corresponding  to  these  values  it  =  0,  m'  =  0 :  the  expressions  {a)  will 
thus  correspond  to  the  six  squares  —  Q^  —  Qj^,  —  7f,  —  P^,  —  S^,  —  8^,  and  the  ex- 
pressions [ab]  to  the  remaining  ten  squares  I^,  Pi\  ..,,jS/;  and  after  some  tdtannement, 
I  succeed  in  establishing  the  correspondence  as  follows 


S^,   S,\   B^,    R\   Q\    Q,\     QA 


P'.     8\ 


8,=,    Q,^    P-A    M^, 


[h],  [o], 


{/},   [ab\,    {ac],    [ad], 


viz.  the   sixteen   squared   double   a--functions 
—  [a},   +  [ab],   as   hereby  appearing. 


ae],    \l>cl   [bd],    [be\,    [cd],    [ce],  [de], 
proportional  to  the  sixteen  expressions 


Table  III.  ov  tiik  hixteen  i-'orms  of 


0 

A 

7' 

A+B 

K 

K-)-A 

K+n 

£  +  A-i-£ 
Ri  =  -e 

5/ 

-«,-... 

-S^^-he 

-S'  -,-„ 

-.%'-     b 

tR,-.d, 

R;'=     ee 

£•  .^d 

S,' 

-Sf^b 

-S-    =-M 

-S,'.-t, 

-S,'=    » 

-  «,•  =  « 

^  K'  =     d 

-R,'  =  -e, 

^R.?--~de 

R? 

~Rf-e 

-jti^^  +  d 

-«,■=-<,. 

-Ei^-de 

-  .iV  =  b 

-i'^  =  -a^ 

-S.'.-be 

-«,".     o 

R- 

-Bf  -i 

-  R,',  +  , 

~Ri  =  ~de 

/,7  =  -ce 

.S~^  ^ae 

Sf.-b 

Si^-a 

«,■=     be 

«■ 

-«■-. 

-ei'  =  -«6 

-Ql--*f 

-Qi=^-ed 

r-  ^vd 

P;'=^    i<c 

Pi=     be 

Pi--     bd 

ft- 

-  «■'-/ 

-«,'  =  -rf 

-If'-^t 

-Qi-^-all 

Pi  =  be 

p;=   bd 

P^  -^     ml 

Pi=     ae 

e.' 

e,'=«s 

Q'  .-. 

Qi  =    ftl 

Q.'—f 

Pi^ac 

P"  ^    ad 

P,'=     bd 

Pi  =     he 

i\' 

iV  =  «c 

P^  =     ad 

Pi  =    M 

Pi-    U 

Q,'^ab 

8'.-. 

ft",     ed 

Qi—f 

p. 

7»  .ai 

Pf=      M 

Pi  =--     be 

-/*/=     bd 

-«■-. 

-Qf  =  -A 

-Qf'    f 

-Qi  =  -ed 

6^ 

S'   =M 

s;'--=~b 

6V=~» 

.SV  -    bs 

-  R"  =rf 

-r;'=   e 

-Kf.-d, 

-Ri^-ee 

p^' 

P}  -  6c 

p.'-   u 

f  =    ,„i 

yv=   «c 

-Qi'f 

-Qi^-ed 

-If  .     , 

-Qir.-ab 

p^ 

Ti-^hi 

Pf^    Ik 

?,".     ™ 

P'  ^    wl 

Q.'.od 

«■•  =  -/ 

Qi^     ed, 

(f  .-. 

Si 

S}  .  U 

Si— a 

«,".-4 

&'   .    a. 

R,'  =  ce 

Ri^-    de 

Ri^     e 

R^  =-d 

V 

Qf-od 

a.---/ 

«,■-    ab 

«■    --. 

Pi  =  bd 

/■,■=     be 

Pi^     ae 

r-  =    ad 

Ri 

Rf.oe 

Ri=     de 

B,  ,-c 

R?  =-d 

si-y. 

,%'=-,, 

6',^=-i 

S"  u     « 

Rf 

Rf  „  de 

R.^^    ce 

R'  =-rf 

Ri^^c 

-s;.a 

-S,',^be 

-*■--" 

-Si^-h 
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We   have,  after   Gopel  (^.c.  p.  283),  a   table   Bhowing   how  the  ratios  of  the  double 
^-functions  are  altered,  when  the  arguments  are  increased  by  the  quarter -periods 


A,    B,   A-\ 


K,    L,   K  +  L, 


that  is,  when  w,  /('  are  simultaneously  changed  into  u  +  A,  u  +  A'  or  into  u  +  B,  u  i- B' 
etc.  If  instead,  we  consider  the  squared  functions,  the  table  is  very  much  simplified, 
inasmuch  as  in  place  of  the  coefficients  ±  1,  + 1,  it  will  contain  only  the  coefficients 
+ 1 :  and  we  may  complete  the  table  by  extending  it  to  all  the  combinations  0,  A,  B, 
A+B,  K,  K+A,  K  +  B,  K  +  A+B,  L,  L  +  A,  L  +  B,  L+A  + B,  K  +  L,  K +  L  +  A, 
K  +  L  +  B,  K  +  L  +  A  +  B  of  the  quarter-periods ;  we  have  thus  a  table  included  in 
the  annexed  Table  III.,  viz.  attending  herein  only  to  the  capital  letters  P,  Q,  R,  S,  the 
sixteen  columns  of  the  table  show  how  the  ratios  of  the  terms  —  S^,  —  Sj",  etc.,  of  the 
first  column  are  altered  when  the  arguments  are  increased  by  the  foregoing  combinations 
of  quarter-periods,  as  indicated  by  the  headings  0,  A,  B,  etc.,  of  the  several  columns. 


THE   SQUARED    DOUBLE    ^-FUNCTIONS. 


L 

L  +  A 

L  +  B 

L  +  A  +  B 

K+L 

K+  L  +  A 

K+  L  +  B 

K+L+A+B 

-Q.-.f 

-Q^'=^-cd 

-If.,    ,. 

Qi'^^^al, 

Pi  =  bii 

Pi=     bd 

F  r-     ad 

P^'  --    «c 

Qf.ab 

«■--« 

«,■-    rf 

Hi—/ 

iV  =  oc 

F  =     lAd 

P}^     bd 

Pi',     be 

p;'.m 

P'  =    od 

P},    hd 

T}^    6c' 

Qf=ab 

«•  --. 

Q,'=     id 

Qi—f 

F'  =od 

Pi^=    «c 

P^=     be 

Pf.    bi 

-S"  =- 

-Qi  =  ~ab 

~Q,'-    / 

-e.-.-rf 

«•   .,.« 

Sj==-6 

«,■--<. 

,S...    b. 

-  le  =d 

-M^=     c 

-E,:-de 

~R,'.-ce 

-  St  .» 

-«,'.-6« 

-5=  =-ae 

~Sf.    b 

Ri^d^ 

Hf.    c. 

B'=-d 

Ef.-o 

-«,-..6 

-5=  ---«« 

-^V=-6e 

-.%•-     a 

-  R,-  ==  <-, 

-R'  =     d 

-«.•  =  -« 

^Ri  =  --de 

-Et-o 

^fi"  =     d 

~Bt~-o, 

~K.'  =  ~d, 

-  S,^.,b 

,-^  ^-ae 

-Si  =  ~be 

-Jf  ^d 

-E^^     c 

-ll{^-,k 

-5/--ce 

S"  .=  m 

^,=  =     b 

S}.~a 

S.f^     be 

-0'=. 

-e,'  =  -o6 

~Q{-    f 

-QJ.^cd 

P^  -«rf 

p;'=   M 

/?=     be 

/*,==     hd 

n,;  =  ,k 

E,'=     ce 

IP  =-d 

K,^^^<i 

-«,'=• 

-S,'.-b, 

-«■  .^m 

-8,^=     b 

Mf.ce 

S,'=     de 

Jtf.-,. 

Ji'  =-d 

5,-=  fee 

«.■--<• 

Sf-~b 

S==    «e 

Q.'-'il 

«■■--/ 

Q^^=    <ib 

«■  — . 

P,'  =  bd 

Pf^     bo 

/'i==     ac 

P^=^.     ad 

Sf=b, 

§/=-« 

S,^=-b 

sr-  .  «. 

Ps^^ce 

Ef.     d. 

-S,-  — c 

R^--^-d 

P,^  =  bd 

-P,>=     bf. 

/■,=  =    «c 

P-  .     ad 

e,"-rf 

«>■  =  -/ 

«.■-     rf 

Q'=-e 

Ff  =  U 

P/=     Id 

P==    <>d 

P,^  =     f«: 

-  9.'=/ 

-«,'=--rf 

-«■-     » 

-Q,'  =  ~ah 
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But  I  have  also  in  the  table  inserted  the  values  to  which  -83^,  -yS,^  etc.,  are 
respectively  proportional,  viz.  the  table  runs  —8j'  —  a,  —S^  =  h,  etc.,  (read  —Si^  =  {a\, 
—  Si'  =  {b},  etc.,  the  brackets  [  )  having  been  for  greater  brevity  omitted  throughout  the 
table),  and  wheie  it  is  of  course  to  be  understood  that  —  S^,  —  Si",  etc.,  are  proportional 
only,  not  absolutely  equal  to  [a],  [6],  etc.  And  I  have  also  at  the  foot  of  the  several 
columns  inserted  suffixes  00  00 ,  06,  cd,  etc.,  which  refer  to  the  columns  of  Table  II. 

Comparing  the  firet  with  any  other  column  of  the  table,  for  instance  ivith  the 
second  column,  the  two  columns  respectively  signify  that 


m. 


-«■(■• 


-A) --[be], 
-A)  =  -  \ae], 


Q,'(u+A)  =  ^\e]. 


where,  as  before,  the  aign  =  means  only  that  the  terms  are  proportional ;  M  is  written 
for  shortness  instead  of  (u,  u),  and  so  u-i-A  for  (u  +  A,  u'  +  A'),  etc. ;  the  variables  in 
tire  functions  [a],  [be],  etc.  are  in  each  case  x,  is'.  But  if  in  the  second  column  we  write 
u-A  for  A,  then  the  variables  x,  x  will  be  changed  into  new  variables  y,  y',  or  the 
meaning  will  be 


S,-(«)-M, 


-S,'(u).-{U\, 

-s,-(.).-M, 
ft- («)  =  -(«!, 


SO  that,  omitting  from  the  table  the  terms  which  contain  the  capital  letters  P,  Q,  R,  8, 
except  only  the  outside  left-hand  column  —8^",  -Si',  etc.,  the  table  indicates  that  these 
functions  —S^",  -  Si^,  etc.,  are  proportional  to  the  functions  [a],  {b},  etc.,  of  x,  m  given  in 
the  first  column;  also  to  the  functions  ~{iej,  —  jaej,  etc.,  of  y,  y'  given  in  the  second 
column ;  also  to  the  functions  —  [ae],  —  \he],  etc.,  of  s,  £  given  in  the  third  column ;  and 
so  on,  with  a  different  pair  of  variables  in  each  of  the  16  columns. 

Thus  comparing   any  two  columns,  ibr  instance  the  first  and  second,  it  appears  that 
we  can  have  simultaneously 


-M. 


Ia6)  =  - 


(fifteen  equations,  since  the  meaning  is  that  the  terms  are  only  proportional,  not  absolutely 
equal),  equivalent  to  two  equations  serving  to  determine  x  and  k'  in  terms  of  y  and  y. 
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or  conversely  y  and  y'  in  terms  of  x  and  x'.  The  functions  in  each  column  form  in  fact 
16  sixes,  such  that  any  four  belonging  to  the  same  sis  are  linearly  connected;  and  in 
any  such  lineai'  relation  between  four  functions  in  the  left-hand  column,  substituting  for 
these  their  values  as  functions  in  the  right-hand  column,  we  have  the  corresponding 
relations  between  four  functions  out  of  a  set  of  six  belonging  to  the  right-hand  column, 
or  we  have  an  identity  0  =  0.     I  will  presently  verify  this  in  a  particular  case. 

If  in  any  column  we  give  to  the  variables  the  values  cc ,  x  we  obtain  for  the 
terms  in  the  column  the  values  which  the  terms  of  the  first  column  assume  on  giving  to 
ic,  X  the  values  shown  at  the  foot  of  the  column  in  question;  thus,  in  the  second  column 
giving  to  the  variables  the  values  oc ,  oo ,  the  column  becomes 


-  V6e,   -  Vae,   0,   0,   -  Vai, 
which  is,  in  fact,  the  cd-column 


values  in  question  are  those  of  the  functions  ~S^, 
X,    x  =  e,   d. 


-  'Jed,  0,    Vad,  Vac,  0,  Vfid,  V6c,  0,  0,  Vde,  Vce 

5f  Table   II.  r   this  is  of  course  as  it  should  be,  for  the 
etc.,  on  writing  therein 


The  formuliB  show  that 

"fab,     Nac,     \ad, 
,  in  fact,  pioportionai  to 


V&c,     'Jbd,     Vfce,     Vcoi,     Vce,     VJe, 


(&,,  As,  ...    ai'e    Gopel's   k\   k",...).      This   gives  rise   to 
ten    squares   are   functions  of  only   four  quantities   > 


greater  clearness,  I  introduce  single  letters  A,  B,  ...,  J  and  write 


remarkable   theorem,   for   the 
S  (Gopel's  t,   u,  %   w).     For 


A-abc 

def=  {■Jdtf  =  pt 

=    («'-«■  +  /-»)■, 

B~aM 

oef.Way=p,- 

=n«^+mY. 

G  =abe 

eif-Clclf-k,' 

.4(«.S  +  ^y)-, 

D=ahf 

ede=.(/dif-k,' 

=    (o'-ff-y'  +  ff. 

E  =  IMd 

bef={^blf  =  ,,' 

=  i(al3  +  78)', 

F  -ace 

bdf-(^af  =  W 

-    (ii'  + 13' +  -,•  +  &'); 

G~acf 

bde  -  (VS)- .  «,' 

=  t(aS-,3,)'. 

S=ade 

i(!/=(Vfc)"=.,> 

=  -tC«T-/3S)', 

I  -adf 

6ce  =  (Vad>=sr^ 

=  4(a/3-7S)", 

J-Mf 

6*  -  (Vo7)-  -  a- 

=     («-  +  3--7"-S')' 

viz.  it  has  to  be  shown  that  A,  B, ...,  J,  considered  as  given  functions  of  the  six  letters 
a,  b,  G,  d,  e,  f,  are  really  functions  of  four  quantities  q,  yS,  7,  S ;  or,  what  is  the  same 
thing,  that  A,  B,  ...,  J,  considered  as  functions  of  a,  h,  c,  d,,  e,  f  satisfy  all  those  relations 
which  they  satisfy  when  considered  as  given  functions  of  a,  ,Q,  7,  5, 
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Now   considering  them   s 
relations;   and   inasmuch   as. 


given   functions    of  a, 
3    considered,    they    are 


A  7. 


8,  they  ought  to  satisfy 
feet,   linear   functions   of 


f  +  S'  +  'f  +  B',     a^/S'  +  y'B',     aY  +  B'B\     a=8^  +  yS^=      a^' 


five  of  these  relations  will  be  linear:  there  is 
variety   of  different   forms,   one   of  them,   as   : 


sixth  non-linear  relation,  expressible  in  a 
easily   verified,   being 


Now  consideiing  A,  B,  ...,  J  as  given  functions  of  a,  b,  c,  d,  e,  f,  there  exist 
between  them  linear  relations  which  may  be  obtained  by  the  consideration  of  identities 
of  the  form 

I  abed      I  =  0, 


where  the  left-hand  side  i 


for  shortness  to  denote  the  determinant 
=  0. 


1 

1. 
6, 

o- 

»', 

1 

1, 

a 

b. 

a' 

i>: 

We  thus  obtain  between  them  a  system  of  fifteen   linear  relations,  which  present  them- 
selves in  the  foi-m 


(1) 

(2) 
(3) 
(4) 
(5) 
(6) 
C) 
(8) 
(!>) 
(10) 
(11) 
(12) 
(13) 
(U) 
(15) 


-A-I  +F  -C-0, 
A-H+G~D-0, 

-B-  a  +  H  +  C-0, 
B-F  +  J  +D=0, 
C  -S+J-D^O, 

-F-D-H+E-O, 
E ^tj-  I  +a 
F-B-J^B-0, 


H-A-\ 


'I  =l>, 


-J  +  D-G  +  I 
J  +  C-F+H~0, 
I  i-  B-E-H 
G  +  A+E-F-O. 
D-A  +  B-C-l}, 
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and  these  are  all  included  in  the  equations  (10),  (4),  (12),  (15),  (6),  which  serve  tci 
express  (J,  B,  E,  F,  I  in  terms  of  D,  H,  0,  A,  J,  i.e.  wo,  ce,  eh,  bd,  da  in  terms  of 
ab,  be,  cd,  de,  ea,  if  for  the  moment  we  write  &  =  ae,  etc.  But  the  iive  linear  relations 
in  question  are,  it  is  at  once  seen,  satisfied  hy  A,  B,  ...,  J  considered  as  given  functions 
of  a,  ^,  7,  S. 

The    equation  ^AJ ^^/BF  ±  ■^CG^O,    substituting   for   A,  B,  ,..,.!  their    values   in 
terms  of  a,  b,  c,  d,  e,  f,  becomes 

'\/abc.def.aef.bod±  vabf.cde.ace.bdf±  'J abe . cdf . acf  .bde  =  0, 

which  (omitting  common  factors)  becomes  V&c^ ,  ep  ±  'Jbf' .  ce-  ±  Viie^ .  of'  =  0 ;  or,  taking 
the  proper  signs,  this  is  the  identity  bc.e/-^be.fo-\-bf.ce  =  0. 


It  is  to  be  noticed  that 


2(7a-/9S), 


2(a^-7S), 
2  (8j  +  «S), 


2(7«  +  m 
2(^7-«5), 


each  divided  by  S''  +  a^  +  y3*  +  'f,  form  a  system  of  coefficients  in  the  transformation 
between  two  sets  of  rectangular  cooixiinates.     We  have  therefore 

Vat,     'vad,    Vce, 

V&e,      v'(/e,     V(W, 

V'&c,     '/cd,    "Jae, 

each  divided  by  '/bd  and  the  several  terms  taken  with  proper  signs,  as  a  system  of 
coefficients  in  the  transformation  between  two  sets  of  rectangular  axes:  a  result  which 
seems  to  be  the  same  as  that  obtained  by  Hesse  in  the  Memoii',  "  Transformations- 
Formeln  fiir  rechtwinklige  Raum-Coordinaten  " ;   Crelle,  t.  lxiii.  (1864),  pp.247 — 251. 

The  composition  of  the  last  mentioned  system  of  functions  is  better  seen  by  writing 
them  under  the  fuller  form  Vabf.  cde,  etc. ;   viz.  omitting  the  radical  signs,  the  terms  are 

aiif.  ode,         adf.  bee,         abd .  cef, 
be/ .  acd,        def .  abc,        ac/ .  bde, 
bcf .  ade,         cdf .  ahe,        aef .  bed, 
each  divided  by  bdf.aoe;   or,  in  an  easily  understood  Ejgorithm,  the  terms  are 
bf.d    df.b    bd.f 


each  divided  by  bdf .  ace. 
C.    X. 


hf.i 

df.b    bd.f 

hf.i 

df.h    U.f 

hf.i 

df.b    bd.f 
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E«verting   to   the   be  fore- mentioned   comparison   of  the   first  and  second  columns   of 
Table  III.,  four  of  the  equations  are 

w,  a;'  y.  y'  x,  x'  y,  1/ 

\c]  =      [d\,  that  is,  Vc  [c]  =     Vrf  \d\ 

{d}=      [g],  that  is,  VI[d]=     vV  [c], 

\e]  =  -  [ah],  that  is,  Ve  [0]  =  -  VoA  [afc], 

[/}  =  -  [cd],  that  is,  V/[/j  =  -  Vcd [cd] ; 

viz.  the  four  tprms  on  the  left-hand  side  ai^e  not  absolutely  equal,  but  only  proportional, 
to  those  Oi.'  the  right-hand  side.  Substituting  for  Ve,  Vd,  etc.,  their  values,  and  in- 
troducing on  the  right-hand  side  the  factor 

V«c .  be.  ce .  cf.  ad.bd  .de.  df, 
the  equations  become 

.X3f  yy' 

[c]  =     ac .  he  .ce.ef  \d\, 

[rf]=     ad.M.de.df[cl 

[e]  =  ~  ce .  rfe[a6]. 

The  functions  on  the  left-hand  satisfy  the  identity 

def\c\  -  efc  [rf]  +fcd  [e]  -  cde  [/]  =  0. 
or,  as  this  may  also  be  written, 

def\p\  -  ce/[rf]  +  cdf\e]  -  cde  [/]  =  0. 

Hence  substituting  the  right-hand  values,  the  whole  equation  divides  by  ce  .  de .  cf .  df; 
omitting  this  factor,  it  becomes 

ef.  ac .  he  [rf]  -  ef.  ad .  hd  [c]  ~  cd  {[ab]  -  [cd]\  =  0, 

where  the  variables  are  y,  j/  '•  it  is  to  be  shown  that  this  is  in  fact  an  identity,  and  (as 
it  is  thus  immaterial  what  the  variables  are)  I  change  them  into  x,  of, 

"We  have 

nc.U\_d'\- ad  .hd\c\=  {a- c){b~c){d~a}){d-af) 

-{a-d){h-d){c-x)(c-x') 

=  (c-d)     1,     x+x'.    xx' 

1,     a  +  b ,     ab 

c  +  d,     cd 

=  cd  [xx'abcd]. 
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We  have  moreover 


[a4]-[rf]  = 


1_^  J     <^f-c'd'e'-\-a'b'f'.cde\ 
(.V  —  ^y  |—  odf.a'b'e'  —  c'd'f .  abe) 


1 


:^{ahc'd--a'b'cd)iey-ef'), 


where   for    the   moment  a,  b,  a',  etc.,  are  written   to   denote  a  — a),  h—x,  i 
have  then 


and 


abc'd'  —  db'cd  —  {a  --- x)(b  —  x)(c  —  x'){d ~ (e')  =  ~{x  —  x) 


1,     »,  +  6,    ab 
1,     c  +d,    cd 

Hence  [ab]  —  [cd]  =  e/[xx'abcd],  and  the  equation  to  be  verified  becomes 
(ef  .cd-cd.  ef)  [(cx'abcd']  =  0, 
viz.  this  is,  in  fact,  an  identity. 

Cambridge.  14  March,  1877. 
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664. 


ON    THE    16-NODAL    QUARTIC    SURFACE. 


[From  the  Journal  fur  die  reine  und  angewandte  Mathemattk  (Crelle),  t  Lxxxiv.  (1877), 
pp.  238—241.] 


Pbof.  Eorchardt  in  the  Memoir  "  Ueber  die  Darstellung  u.  a.  w."  Crelle, 
t.  LXXXiiI.  (1877),  pp.  234 — 243,  shows  that  the  cooiiiinates  )e,  ij,  z,  w  may  be  taken  as 
proportional  to  four  of  the  double  ^--functions,  and  that  the  equation  of  the  eurfstce 
is  then  GGpel's  relation  of  the  fourth  order  between  these  four  functions:  and  he 
remarks  at  the  end  of  the  memoir  that  it  thus  appears  that  the  coordinates  m,  y,  z,  w 
of  a  point  on  the  surface  can  be  expressed  as  proportional  to  algebraic  functions, 
involving  square  roots  only,  of  two  arbitrary  parameters  ^,  ^'. 

It  is  interesting  to  develope  the  theory  from  this  point  of  view.  Writing,  as  in 
my  paper,  "  Further  investigations  on  the  double  ^-functions,"  pp.  220 — 233,  [663], 


>]  =  bb' 
c]  =  C(f, 


[ab]- 


W-lJ 


{'Jabfc'd'e'  —  'Ja'h'f'cdef, 


where   on   the   right-hand    sides    a,   h,...,a',...    denote   a  —  ^,   b  —  ^,. 


being    here   written    in    place    of   the  . 


-f, ...  (f,  r 


of    my  paper),   then    the    sixteen   functions 
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are  proportional  to  constant  multiples  of  the  square-roots  of  these  expressions;  viz. 
the  correspondence  is 

8,  =  ^^,       S,  =  %„        Rj=%.       -«  =  '*«,         Q=%,  e.=%, 

i\/a\/la\,      i\/bVlbl    ix/cVjc],    i\/d\/\a],    iVeV\el        i\/fy/{fy, 

Ql=%,  Pi=%,  P=%i,  S  =  -^,4,        A  =  '^l=,  P3=X, 

\/ah  Vlab'l,    \^ac  v^J^],    \^ad  ^'[ad],     v'ae  y/[ae\,    -yhc  v'[6c],     \^bd  Vlbd] ; 

-i/he  y/\be\,    \^cd  \/[cd],    v^ce  ■\/[ce],    \^de  \/[rfe] ; 

where,  under  the  signs  v^,  a  signifies  bcdef,  that  is,  he .bd .be.hf.cd .ce.qf .de.df.ef, 
and  ob  signifies  ahf.cde,  that  is,  ab.af.hf.cd.ce.de,  in  which  expressions  be,  bd,  ..., 
cd>,  af,  ...  signify  the  differences  6  — c,  b -d,  ...,a-b,  a-f,  ...  But  in  what  follows, 
we  are  not  concerned  with  the  values  of  these  constant  multipliers. 

Prof.  Borchardt's  coordinates  x,  y,  z,  w  are 

viz.  P,  S,  Pj,  S^  are  a  set  connected  by  GopeJ's  relation  of  the  fourth  order — and 
this  relation  can  be  found  (according  to  Gopel's  method)  by  showing  that  Q'  and  B^ 
are  each  of  them  a  linear  function  of  the  four  squares  P\  P/,  S=,  83",  and  further 
that  QB  is  a  linear  function  of  PS  and  PjiSfj ;  for  then,  squaring  the  expression  of 
Qlt,  and  for  Q^  and  R^  substituting  their  values,  we  have  the  required  relation  of 
the  fourth  order  between  P,  8,  P,,  S^. 

Now  we  have  P,  S,  P^,  >%,  Q,  fl  =  constant  multiples  of  ^/Jac],  •Jiab],  v'[c^, 
VfM],  Vp],  V[c]  respectively:  and  it  of  course  follows  that  we  must  have  the  like 
relations  between  these  six  quantities;  viz.  we  must  have  [b],  [c]  each  of  them  a 
linear  fiinction  of  [ac],  [ab],  [cd],  [bd] ;  and  moreover  ■v'[6]  Vfc]  a  linear  function  of 
VM  V[^  and  ■'/[hd]  Vp]. 

Aa  regards  this  last  relation,  starting  from  the  formulse 

V[^  =  j^^.  {"/^b'd'e  +  •Ji^TfWl, 

V[6rf]  =  -^  {'^bdfi^'e'  +  ^h'd'f'aoe], 

V[^j  =  -^^  {'^ahfcWe  +  -^Wfcdel, 


■J[od]  =  j±^  {^/cdfa'b'e-  +  -Jc'd'f'c 


Hosted  by 


Google 


182 

we  have  at  onee 


ON    THE    16-NODAL    QUARTIC    SURFACE. 


[664 


(^-n 


{(afd'e'  +  af'de)  'Jbch'c'  +  (be'  +  b'c)  '/adea'^tf]. 


the  difference  of  these  two  expressions  is 

where  substituting  for  a,  d,  e,  f,  a',  ...  their  values  a  —  ^,  d  —  ^,  e  — f,  /— f,  a— f,  ... 
we  have  ad' -a'd  =  {a-d){i-^'),  fe' -fe  =  {f^e){^-^');  aiso  VfiSV  =  ^T]  V[^ ;  and 
we  have  thus  the  required  relation 


Viae]  ^[oh]  -  V[M]  V[crf]  =  -(a--d}{e -_/')  V[6]  V[c"]. 


As  regards  the  first  mentioned  relation,  if  for  greater  generality,  8  being  arbitrarj', 
we  write  \6]  ^  68',  that  is,  ^{0  —  ^)(0- 1'),  then  it  is  easy  to  see  that  there  exists 
a  relation  of  the  form 

V  [e]  =  A.  [ab]  +  B  [ac]  +  G  [bd]  +  D  [cd], 

where  A  +  B  +  G  +  D  =  0.  The  right-hand  side  is  thus  a  linear  function  of  the 
differences  [ab]  —  [ac],  [ab]  —  [bd],  [ab]  —  [cd] ;  and  each  of  these,  as  the  irrational 
terms  disappear  and  the  rational  terms  divide  by  (f  —  ^'f,  is  a  mere  linear  function 
of  1,  ?  +  ^',  ?r ;  whence  there  is  a  relation  of  the  form  in  question.  I  found 
without  much  difficulty  the  actual  formula ;   viz.  this  is 


(a 


:)(6-c)(e^/) 


1.    e  +  f,  ef  m 
1,    b+  c,   be   I 


i  1,  e,  f.  ef     [ac\- 

■  1,  b,  c,  be 

\  1,  d,  ft,  ad 

I  1,  0,  e.  &'  i 


1,    e.  f,   ef 

[at]- 

\,   0,    b,  k 

1,   d,   a,  od 

1,  «,  e,  (P 

.    e.  f,   ef 

[rf]  + 

,    h,    c.   be 

,   a,   d,  ad 

.  e,  e,  S' 

1, 

e. 

I 

'f 

1, 

c. 

b. 

be 

1, 

a, 

i. 

ad 

1, 

e. 

e. 

*■ 

[Ml. 


where  observe  that  on  the  right-hand  side  the  last  three  determinants  are  obtained 
from  the  first  one  by  interchanging  h,  c:  or  a,  d:  or  b,  c  and  a,  d  simultaneously:  a 
single  interchange  gives  the  sign  — ,  but  for  two  interchanges  the  sign  i 
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Writing  successively  8  =  h  anti   d  —  c,  we  obtain 
(«-<!)(«-/)     1,    .  +  /   ef     [6] 
1,    6  +  c,   he 
1,  a  +  d,  ad 
=  («-/)  (6  -  <i)  (6  -  e)  M  -  (o  -  i)  (i  -/)  (d  -  »)  [.*] 

+  («  -  J)  (S  -  .)  (d  -/)  [rf]  -  (a  -  e)  (6  -  (J)  (6  -/)  [M] ; 
{a~d){e-f)    1,    «  +  /   e/     [c] 
1,    b+  c,    be 
1,   a  +  d,   ad 
^-(a-c)(c-f)(d~e}[ac]+{a^f)(c-d)(c-e)[ab] 

-(a-e)(c^  d)  (c  ~f)  [cd]  +  {a-c){c-  e)  (d  -/)  [bd] ; 
which  values  of  [b]   and   [o],  combined  with  the  foregoing  equation 

(a  -  d)  (e  -/)  V[6]  V[^  =  -  V["ac]  -/[o^  +  ^/[c?i  V[6fl!], 
give  the  required  quartic  equation  between  Vfttc],  V[ab],  V[c(?],  Vpid]. 


Camih-idge,   2  August,  1877. 
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A    MEMOIR    ON    THE    DOUBLE    ^-FUNCTIONS. 


[Froni  the  Journal  fwr   die  reine   und  angewandte  Matkemattk  (Creite),  t.   Lxxxv.  (1878), 
pp.  214—245.] 

I  RESUME  my  investigations  on  these  functions;  see  my  two  papers,  Crelle, 
t.  Lxxxiii.  (1877),  pp.  210—233;  [662]  and  [663],  But  it  is  proper  in  the  first 
instance  to  develope  in  a  corresponiJing  manner,  the  theories  of  the  circular  (or 
exponential)  functions,  and  of  the  single  ^-functions. 

Part  I.     Preliminary  investigations. 
Starting  from  the  rlifferential  i-elation 


between  the  variables  m  and  w,  I  write  for  shortness  the  single  letters  A,  B,  il, 
instead  of  functional  forms  A  {u),  B  (m),  il  («),  to  denote  functions  of  u ;  and  1 
assume  as  definitions  the  equations 

and  another  equation  to  be  presently  mentioned :  these  two  equations  imply  between 
A,  B,  li  the  algebraical  relation 

A'  -B'^n'  (a  -  h). 
Differentiating,  we  obtain 

^•Ja-x 
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that  is, 


and  similarly 


^dil-^A  9j(, 


Proceeding  to  a  second  differentiation,  we  find 


B  d^B  -  (dBy  =  ^^  {n  ^=n  -  (day}  +  i{B'  -  a^)  (Buy. 

To  simplify  these  we  assume  (as  the  third  equation  above  referred  to) 

iid'n~(dny=o. 

The  last -mentioned  two  equations  then  become 

A  3M  -  {3^  y  =  i  (A'  -  S=)  (9m  )=, 

B  d'^B  -  (dBy  =  K-S'  -  A')  (duy, 

which  several  equations  contain  the  theory  of  the  functions  A,  B,  il:  we  have  as 
their  general  integrals 

A  =     ■lAe*'' '/a^h  {eSi"+''i  +  e-i("+''i], 

B  =  ~  i  Ae*"  V^"^  {e*'«+''>  -  e-i(«+"t), 
a  =       Ae''", 

where  A,  X,  v  are  arbitrary  constants.  Forming  the  quotients  A  :  il,  B  :  il,  and 
introducing  the  notations  cosh,  sinh,  of  the  hyperbolic  sine  and  cosine,  also  writing 
for  simplicity  u  =  0,  the  equations  give 

Vo  —  ic  =     va  —  b  cosh  J u, 

•Jb-^  --.f/a-b  sinh  ^  u, 

which  express  the  integral  of  the  differential  relation 


Va  -  a; ,  6  - 
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Instead   of    considering  in   like   manner  the   radical   '^a  —  x.b—x.c  —  x,    I 


to  the  radical  "Ja  —  x.b  —  x.c—x.d  —  x;  and  starting  from  the  differential  relation 
Zx 


and   using   the   single   letters   A,   B,   C,   D,   fl   to   denote    functions    of 
definitions 


and   another   equation   to   be   presently   mentioned;    A,   B,   G,   D   are  called   ^-functions, 
and  II  is  called  the  w-function. 

But  before  proceeding  further  I  introduce  some  locutions  which  will  be  useful. 
In  reference  to  a  given  set  of  squares  or  products,  I  use  the  expression  a  sum,  of 
squares  to  denote  the  sum  of  all  or  any  of  the  squares  each  multiplied  by  an 
arbitrary  coefficient ;  and  in  like  manner  a  sum  of  products  to  denote  the  sum  of 
all  or  any  of  the  products  each  multiplied  by  an  arbitrary  coefficient :  in  particular, 
the  set  may  consist  of  a  single  square  or  product  only,  and  the  sum  of  squares  or 
products  will  then  denote  the  single  term  multiplied  by  an  arbitrary  coefficient.  In 
the  present  ease,  we  have  the  quantities  -Ja  —  x,  "Jh  —  a:,  'Jc  —  x,  ^d  —  sc,  and  the  squares 
are  a—x,  b  —  x,  etc.,  which  belong  all  to  the  same  set;  but  the  products  (meaning 
thereby  products  of  two  quantities)  tja  —  x.b  —  x,  etc.,  are  considered  as  being  each  of 
them  a  set  by  itself  A  sum  of  squares  is  thus  a  linear  function  X  +  fne,  and 
conversely  any  such  function  is  a  sum  of  squares;  a  sum  of  products  means  a  single 
term  v'^a  —  x.b—x  (or  v\a  —  x.c~x,  etc,  as  the  case  may  be),  and  conversely  any 
such  function  is  a  sum  of  products:  the  coefficients  \,  jm,  v  may  depend  upon  or 
contain  H,  and  in  differential  expressions  (9w  being  therein  considered  constant)  the 
coefficients  \,  fi,  v  may  contain  the  factor  du  or  {duf — and  if  convenient  we  may  of 
course  express  such  factor  by  ivriting  the  coefficients  in  the  form  \du,  or  X(duf 
etc,,  as  the  case  may  be. 

We  may  now  explain  very  simply  the  form,  as  well  of  the  algebraical  relations, 
as  of  the  differential  relations  of  the  first  and  second  orders  respectively,  which 
connect  the  functions  A,  B,  G,  D. 

The  fiinctions  A'^,  B',  G',  D'  are  each  of  them  a  sum  of  squai'es,  and  hence  there 
exists  a  linear  relation  between  any  three  .of  these  squares.  But  the  products  AB, 
AC,  etc.,  are  each  of  them  a  sum  of  products  (meaning  thereby  a  single  term,  as 
already  explained) ;  and  hence  there  is  not  any  linear  relation  between  these  products. 

Considering  the  first  derived  functions  dA,  dB,  etc.,  these  each  contain  a  tei-m 
in   dfl,   which   however  disappears    (as   is   obvious)   from    the    combinations   AdB  —BdA, 
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etc.;    and,   without   in   any   wise   fixing  the   value   of   fl,   we   in   fact   find   tliat   each   of 
these  expressions  is  a  sum  of  products;  the  form  is,  as  will  appear. 


AdB-BdA  =  ai}.^VG-ic.d~x  =  pCJ),  etc.* 

Passing  to  the  second  derived  functions  and  forming  the  combinations  Ad'A—(dA)-, 
etc.,  each  of  these  will  contain  a  multiple  of  H  d'O,  —  {dny,  but  if  we  assume  this 
expression  fl  9'Xi  —  (9Ji)*  =  HW,  where  if  is  =  (duf  multiplied  by  a  properly  determined 
function  of  x,  then  it  is  found  that  each  of  the  expressions  in  question  Ad^A  —(dAy,  etc., 
becomes  equal  to  a  sum  of  squares,  that  is,  to  a  linear  function  iP{'K  +  /jje):  viz.  it 
is  equal  to  a  sum  of  squares  formed  with  the  squares  A",  B\  C\  JA 

The  foregoing  equation 

where  M  has  its  proper  value,  is  the  other  equation  above  referred  to,  which,  with 
the  equations  .4=flVa  — a;,  etc.,  serves  for  the  definition  of  the  functions  A,  B,  C,  D,  fi; 
it  may  be  mentioned  at  once  that  the  proper  value  is 

M  =  i(S>uf  [-  2iB^  +  jc  (ci  +  6  +  c  +  rf)  +  «j, 

where  «;  is  a  constant,  symmetrica]  as  regards  a,  b,  c,  d,  which  may  be  taken  =0,. 
but  which  is  better  put 

—  a^  +  li'+  c^  -\-  d^—  ab  —  ac  —  ad—bc—bd  —  cd. 

For    the    proof    of    the    formula,    I    introduce    and    shall    in    general    employ  the 

abbreviations    (a,    b,    c,    d)    to    denote    the    differences    a  —  x,    b  —  x,    c-x,    d  —  x:  the 

differential  relation  between  x,  m  thus  becomes  dx  =  du  Vabcd.  I  use  also  the  ab- 
breviations n  d^D,  -  {diiy  =  Ail,  etc. 

We  have  _       _        _        _ 

AdB-BdA^ii."  (Va a  Vb -  Vb 3  v'a), 

the  terms  in  3ii  disappearing :   viz.  observing  that  3a  =  Bb  =  -  dx,  this  is 


=  -ia- 


(fj&        \/h\  . 


or  observing  that  a  — b  =  (i  — 6,  and  writing  for  dx  its  value  =  Vabcd  8k,  this  is 
AdB  ~  BdA  =  -  ^(a  -  b)  il^  Vcd  du, 

=  ~  4  («  -  &)  n^  'JZ'^x:a-~xdu, 

which    is    the    equation    expressing   AdB  —  BdA    as   a   sum   of    products :    it   is   farther 
obvious  that  the  value  is 

=  -l{a-h)  CD  du. 
*  It  is  hardly  iiece.ssary  to  lemaili   that   a,  n   coclaiii   each   of  them   the   factor  du;   and  the  like   in  other 

24—2 
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Proceeding   next   to   find   the   value   of    AA,   =A?fiA--(dAy,   =  A^d^log  A,   it  is  to 
be  remarked  that  we  have  in  general 

APQ  =  P^AQ  +  Q^AP, 
and   therefore  also    AP^  =  2P^AP,   and  consequently   AVP  =  -^AP.     Hence  stai-ting  from 
^  =  li  Va,  we  have 

A^  =aAn  +  ff5Aa, 

where  Aa,  =  —  s.d'^a;  —  (dxY.  I  assume  that  we  have  An  =  D^^M  =  l^l^S (duf,  where  S 
denotes  a  function  of  a)  which  is  to  be  determined  r   the   equation  thus  becomea 

A^  =  iff  |aS  (duf  -  23^a;-  2  (daiy] ; 

we  have  (dioy  =  abed  {duf,  and  thence,  differentiating  and  omitting  on  each  side  the 
factor  9^:,  we  obtain 

2d^x  =  —  (abc  +  abd  +  acd  +  bed), 
and  the  equation  becomes 

A^  =  ^n^  fa  (S  +  be  +  bd  +  cd)  -  bed}  (duf, 

which  is  to  be  simplified  by  assuming  a  proper  value  for  S;  in  order  that  the  same 
simplification  may  apply  to  the  formulfe  for  AB,  etc.,  it  is  necessary  that  S  be 
symmetrical  in  regard  to  a,  h,  c,  d. 

Writing   for   the  moment  h',  c,  d'  to  denote  b  —  a,  o~a,  d—a  respectively,  we  have 
b',  c',  rf'  =  b  —  a,  c  —  a,  d  —  a,  and  thence 

b'c'd'  =  bed  -  a  (be  +  bd  +  cd)  +  a=  (b  +  e  +  d)  -  a^ 
and  consequently 

a(bc-h  bd  +  cd)-bcd  =  -6'c'd'  +  a=(b  +  c-|-d-a): 

hence,  in  the  expression  of  AA,  the  factor  which  multiplies  ^il''{du)-  is 

a  |)S  +  a  (b  +  c  +  d  -  a)]  -  b'c'd', 

viz.  the  expression  added  to  S  is 

(a-x){b  +  c+d-a~2a>), 

=  a(h  +  0+  d  ~  a)  -  X  {a  +  b  +  0  +  d)  +2x'. 
Hence  assuming 

S^-2x'+x(a  +  b  +  c  +  d)  +  K, 

ic  being  a  constant  symmetrical  in  regard  to  a,  h,  c,  d,  which  may  be  at  once  taken 
to  be  =a^  +  b''  +  <f  +  d^-'ab-aG-ad  —  bc  —  bd  —  cd;  then  writing  also 

\  =  if'+c'  +  d'  —  bc  —  hd  —  cd,     (li  =  —  b'c'd'  =a—b.a  —  c.a  —  d, 

the  expression  a  {iS  +  a  (b  +  c  +  d  —  a)|  —  b'c'd'  becomes  =aX  +  ft;  and  the  sought  for 
equation  thus  is 

AA  =  Ad'A-  (dA  y^in'  (a\  +  ^)  (Buy, 


Hosted  by 


Google 


665]  A   MEMOIR    ON    THE    DOUBLE   S-FQNOTIONS.  189 

the  equation  in  li  being  of  course 

Ail  =  iJ  dm  -  (day  =  ^il'  {-23.^  +  a:<a  +  b  +  c  +  d)  +  x]  (duf. 
The  theory  in  regard  to  the  second  derivatives  is  thus  completed. 

To   adapt   the   formulse   to   elliptic   integrals,   and   oi'dinary  H  and   €f   functions,  the 
radical  must  be  brought  to  the  form  '>/a:.l  —  i>j.l—k^a:.      Writing  for  this  purpose 

a,  b,  c,  d  =  -¥I\  0,  1,  p,     (/  =  oo), 

snbstituting    also    -^-  for  u,   and   ikI.A,  iB  (i'^V— 1    as    usual)   foe   A,   B   respectively, 
we  find  'Ja  —  re .  h  —  x .  c  —  X .  d  —  X  =  I  'V  X  .1  —  »■ .  1  —  f-fa; ;  and  then 


il  is  in  this  case  ^ A,  a  ^--function:  and  in  the  equation  for  Afl,  writing  A  m 
place  of  n,  the  equation  becomes 

Ad'A~(dAy  =  lA-{^23f'  +  w(~k'P)  +  K]^^\ 

viz.  replacing    .^  by  a  new  constant,  =  X  suppose  and  finally  putting  I=x ,  this  is 
Ad'A-  {dAf  =  A^i\-~-  k-'x)  (ditf. 

The  differential  equation  is  satisfied  by  iB  =  sn^M,  giving  1  — a.'  =  cu^w,  1  —  ^'^a:— dn'w; 
and  the  equation  for  A  then  is 

d''  log  A=(X~k-'  snHi)  (du)', 
or  say 

A.u""-'!."!.'""; 

viz.  by  properly  assuming  the  constants  L,  X,  we  shall  have  jl=Jacobi's  function  ®u: 
and  then  sn it  =  -j  ,  en m  =  -j  ,  dnu  =  ~t-  ,  which  will  give  the  ordinary  expressions  of 
sn,  en,  dn  in  terms  of  ff,  ©. 

Part  II,     The  double  '^-functions. 
Passing  now  to  the  double  ^-functions,  and  writing  for  a  moment 
'/X^'/a-jt.b'-x.o-x.d-x.e-ce.f-x, 
'\/Y='/a-^.b-if.c-y.d-y.e-y./'-y, 
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the  difforeutial  equations  which  connect  u,  v  with  x,  y  are 
dx       dy 

There  are  here  sixteen  ^-functions  A,  B,  G,  1),  E,  F,  AB,  AG,  AD,  AE,  BG,  BD,  BE, 
CD,  CE,  DE,  and  an  associated  M-function  fl,  where  for  ahortueaa  I  use  the  single  and 
double  letters  A,  B,  ...,  AB,  ...,  ft,  instead  of  functional  expressions  A  {u,  v),  B(u,  v),.., 
AB{u,  v),..,il{u,  v),  to  denote  functions  of  the  two  letters  u,  v.  Writing  also 
(a,  b,  c,  d,  e,  f)  for  the  differences  a  —  cc,  h  —  x,  etc.,  and  {&i,  bi,  Cj,  d,,  e,,  f,)  for  the 
differences  a  —  y,  b  —  y,  etc.,  whence  ^^X  =  Vabcllef  and  VF=v'aibiCidieifi.  and  S  for 
the  difference  x  —  y,  we  have  sixteen  in/-functions  which  are  represented  by 

\/«.  V&.  v'c.  V<^>  Ve,  V/  "/wi,  'v'fflc,  v'arf,  'Jae,  '/be,  '/bd,  Vfte,  Vcd,  Vce,  V^, 
the  values  of  which  are 

\/tt  =  Vaai,  (six  equations), 

Va?)  =  ^  (Vabfcidiei  — Vaib/icde],  (ten  equations), 


and  the  definitions  of  the  sixteen  ^-functions  and  the  w-function  arc 
A  =  il  V",     (six  equations), 

AB  =  il  V«6,  (ten  equations), 

and  one  other  equation  to  be  afterwards  mentioned. 

I  call  to  mind  that,  in  a  binary  symbol  such  as  Va6,  it  is  always  f  that  accom- 
panies the  two  expressed  letters  a,  b :  the  duad  ab  is,  in  fact,  an  abbreviated  expression 
for  the  double  triad  abf.  cde :  and  I  remark  also  that  I  have  for  greater  simplicity 
omitted  certain  constant  factors  which,  in  my  second  paper  above  referred  to,  were 
introduced  as  multipliers  of  the  foregoing  functions  V".  ...,  Va&, ...  I  remark  also  that, 
to  avoid  confusion,  the  square  of  any  one  of  these  functions  Va  or  '/ab  is  always 
written  (not  a  or  ab,  but)  (^/ay  or  {'/aby. 

I  «se  9  as  a  symbol  of  total  dift'erentiation :   thus 

dA=^du  +  ^^,    3^  =  54  (9«)=  +  2 #^  (&K a«)  +  ?4  (3^)'.  etc. 

du  dv  dv?  ^    '  dudv  ar 

Moreover   I   consider    9m    and    dv    as    constants,    and    use    single    letters    X,   i,   etc.,   to 
denote   linear  functions   adu  +  0dv,   or  quadric  fttnctions  a(diiy  +  28dudv  +  j{d-vf  (as  the 
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ease  may  be)  of  these  differentials;  thus,  in  speaking  of  AdB  —  BdA  as  a  sum  of 
products,  it  is  implied  that  the  coefficients  of  the  several  products  are  linear  functions 
of  du,  dv;  and  so  in  speaking  of  Ad^A~(dAy  as  a  sum  of  squares,  it  is  in  like 
manner  implied  that  the  coefficients  of  the  several  squares  are  quadric  functions  of 
du,  dv. 

An  a^-function  is  simplex,  such  as  \/a,  oi'  complex,  such  as  Vafc;  the  square  of 
the  former  is  aa,  =  o*  —  a  (a;  +  ^)  +  ay,  which  is  of  the  form  X  +  fi  (tv  +  y)  +  vwy ;  the 
square  of  the  latter  is 

=  1^  {abfcid.e,  +  aib,ficde  -  2  V  JF}, 
where   observe    that    the    irrational   part   —  ^^VXF   is   the   Sivme   for   alt   these   squares: 

so   that,   taking   any   two   such   squares,  their  difference  is   =^^  multiplied   by  a   rational 

function  of  wy:  this  rational  function  in  fact  divides  by  ^,  the  quotient  being  a  rational 
and  integral  function  of  the  foregoing  form  \  +  ti.{a:  +  y)  +  viBy.  Hence  selecting  any  one 
of  the  complex  functions,  say  Vde,  the  square  of  any  other  of  the  complex  functions 
is  equal  to  the  square  of  this  phis  a  term  A.  +  ^(«  +  i/) +  i'4cy ;  and  hence  the  square 
of  any  function  simplex  or  complex  is  of  the  form  X  +  fi,  {x  +  y)  +  v  wy  +  p  {'^de)" ;  this 
being  so,  the  squares  of  the  ic?/-functions  may  be  regai-ded  as  forming  a  single  set ; 
every  sura  of  squares  is  a  function  of  this  form  X  + ii(x  +  y)  +  va:y  +  pi'^def;  and 
conversely  every  function  of  this  form  is  a  sum  of  squares.  A  sum  of  squares  thus 
depends  upon  four  arbitrary  coefficients  X,  fi,  v,  p;  and  we  may,  in  an  infinity  of 
ways,  select  four  out  of  the  16  squares  such  that  evei^'  sum  of  squares  can  be 
represented  as  a  sum  of  these  four  squai-es  each  multiplied  by  the  proper  coeiEcient ; 
say  as  a  sum  of  the  selected  four  squares :  in  particuiai',  each  of  the  remaining 
squares  can  be  expressed  as  a  sum  of  the  selected  four  squai-es.  It  appeai-s,  by  the 
first  of  my  papers  above  referred  to,  that  there  are  systems  of  four  squares  connected 
together  by  a  linear  equation :  we  are  not  here  concerned  with  such  systems ;  only 
of  course  the  four  selected  squares  must  not  belong  to  such  a  system, 

.  We  have  the  products  of  the  «y-function3,  where  by  product  is  meant  a  product 
of  two  functions.  The  number  of  pi-oducts  is  of  course  =  120,  but  distinguishing  these 
according  to  the  radicals  which  they  respectively  contain,  they  form  30  different  sets. 
Thus  we  have 

Vi  Va6  =  g  (b  Varb,c";d;^,  -  h,  Va,f,bcde}, 
Vc  vac  =  3(0  „  —  Ci        „        ], 

^d-Jad  =  ^\A  „  -4        „        ], 

Je  Vae  =  7;  je  „  —  ei        „        ', 
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which    four    expressions    form    a    set,   and    there    are    15    such    sets.      The   set   written 
down  may  be  called  the  set  af:   and  the  fifteen  sets  are  of  course  ab,  ac,  etc. 

Again,  we  have 

VaV&=  '\^aba|bi, 

Va^  V6^  =  ~  {(cfdje,  +  c,f,de)  Va"b^  -  (abi  +  ajb)  Vcdefcd.e.f,}, 


Vfte  V6e  =  3  J(efc,d,  +  eiijcd)       „       -  „  „  j, 

which  four  expressions  form  a  set,  and  there  are  15  such  sets.  The  set  written  down 
may  be  called  the  set  abaibi:  and  the  fifteen  sets  are  of  course  aba^bi,  acajC,,  etc. 
The  15  and  15  sets  make  in  all  30  sets  as  mentioned  above. 

The  expression,  a  sum  of  products,  means  as  already  explained  a  sum  of  products 
belonging  to  the  same  set ;  and  there  are  thus  30  forms  of  a  sum  of  products.  The 
products  of  the  same  set  are  connected  by  two  linear  relations,  so  that,  selecting  at 
pleasure  any  two  of  the  }>roducts,  the  other  two  products  can  be  expressed  each  of 
them  as  a  linear  function  of  these ;  hence  a  sum  of  products  contains  only  two 
arbitrary   coefficients. 

Reverting  now  to  the  equations  A  =n  ^/a,  etc.,  we  see  at  once  the  form  of  the 
algebraical  equations  which  connect  the  16  ^-functions.  Every  squared  function 
A^,  ...,  (ABf,  ...  is  a  sum  of  squares,  whence  selecting  (as  may  bo  done  in  a  great 
number  of  ways)  four  of  these  squared  functions,  each  of  the  remaining  12  squares  is 
a  sum  of  these  four  squares  each  multiplied  by  the  proper  coefficient;  or  say  it  is  a 
sum  of  the  four  selected  squares.  And  in  like  manner  the  120  products  of  two  of 
the  16  functions  foiin  30  sets,  such  that  selecting  at  pleasure  two  of  the  set,  the 
remaining  two  of  the  set  are  each  of  them  a  linear  function  of  these. 

Considering  the  first  derived  functions  dA,  dB,  ...,  dAB,  ....  each  of  these  contains  a 
term  in  9il;  but  9il  disappears  (as  is  obvious)  from  the  several  combinations  IdJ  —  Jdl 
(I  write  /  and  similarly  J  to  denote  indifferently  a  single  letter  A  or  a,  double  letter 
AB):  and,  without  in  any  wise  fixing  the  value  of  fl,  we  in  fact  find  that  each  of 
these  expressions  is  a  sum  of  f 


;  to  the  second  derived  functions,  and  forming  the  combinations  A.d^A—(dAy, 
etc.,  or  to  include  the  two  eases  of  the  single  and  the  double  letter,  say  Id^I  —  (diy, 
each  of  these  will  contain  a  multiple  of  il9°il  —  (9fi)';  but  if  we  assume  this  expression 
n  9^X1  -  (dD,y  =  fl'M,  where  if  is  a  quadric  function  of  du,  dv,  the  coefficients  of 
(9m)',  9m  9w,  (dvf  being  property  determined  functions  of  a^,  then  it  is  found  that  each 
of  the  expressions  in  question  Id^I—(drf  becomes  equal  to  a  sum  of  squares. 

It    is    to    be    observed   that   M  is   not  altogether   arbitrary:    the    equation   as   con- 
taining   terms    in    {duf,    dudv,    and   {dvY,   in    fact    represents    three    pai'tial    differential 
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equations,  which  for  an  arbitrary  value  of  M  would  be  inconsistent  with  oacb  other : 
it  is  therefore  necessary  to  verify  that  the  value  assigned  to  -3f  is  such  as  to  render 
the  three  equations  consistent  with  each  other,  and  this  will  accordingly  be  done. 


The  foregoing  equation 


n  9'n  -  {d^Y  =  ^'^' 


where  M  has  its  proper  value,  {or  say  the  three  partial  differentia!  equations  ioto  which 
this  breaks  up),  constitutes  the  other  equation  above  referred  to,  which  with  the  original 
equations  A  —  ^  -Ja,  etc.,  serve  to  define  the  sixteen  ^-functions  and  li. 


The  remainder  of  the  present  memoir  is  occupied  with  the  analytical  investigation 
of  the  foregoing  theorems.  Although  the  mere  algebraical  work  is  very  !ong,  yet  it 
appears  to  me  interesting,  and  I  have  thought  it  best  to  give  it  in  detail. 


The  equations 


The  analytical  theory:    various  subheadings. 


dai  dy 

£95    way 


which  determine  dw, 
writing  dw  =  dv  —  ad 
equations  become 


yy  =dv-~i/du,        — ~  =dv  —  a!  du, 

dy  in   terms   of  du,  dv.    A  different  form  : 
,  and  recollecting    that    a,   ^   denote   a  —  x 

0dx_ 


sometimes  convenient ; 
a  —  y   respectively,  the 


Expression  for  d  \ia. 
We  have 

9  V«  =  5  Vaa,  =  -  --_t_  (a  9ai  +  ai  9a)  =  —  — r.^-  (a  dy  +  ai  9^;) 
2  V  aai  2  v  aa, 

=  ~^—  \  1^  ^"^(3«  -xdu)-  a,  ^''X  {^  -  ydu)\ ; 

substituting  for  ^/X,  t/Y  their  values  Vabcdef,  Va|biCjd|e,f, ,  this  is 

9  V<t  =  I  ["/abicAeifi (dv  -xdu) - V^bcdef  (97)  -  y  du)], 

and  by  the  mere  interchange  of  letters  we  can  of  course  find  9  V&.  etc. 
C.   X. 
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E(cpression  for  9  Vai. 
We  have  next  to  find 


dO^dx-  dy,    =  T.  {Vabcdef  (av  -  y  'du)  +  VaibiC.d.e.fi  {dv  -  x  du)], 

d'Jab  contains  a  term 

-^  {VabMToT-  Ab,t;cde}, 
which  is 

=    - 1     (    —  abl'  Vcdec,d,Ci  +  cde    Vabfa,bifi)  (dv  —  y  du) 

+  (-  c,d,e.  VabfaSiT  +  ^iWi  Vcd^,d,eO  (dv  -  x  du)], 

or,  what  is  the  same  thing, 

1  I        /  ,  ..  .  ^  /     cde  -  CidiBi  _       -  cde  y  +  Cidje,  x  .  \ 
=  -^  \      vabiaibif,  (     g—       <»  +  q-— S'* ) 


-abf+a,b.f,    ,  abfw-aibifia 

Now 


f  Vcdecidje,  ( ^ <,u  -r      — — y  ■ 


^  ^   ^'  '^  =  -(cd+  ce  +  de)  +  {c-\-d-\-e){x-\-y)-a?~xy~  f-, 

—  cdev  +  CidiOiiB        ,       ,     ,  J       ,        ,        I     .    \ 
— — -^  g  =Gde-ic  +  d+e)xy  +  n:y{i>j  +  y)-, 

with  the  Hke  fonnulas  with  a,  b,  f  instead  of  e,  d,  o.  Hence  the  foregoing,  or  say 
the  first,  part  of  9  Va6  is 

=  ^  [Vabfa,bif,  {{-  (ad  +  ce  +  de)  +  (c-i-  d  +  e){x  +  y)-  x'  -  xy  -  y^]  dv 

+  {    cde-(c-i-d+e)ay  +  xy(x  +  y)}  da) 
+  \/cdeCid,e,  ({     ah  +  af+  hf  -(a-\-b  +/)  {x  +  y)  +  a?  +  xy-\-y^]dv 

+  {-ahf+{a  +  h+f)!m}-xy{x  +  y)}du)'\. 

The  other  or  second  part  of  3  ^ah,  using  for  shortness  an  accent  to  denote  diffei'entiation 
in  regard  to  a:  or  to  y,  according  a-^  it  is  applied  to  a  function  of  x  or  of  y,  is 
readily  found  to  be 

=  I  [V^feSfi  ({-  (cde)'  -  (cidA)'t  9^  +  {    V  (cde)'  +  x  {c^Afi,)']  du) 

+  VcdecdA  (I    (abf)'  +  (ajb.f,)'}  ^v^\-y  (abf)'  -  x  (ajb^f.)'}  5i()]. 
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Haiice   unitiug   the   two   terms   so   as    bo    form   the    complete    value    of  d  'J ah,   we    have 
first,  a  term  3;  Vabfaibif,  dv,  the  coefficient  of  which  is 

=  -  {cd+  ce  +  de)  +  {g  A-  d+  e)  {(c  +  y)-  afi - (cy -  f- 

this  second  iine  is 

^rA  +  ce  +  de-{c-[-d  +  e){x-\-y)  +  %3?-\r\y\ 

or  tlie  coefficient  is  —  5  x-  +  a,-y  —  ^y'^,   =  —  ^d'';   the  term  is  thus 
=  ^  VablaMaji. 

=  —  ^  VcdeCidiBi  dv. 

Thirdly,  a  term  ^-\''ahfaib|fi9M,  the  coefficient  of  which  is 

=  cde  —  (c  +  d  +  e)xy-\-.xhj  +  xy'^ 

+  i{y(cdey  +  ^{cAeO'l: 
this  second  line  is 

=  -  {cd  +  ce-¥  de)  ^  {a.>  +  y)  +  (c  + 1/  +  e)  2a^  -  f  a^V  -  2  ^^ 

and  the  coefficient  is  thus 

=  i{2  cde  -  (cd  +  ce  + de)(3:  + y)  +  (c  + d  +  e)  (m'  +  y'')-af  -f 

~(c  +  d  +  e)(a;  -  yf  +  or' -  a^y  -  my"  +  ^}, 
which  is 

=  ^  [cde  +  Cid,ei  ~{c  +  d  +  e)0"  +  (a)  +  y)  $^], 
or  the  term  is 

=  1  Vahf^b;^  ja^ +£i^ -(c  +  d  +  e)  +  x  +  y\du. 
And,  fourthly,  a  term  in  ^  VcdeCidiCj  3m.,  which  is  in  like  manner  found  to  be 

.  -  J  VaSiA?  |i^t!_!!M  -  (a  +  i +/)  +  ^  +  J  3„. 
Hence  combining  these  several  terms,  we  have  finally 

+  i  Vcdec,d,e,  F-  dv  -  ("MJ^^  _  ^  _  t  -/+  ^  +  y)  9„1  ; 
and  by  the  mere  interchange  of  letters  we  can  of  course  iind  d  Vac,  etc. 


Hosted  by 


Google 


196  A    MEMOIR   ON    THE    DOaBLE   ^-FUNCTIONS.  [665 

Expression  for  ABB  —  BdA. 
Starting  now  from  the  equations  A  =  il>^a,   B  =  D,  \/b,  we  obtain 
AdB  -BdA^D?yad^/b-^hd  "/aj 

=  t^  (Va"^  { VHcrdiC,f7(9i)  -  X  du)  ~  VlDjacdef  {dv-y  du)] 

-  Vbbi  [V^cAe^^  (       „       )-  VaitTcdef  (       „       )}), 

= ^-^ Kill  -  M  ^abc;d Af.  (3*' - ■*' a«)  -  (a  -  b)  V^A^dS (^jj  ~ )/ a^o) ; 

or  since  ai  —  bi  =  a— b  =  (i-&,  this  ia 


I  of  products  of  the  set  ab  :    in  fact,  the  four  products  of  this  set  arc 
V/  \/tt&  =  1 1     f  ^'iCb^eJ,  -  f.  VsiAcfM] , 


choosing  any  two  of  these  at  pleasure,  for  instance  the  first  and  second,  multiplying  by 
dv  —  cdu,  dv—fdu  and  adding,  we  have 

{dv  -  c  du)  V/  Va6  1         f  ^  j     (dv-c  du)  f  AbcA^-  (dv  -  c  on)  f,  V^.cdef ) 

+  {dv-^fdu)^c^de\         \'L{-(dv-fdu)c.         „  +{a^-/3«),,         „       i, 

where  the  coefficients  f  (Si!-cSif)- c{Sy -/aw),  and  f:,{9))-c9M)- Ci(a«i-/aM).  by  sub- 
stituting for  f,  e,  fi,  Ci  their  values,  become  —{f—c)(dv  —  a:du)  and  {f-c){dv--ydii,); 
and  the  expression  is  thus 

=  /~^  l^/fTbcd.eif,  (dv-xdu)-'^a:,h^i(dv-ydu)]. 

Reverting   to   the   original   expression  for  ABB  —  BdA,  it   may  be   remarked   that,  if 
we  write  dv  —  adu  —  dw,  dv  —  b du ~  da;  then 

(a-b)<dv-xdu)=^a.d,T-hd^,     (a,-b){dv-ydu)  =  atd(7-\d^. 
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nnd  the  formula  thus  becomes 

AdB-BdA^  i^' {V'abc4,e,f.(a3^ -hdi^)-  V^fidef(a, d<r  -  h, d^)] : 

but  I  shall  not  in  the  sequel  use  this  formula,  or  the  notation  dv  —  bdu  —  da-  introduced 
for  obtaining  it. 

Expression  for  AdAB-  ABdA. 
Starting  from  the  equations  A—Sl\/a  and  AB  ^fl^ab,  we  have 
AdAB-~ABdA  =  il'  ya 9  V^ -  Va6  d  >Ja}, 
where  the  term  in  (  }  is 

=  V^  r     1  Vabf^b.fi  I    dv  +  /5_4^+^^i*''<^^ -c~d-e  +  x+i/)  diil 


To  reduce  this,  I  write  dv  —  o,dii  —  dT^,  and  therefore 

dv  —  tc  ?iv>  —  Btc  +  a  du,    dv  —  ydu  =  day  +  ai  da ; 
then  for  convenience  multiplying  by  2$",  the  term  is 

=  aa.,'JhihJ,\     e^d^ +  [(u--c-d-e  +  a:  +  y)e'  +  cde  +  c,d,u,]du] 
+  VaedeaiCdiei  {-d'dw  +  l  {b  +f-  a:-y)&^-  abf  -  a,b,f,]  ^ 

~  (Vabfe^A  -  V^f;^)  |Vab,Cxd,e.f;  {d^ur  +  a  Bw)  -  Va.bcdef  (3=7  +  a,  3m)}. 
The  last  line  hereof  is 

=  Vbfb.f]  |—  aCidiCi  (^th  +  a  dii)  —  aicde  {3ot  +  a,  du)\ 

+  VacdeaiCidie,  {  b^f,  (Sw  +  a  du)  +      bf  (Sis-  +  a,  3m)}. 


Hence  wc  have  iii'st,  a  tenn  in  Vacdeai&|diei,  the  coefficient  of  which  is 

=  _  ,3^  a^  +  {{b  +/-  X  -y)0'-  abf  -  ajbjf,]  du  +  b,f.  (Sw  +  a  3m)  +  bf  (d^  +  a,,  du), 
viz.  this  i.s 

^d^(-d^-  +  b,f,  +  bf)  +  3m  [-  (a  -  a,)  (bf  -  KfJ  +  {h  +/-  x  -  y)  ^^], 
where  (b  -  bO(f- f,)  =  ^',  that  is,  bf  +  b,f,  -  ^^  =  bf,  +  b^f,  also 

(a  -  a.)  (bf-  hA)  =  {h  +/-  ^-y)  0\ 
or  the  coefficient  is  =  (bij  +  bjf)  3^ :   viz.  the  term  in  question  is 
=  VacdeaiCidiC,  (bf,  +  b,f)  d^. 
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We  have  then,  secondly,  a  term  in  Vbfbif,,  the  coefficienb  of  which  is 

=  afh  (^=  5ot  +  [(a  -  c  -  rf  -  e  +  «  +  y)  ^-^  +  cde  +  CidjOi]  9m} 

—  acidiCi  (9^7  +  a  du)  —  ajcde  (3nT  +  ai  9m), 
viz.  this  is 

=  (aai^^  -  acid,ej  -  a,cde)  dvr  +  [aai  (a-c  —  d  —  e  +  x  +  y)^  +  (a.cde  —  acjd|ei)  (a  -  ai)]  du. 
We  liave  a  —  a^  =  —  ^ ;   also  aicde  —  acidiOi 

=  $  {cde  —  a{cd  +  ce  +  de)+  (o  +  d  +  s)[a{x  +  y)  —  a^i/]  —a  {x^  +  xy  •\'y'')  +  xy{a: -\-y)], 
where  the  coefficient  of  0  is 

=  -{a-c){a-d){a-e)-(c  +  d  +  e)[a-'~a{x  +  y)^x}j']^{a+x  +  y)lc,^-a{x  +  y)  +  xyl 

viz.  it  is 

=  —  (a  —  c)  (a  —  tJ)  (ffl  —  e)  +  aai  (m  —  c  —  (^  —  e  +  a:  +  J/). 

Hence  the  coefficient  in  question  iw 

=  (aai^°  ~  aCidiC]  —  ajcde)  Sm-  +  (»  —  c)  {a  —  d){a  —  e)  O'^  du, 
and  the  second  term  is  =  vbfbifi,  multiplied  by  this  coefficient. 

Hence,  observing  that  the  whole  has  to  be  multiplied  by  ^^\  vve  find 
A  dAB  -ABdA^^il^  {Vacdea,cid.ei (bf,  +  b,f )  d^ 

+  VbfV, [(aa,^' -  n^Ac,  -  a,cde) d^  +  (a-  c)  (a  -d)(a-  e)  6'  dii\], 
where  I  retain  9-ct  in  place  of  its  value,  ==dv  —  adu. 

This  is  a  sum  of  products  of  the  set  bfbifi;    we,  in  fact,  have 

Vttc  Vde  =  ~  {(bf,  +  bif )  Vacdea,c,d,e,  -  (acd,e,  +  a,Cide)  VbfbJ^}, 

•Jad"Jce  =  „  [       „  „  -  (adCjO,  +  ajdice)  „     ], 

V'a«Vcrf=„[       „  „  -  (aecid,  +  aieicd)         „     |, 

V&V/=  „  {  +&'  „    J, 

and  selecting  any  two  of  these,  for  instance  the  first  and  the  fourth,  the  coefficient 
of  l-jfl'  is  at  once  seen  to  be  of  the  form  d'ay '/ac'Jde  +  K  ^b  \/f;  and  for  the  determ- 
ination of  K,  we  have 

(-  acdiOi  -  a,Cide)  dsr  +  K6-  =  (aa,^-  —  ac.diei  —  aicde)  d-^  +  {a—  c)  (a  —  d)  (a  -  e)  &-  du, 
viz.  this  gives 

Ke^  =  (aa.f  ^  +  (c  -  Cj)  (ad,c,  -  a,de)}  9^  +  (a  -  c)  {a.  ~d)(a~  e)  &'  du. 
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We  then  have 

(c  - c.) (ad^e,  -  a^de)  =  &'  \-  aa,  +  {a-d)(a- e)], 

and  the  whole  equation  divides  hy  0^;   substituting  tor  9ot  its  value,  we  find 

K=ia-d)(a-e)idv-cdu). 

Expressim  for  AGdAB-  ABdAG. 
Starting  in  like  manner  from  the  equations  J.S  =  liVa6,  AC^VfJac,  we  have 

AGdAB- ABdAG  =  ^^D:\ 
multiplied  by 

Vabfe^bifi         9ot  +  [  a.  -  c  -  (i  -  e  +  .'c  +  y  +     ^-^^-^^)  ^ 
(     V^fM^-  \/E^bdG)  -;  ^ 

+  Vcdecid,e,     -  3w  +  f  h+f-x-y —^_ Jo 

/       I r  /       .      ,  bde  +  b]d,eA, 

j     Vaefa,Cit;  d^nr +  [a-b-d-^^-^x  +  y+ y^^^ ) '^ 

+  (-  Vabfc,d,e,  -  Vajbif icde) -j 

1+ Vbdeb,~dA    -  3w  +  [  c+f-x-y-^-    g^-'-'-jdu 

which,  omitting  the  factor  ^  fl'',  is 

=  {     af b,  \/bca,d,e,f; - a^f^b  VbAadeY ]\     d^ +  (a-c-d-a  +  x  +  y+  --^,^-'-^ ]  du 

+  {     cdie,VbA£dcf    -e.de  Vbc"a;d"Af,}r-a5r  +  (  l>+f-»'-V-''     '^^'  ' ') 

, ,  r  /       ,       .  bde  +  bidieA 

+  [-afCi  VbcaAeifi  +  a.f  le  Vb,e,adef  M      a^  +  U-6-rf-e  4-a;  +  7/+       -^^-    ] 

+  {- bdei  VbiCiadef   +  b,de  Vbcaidieii'i)    -  a^j- +  f  c+f—x-y-    ^'  '  ^  j 

and  here  the  whole  coefficient  of  dtir  is 

-  (bi  -  c,)  (af  -  de)  Vbca^dje/i  -  (b  -  c)  (a/.  -  d.e.)  VbAadcf, 
viz.  observing  that  bi  —  Cj  —  b  —  c  =  6  —  c,  this  is 

-  (6  -  c)  {[af~de  -  (a  +/-  d-e)x]  Vbca,d.e,f,  -  [af-  de  -  (a  +/-  d  -  e)  y]  Aciadef ), 
or,  what  is  the  same  thing,  it  ia 

=  (t  -  c)  {[-  (ft  _  d)  (u  -  e)  4-  (a  +/  -  d  -  e)  a]  Vbca^dicf, 
-  [-  (a  -  rf)  (M  -  e)  +  (a  +/-  (2  -  e)  a,]  VbAadefj. 
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The  coefficient  of  du  contains  the  factor  Vbeaidieii',,  multiplied  by 

,,    /  ,  cde  +  CidjBA 

afb,  {^a-o-~d-e  +  x  +  y+        -^^ j 

/  abf  +  aib,fi\ 

-  c,de  (^  6  +/-  x-y-  -0?---) 

c     (       1      J  bde  +  b,diOA 

-  ate,  \^a-'b-d  —  e  +  x■Yy^ ^ 1 

acl'  +  aiCif  1 ' 


,    ,    /                     ,                  acl'  +  aiC.f I  \ 
-  b,de (^  c  +/- x-y 1^'  J  ; 


here   the   tenns   divided    by  ^'    destroy  each   other,  and  the   expression  of  the  coefficient 
of  Vbcaid,o,f,  becomes 

=  (b,  -  Ci)  [af  (ffl  ^d-e  +  x  +  y)^d&ij-x-  y)\  +  (af-  de)  (&c.  -  cb,), 
or  since  bi  —  Cj  =  6  —  c,  6ci  ~  c\  —  —  (h  —  c)  y,  this  is 

=  (&-c)[af(tt-rf-e  +  ^  +  ^)  +  de(/-,«-y)-(af-de);/], 
which  is 

=  {h-c)  [&i{a  ~d-e)  +  de/+  (af  -  de)  x], 

and  is  readily  reduced  to 

(4-e)[(o-<i)(»-.)/-(o-d)(o-«)4     -{h^c){a~d){a^e}l: 


viz.   the   coefficient   of   du-   contains   the   term   (6  — c)(a  — d)(a— e)f Vbca^diOif,.     There   is 

a   like   term   —  (6  — o)(a~rf)((j— e)fi Vb,C|adcf,   and    the    two    terms   together    form    the 

whole  coefficient  of  du. 

1. 
Hence,  restoring  the  outside  factor  ~  il",  we  have 

AOdAB-ABdAO 

=  j  n^t  -  c)  [{[-  (a -d){a-e)+  (a  +f-  d-e)s.]  '/hcl,S;^[ 

-  [- {a  -d)(a-e)  +  (a  +f- d~e)a^]  VbAade'f]  3ct 

+  (a-d}(a- e) {f  Vb^ai^^f , -  t,  VbiCadefi  du\ , 

where,   as    before,   I    retain    9cr    instead    of   its    value   —dv  —  a  du.     This    is    a    sum    of 
products  of  the  set  be ;   the  products,  in  fact,  are 

t/a  'Jde  =  ^  {—  a  VbcaidiCifi  +  s.j  VbiCjadefj, 

•jA'Jae  =  „  [-d  „         +di         „        }, 

^e^ad=„[—c  „         +ei         „        ), 

V/V?>c=„{+f  „         -f.         „        t. 
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whence,  observing  that  a  —  f  =ai— f'i  =  a  — /,  we  have 

it  is  clear  that  the  term  in  question  is  at  once  expressible  as  a  sum  formed  with 
the  products  ^Ja  Vde  and  \/f^bc. 

It  is  to  be  remarked  that  there  are  15  expressions  such  as  AdB  —BdA,  and 
45  expressions  such  as  AGdAB  — ABdAG;  and  that  each  of  these  (15  +  45=)60  ex- 
pressions is  a  sum  of  products  of  a  set  such  as  ah :  aad  that  there  are  also  60 
expressions  of  the  form  AdAB  —  ABdA,  and  that  each  of  these  is  a  sum  of  products 
of  a  set  such  as  abajbi. 

Exirression  of  Q.d'Q.  -  (3^)^     =  I  Mil'. 
We  assume  il  8^11  —  (dSl'f  =  J  MQ!^,  where  M  is  a  quadric  function  of  du,  dv ;   suppose 
M  =  n  (duf  +  2^dudv  +  l&  (dvf. 
It  is   to   be  noticed  that   the   21,  SS,  S  are  not  all  of  them    arbitrary  functions  of  {le,  y) 

or  (m,  v)\    we,  in  fact,  have  \M  =  — --—-  =d'\ogiX;    and    hence    31,  ©,  (S    satisfy    the 

conditions 

dv      du  '     dv      dv ' 
Taking  2[,  99,  S  £is  functions  of  x,  y,  these  become 

Putting  for  the  moment 

fi.  —  nh-\-  ac  +  bc,     a-  =  de  +  df+  ef,     q  =  i^  +  a; 
V  —  ahc,  T  =  def,  r  =  v  +  t, 

I  found  it  convenient  to  assume 

€  =  -  2  (;•?  +  'xy^f)+p{_x^y), 

where  observe  that  ^,  =«-(-&  +  c  +  d-|-e  +/,  is  symmetrical  in  regard  to  the  constants 
a,  b,  c,  d,  e,  f.  And  then,  ^  having  this  value,  there  exists  (as  is  seen  at  once)  a 
value  of  99,  —2(a?y  +  w^)—pxy,  for  which 

dx         dm        '     dy         dy 
and  which  thus  satisfies  the  second  of  the  above-mentioned  conditions. 

C.   X.  26 
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Assuming  now 

31  =  -  •2a;Y  +  qxy  -  v  {x  +  y)  —  f/.a-+%, 

where   0   has   to   be   determined   so   as   that   the   first   of    the    same   conditions   may   be 
also  satisfied,  then  substituting  this  value  of  91,  we  have 

that  is, 

(-  aA«,  -  tlM  +  f )  ■JX  =  (-  abo  -  dof  +  *)  V7, 

viz.  in  the  terms  independent  of  %  writing  for  'JX,  \/Y  their  values,  this  is 

(abc  +def)  V^bAd^i  -  (aib.c,  +  d^e^f,)  VaMef  +  '^®  y'X  -  ^®  VF=  0, 
or,  what  is  the  same  thing. 


But  treating  0  as  a  function  of  u  and  v,  we  have 

dv~  fix   dv      dy  dv      6\dx  dy        }' 

also 

'Jde  =  rt  (Vdefaib,c,  —  v'd,e,fiabc) ; 

and  we  thus  reduce  the  equation  to 

-  (\/abcaib,c,  -  Vd^fd;^,Q  Vde  +^  =  0. 

But,  referring  to  the  expression  for  3  "/re6,  we  have,  by  a  mere  interchange  of  letters, 

d 
dv 

and  the  formula  thus  becomes 

2  vde  -y-  Vde  +   ,  -  =  0 ; 
di)  dv 

consequently 

0  =  -  (y/dsf  =  -^.,  (abcd,e.f,  +  a,biC,def-  2  '/XY), 

and  the  value  of  91  thus  is 

91  =.  i  [_  abcd^eif,  ~  ;v,b,Cidef  +  ^^  (-  2a:Y  +  qxy  -r{x  +  y)-  fia}]  +  j^  VXF, 
or,  ae  this  may  be  written, 

91  =  ^ (abc  -  aibicO  (def -  d.e,fO  -  2xy  +  qxy  -^  r  (a:  +  y)  - /mo- -  ^^ (VX  -  VF)'^. 
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Here 

abe  —  iiibiCi  =  (v  —  (iic  +  Xx"  —  x^)  ~{v—  fiy  +  X'ff  —  y^) 

=  0[-lj.^\(a:  +  y)-(x'  +  ay  +  y^)l 
and  similai'lj' 

def -  d,e,f,  =  0[~-  <t  +  p{a:  +  y)-ia^  +  xy  +  y^)]; 

the  expression  of  21  contains  therefore  the  tenns 

[fi-X(a;  +  y)  +  a!'  +  a!i/  +  f][a--p{x  +  y)  +  .iP  +  xy  +  y']-fi.a-r(x  +  y)  +  qxy-2xy, 

viz.  ibr  r,  q  substituting  their  values  y  +  t,  i>'  +  p,  these  terms  are 

=^-{^p  +  a\  +  v  +  r){x  +  y)  +  {lJ.^<7  +  Xp){x^yf 

-(X-\-p){x  +  y)  {a?  •\-xy  +  f )  +  (a;^  •\-xy  +  y^f  -  2a^y"-. 

The  coefficients   fj,p+  lyX  +  v  +  r,   ii  +  a-  +  \p,   X  +  p   are,  in   fact,  symmetrical  functions  of 
a,  b,  0,  d,  e,  /,  viz.  writing 

X  —  a  —  x.b  —  x.G  —  x.d  —  x.e  —  x.  f—  x, 

=  A  -  Bfl:  +  Ca?  -  Da^  +  Ea;*  -  F«=  +  a;'', 
that  is, 

A  =  abcdef,    B  =  2  ahcde,     c  =  2  abed,     D  =  2  abc,     E  =  2  at,     F  =  2  a, 

(F  =  ([  +  &  +  c  +  d  +  e  +/,  which  has  in  feet  previously  been  called  p),  we  have 

/i/5  +  (rX  +  y  +  T  =  D,     /i  +  o-  +  ?l.p  =  E,     >.  +  />  =  F, 
and  the  terms  are 

=  -  (x  +  y)  [b  ~  e{x  +  y)+  F {af'  +  xy  +  y^)]  +  x'+  2a?y  +  aft/'^  +  2a^*  +  i/' ; 
viz.  we  have 

91  =  -  I  {VZ  -  ^/Yf 

-{x  +  y)[D-v.{a:  +  y)-^¥{x'  +  xy  +  f)]  +(x'  +  2a?y  +  ajy  +  2a;y  +  f). 

To    this    I    join    the    foregoing    values    of    33,   E;    viz.   writing   F   in   place    of  p,   these 
are 

39  =  —  F  iCT/  +  2  {x^y  +  a:^'), 

g  =  F  (fl5  -I- »/)  -  2  (a;^  +  a^  +  y% 

where   it   will   be   noticed   that    the   values   of    9(,   2J,   (S    are    all    of    them    symmetrical 
in  regard  to  the  constants  a,  h,  c,  d,  e,  f. 

I  recall  the  original  form  of  91,  viz.  this  was 

%  =  - (1(7  -r{x -\-y)  -V  qayy  -lai'y'  -  {i^def 

=  -iab  +  cu>  +  bo)  (de  +  df+  ef)  -  (abc  +  def)  (x  +  y) 

+  (ab  +  ac  +  hc  +  de  +  df+  ef)  <ey  -  2a? f  -  {'J  def 

^%-{^lder. 
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suppose;   anrf  21,  53,  (S  denoting  as  above,  wo  have 

For  the  subsequent  calculation  of  A  d^A  —  {dAy,  it  is  convenient  to  transform  this 
expression  by  introducing  therein  9ot  in  place  of  dv,  and  a,  a,  in  place  of  a:,  y.  Wc 
have 

if  =  {31„  -  (^/def)  {duf  +  239  du  (9®  +  a  9m)  +  g  (3i^  +  a  duf 

-  f 9[„'  -  (^dey]  (duy  +  2©'  du  dn^  +  ©'  (d^f, 

suppose,  where 

35'  =  S  +  afS, 

3t„'  =  3l, +  2a!B+a^. 
Writing 

a!  =  a-a,     t/-n-ai, 
we  find 

g  =-6a'  +  2ftF  +  (l3tt-F)(a  +ai)- 2  (a^  +  aai  +  a,=), 

©  =     4a^  -  (['F  +  (-  6»=  +  ttF)  (a  +  a,)  +  2a  (a^  +  a,^)  +  {Sa  ~  f)  aa,  -  2  (a-a,  +  :\a,,^), 

%  =  -(ab  +  ac-¥  be) (de+df+  ef) 

-  (ahc  +  def)  (2a -b.-  a,) 

+  (ab  +  ao  +  hc  +  de  +  df+  ef)  [a^  -  n  (a  +  a,)  +  aaj] 

—  2\a?  —  a  (a  +  %)  +  aai]^, 
the  developed  value  of  which  is 

=  -  2<i^  +  a^  {h  +  c)  +  tf  (-  be  +  de  +  df+  ef) 
+  a  {-  2def-  (fi  +  c)ide+  df-\-  ef)}  -  be  {de  +  df+  ef) 
+  {4ffl>-«=(&  +  c)-«.Cde  +  d/+e/)  +  (?e/}(a  +  a,) 

-  2a^  {a=  +  a,=)  +  {-  Sra'^  +  a  (6  +  c)  +  6c  +  rfe  +  df+  ef]  aa, 
+  4a  (a'^ai  +  aa,^) 

—  2aX^ 
and  thence  without  difficulty 

g'  =  -  %a?  +  2aF  +  (6a  -  f)  (a  +  a^  -  2  (a''  +  asi  +  a,=), 

5B'  =  -  8a'  +  ffi^F  +  (6a  -  f)  aa,  -  2  (a=a,  +  aa^^), 

2i;-     a'{h+c)  +  a'{-ho  +  de  +  df+ef)-\-a\-2def-{b  +  c){de~\-df+ef)]-U(de  +  df-^ef) 

+  [-a'-\-a^{d  +  e  +/)  -  a  (rfe  +  d/+  ef)  +  rfe/j  (a  +  a,) 

+  {4ffl^  +  « (-  6  -  0  -  2d  -  2e  -  2/)  +  6c  +  de  +  d/+  e.f]  aa, 

—  2a^a,-, 
which  -Axe  the  required  values. 
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Expression  for  A  d^A  —  (dAf :  several  subheadings. 

Writing   tor   shortness   Ad^A  —  idAf^H^i.A,  as   before,   and   so   in   other   cases:     then 

in    general    APQ=P2AQ  +  Q^AP,    and    thence    AP^  =  '2P^AP   or   ^^iT'  =  ^^P.      Hence 

starting  from  ^  =  fl  V"  =  ^  ^^^  >  we  have 

A^  =  Ali  "/^",  =  aa,  AQ  +  ^--'  (a'Aa,  +  a,=Aa), 

where 

Aa  =  a  a^ii  -  (Sa)^  -  -  a  d'x  ~  (dxf.  Aa^  =  -  a  3^y  -  (3^/)^. 

Hence  writing 

we  have 


i,A^.l...J/^J(».S''»+«8"».)-i|j(3«)'  +  |;_(w|. 


But  we  hiivc 


sqiiai-ing  the  first  of  these  and  differentiating,  we  find 

231 3>i  =  [(-  ^  +  ^')  a«  +  ^ Sj/j  (8»  -  S a..)'  -  23y  3» :|  (*  -  y  3«), 

wliore   as   regai'ds   X    tlie    accent    denotes    diiferentiation    as   to   a;    (and   further   on,   as 
regards  ¥,  it  denotes  differentiation  to  y),  viz.  this  is 

-  [(-  ^  +  5)  8*  +  ^  8y]  {Jhi-yduf-  2Sj  3.1  ^0.-5  3..), 

=  (-  "  + 1^)  a'"  P"  -  J/  *')■ + ^-^  (8»  -  y  8"  -  « 3»)  (3»  -  y  8«)  sy, 

where  the  second  term  is 

^^f  {3i.-^3«)(3»-!/8«)8y. 

■Jx: 

hence  dividing  by  23«,  the  equation  is 

and  similarly  __ 

•JXV  /Y      Y'\ 

s-y-  fi(8»-y8»)'  +  ^ji  +  25;)(8"-''8»)'; 

and    we    may   in    these    values   in   place   of  dv  —  ydv,   and  do—xdii   write   3n7  +  ai6M   and 
,9w  +  a  3m  respectively. 


Hosted  by 


Google 


3  A   MEMOIR   ON"   THE   DOUBLE   ^-FUNCTIONS.  [665 

Hence  in  ^-^  A^   the  iiTational  pai-t  is 

1  i^-  [a,  (3^  +  a  duf  ~  a  (0^  +  a.,  duf\ 

;  we  have 


-^  =  I  (abcd.eif,  +  a,b,cidef)  -  i  (V^e)^ ; 


and  the  term  thus  its 


ft  (abcd.e/,  +  a.bic,def )  - 1  (Vde)^!  ((057)^  -  aa,  (aw)^}. 
Joining  hereto  the  rational  part  of  ^  AA,  and  multiplying  the  whole  by  4,  we  have 

4«  (-¥-¥)- 1: 1]  <--^)- 

+  [jjCabodAf,  +  aAoidef)  -  (-Jday]  |(3»)"  -  la,  (3ts)'|, 
where  M  has  its  foregoing  value  =  [%' -  {'/def]  (dii)' +  W  Su  dw  +  (t' (d^)'. 

First  step  of  the  reduction. 

Writing  bcdef=  tJ,  hfi,ii,eif,~  U,,  then  X  —  aU,  F=ai[r,,  and  consequently 
X'  =  -e  +  aff',    Y'.-(7, +a,!7,', 
the  accents  in  regai'd  to   U,   U,  denoting  diiFerentiations  as  to  x,  y  respectively:   then 
/     2X     X'\      2s,  X_      /2a  Cf     Pj-aETN      2a,  a!7_        /     2_£f_m_a,fr 

and  similarly 

'  I    «■     fl"7    a,  »■      ■"'  V    e«     e-7    >  ■ 
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The  formula  thus 
4 


a 


A  J  =:  aa,  I^JK-  +  (^^  -  J)  (cfa  +  a,  Uf  +  (-  ^^'  -  "J,)  (3.  +  a  <>..)■ 
-  |i  (abcd.e.f,  +  a,b,c,dof)  -  {-JdiA  (3«)=1 
— 4j-  (9ot  +  a,  duf  — ^  (i5ro  +  a  5m)^ 

+  ji (ahcdAf,  +  a,bA*f)  -  (V£)4  (8»)", 
viz.  substituting  for  M  its  value,  the  term  in  (^"Jdeyiduf  disappears,  and  the  formula  is 
-*,  AjI  .  aa,  [a;  (3»)"  +  29'8.i3»  +  C  (3.r)'  +  (^  -  ^)  (3<^  +  a,  3»)- 

■   2-  ]  (9w  +  a  3i()^  —  ^  (abccl,eifi  +  a^biCidef )  {duY 


+  ji  (abed,G,f,  +  ajbicdef )  ~  {^lde)^r  {di^f : 
say  for  shortness  this  is 
4 

=  aa.S  -  ^~ (9cv  +  a.  du)' -  -^^  (3^  +  a  dii)"-  +  ^  (abc.d,e,f,  +  a,b,c,def )  -  ('Jdey  (d^f. 

Second  step  of  the  red'iiction. 

In  the  reductions  which  follow,  we  make  as  many  terms  as  may  be  to  contain 
the  factor  aai,  so  as  to  simplify  as  much  as  possible  the  portion  not  containing  this 
factor. 

We  have  fe  +  aiSw  =(9ot4- ^9w)  +  af)!(,  anii  consequently 

(aw  +  a^  duy  =  {d-m  +  e  duj  +  aP, 

where  P  =  2  3«  3bt  +  (a  +  W)  {duf :   similarly  3ct  +  a  du  =  (Sot  -0du)-\-  a^  3m,  and  therefore 

(3b7  +  a  dtiY  =  (dw-d  duf  +  a,P, , 

where  P,  =  2  9m3ot  +  (ai  — 2^)(3«y;   the  values  may  also  be  written 

P  =  2  3m  3cr  +  (2aj  -  a)  (9(0'.     Pi  =  2  du  9ot  +  {2a  -  a,)  {duf. 
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The  formuia  thus  beeotiieM 


The  second  line  here  is 

+  ^^{-!i,U-rU,+  abcdie,f.  +  ajbtcdef  |  (a^)^ 

and   the    coefficient    horciii    of  (fe)-    is    =  ^-(ad^eifi  —  aidel)(be  — bjCi).      Writing    for    the 
moment  d  —  a,  e  —  a,f—a  —  d',  e',/',  we  have 

a  (a^ieif,  -  a^def)  =    -—  (a  (d'  +  a, .  e'  +  a^ ./'  +  a^)  -  a^  (rf'  +  a .  e'  +  a ./'  +  a)j 
=  -  d'e'f  +  aai  (d'  +  e  +/'  +  a  +  a,), 
^  (be  -  b,Ci)  =  -  (6'  +  c'  +  a  +  aO- 

The  whole  term  in  {d'm'f  is  thus 

=  {(6'  +  c'  +  a  +  ai)  d'e'f  +  aa^  (6'  +  c'  +  a  +  a^  {d'  +  e'  +/'  +  a  +  a^l  (3w)^. 

The  coefficient  of  9w9ot  is  —  ^(aj^— a?7i):   viz,  this  is 

2 
=  — ^^  iai(6'  +  a.c'  +  a.rf'  +  a.e'  +  a./'i-a)-a(6'  +  ai.c'  +  ai.(i'  +  a,  .e'  +  ai./'+a,)|, 

and  if 

6'+  a.  c'  +  a.(i'  +  a.e'  +  a./'  +  a  =  B'  +  c'a  +  ]ya^  +  E'a'  -t- fV  +  a'', 
that  is, 

b'  =  b'c  d'e'f,     c'  =  'S.b'c'd'e,     d'  =  2&'c'rf',     e'  =  S^'c', 

f'  =  Xt'  =  6'  +  c'  +  rf'  +  e"  +/', 
this  is 

=  2  (b'  -  D'aa,  -  E'aai  (a  +  ai)  -  F'aa^  (a=  +  aa^  +  b,,")  -  aa,  (a^  +  a%,  +  aa^^  +  a^Oi : 
or  say  for  shortness  it  is  =^  —  2(b'  — aai^)  where 

<I>  =  d'  +  e'  (a  +  aO  +  f'  (a^  +  aa,  +  a,^)  +  a=  +  a%i  +  aa,^  +  a^^ ; 
the  term  in  question  thus  is  —  2(b' —  aai^)9«3w. 

The  coefficient  of  {^y  is  -  (a.,U  +  a-U^),  viz.  this  is 
-  a^  (6'  +  a .  c'  +  a .  d'  +  a .  e'  +  a  ./'  +  a)  -  a  (&'  +  a, .  c'  +  ai .  c^'  +  a, .  e'  +  a, . /'  +  a,), 
which  is  =  -  (a  +  a,)  k'  -  aa,^,  where 

■*■  =  2c'  +  d'  (a  +  ai)  +  e'  (a'  +  ai=)  +  f'  (a»  +  aj^)  +  a*  +  a^l 
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The  formula  thus  is 

-  (a  +  a,)  B'  {duf  -  2b'  du  diir  +  (¥  +  c' +  a.  +  a.)  d'e'f  (9^)=  -  (Vrf7f  {dmf. 
The  -whole  coefficient  of  aaj,  substituting  for  2,  P,  P,,  3>,  ^  their  values,  and  arranging 

r  to  da,  du,  is 


-  (3.)' |r  +  ^  -  J +(- -^!  -  5') -(»'+«'  +  »  +  ».)  (<i' +  e' +/'  +  »+ %)} 

+  2=-="'^ +»>(-#r-F)+H— er-srj-ji-ir. 

+  d'  +  e'  (a  +  a,)  +  f'  (a^  +  aaj  +  a,=)  +s?  +  a-a^  +  aai=  +  aA 

.«'K....(¥-?).a.(-ij:.-^:).<.-..,)^ 

-  ^  (abcdie/,  +  a,biCidef ) -  2c'  -  d'  (a  +  a,)  -  e'  (a^  +  a^^)  -  f'  (a'  +  ai*)  -  a^  -  a^^l : 
and  wo  have  to  reduce  separately  the  three  coefficients  of  this  formula. 

Third  step  of  the  reduction. 
First,  for  the  coefficient  of  (Sw)^ ;   recollecting  that  fl  =  ai  —  a,  we  have 

2  —^ — ■'  =  -  2c'  -  2d'  (a  +  ai)  -  2e'  (a=  +  asi  +  a^^)  -  2f'  (a'  +  a%  +  aa,^  +  a,') 

-  2 (a'  +  a'a,  +  aV  +  ''^'  +  ai')> 
-  ( CT'  +  i7,')  =  2c'  +  2d'  (a  +  a,)  +  Se'  (a=  +  a,^)  +  W  {s?  +  %')  +  5  (a^  +  ai^). 

Adding  these,  the  right-hand  side  divides  by  {a,— a)",  that  is,  by  8^;  and  the  ]-esulting 
value  is 

=  e'  +  2f'  (a  +  ai)  +  3a^  +  4aai  +  Saj^ 

The  term  -(6'  +  (!'  +  a  +  a,)(d'  +  e'+/'-l-a-l-a,),  attending  to  the  values  of  e'  and  f',  is 

=  h'c'  +  d'e'  -\-  d'f  +  e'f  —  e'  —  f'  (a  +  a,)  —  a^  —  2aai  —  a,^ ; 
hence  the  whole  coefficient  of  (3sf)^  is 

=  g'  4-  h'c'  +  d'e  +  d'f  +  e'f  +  f'  (a  +  a,)  -  2  (a=  -+■  aa^  +  ai=), 
or  substituting  for  b',  c,  d',  e',  /'  their  values,  this  is 
=  (g  +-la^-a{b  +  c  +  2d  +  ^e+2f)  +  bc  +  de  +  df+  ef-h  (f  ~  6a)  (a  +  a,)  -  2  (a^^  +  aa^  +  a,'). 
Proceeding   next    to    reduce   the  coefficient  of  2^  9m,  observing  as  before  that  ^^a^-a, 
we  have 

■  '^         '  =  2b'  —  2D'aai  —  2E'aai  (a  +  a,)  -  2F'aa,  {a^  +  aai  +  ai=)  -  2aai  (a=  +  a^a,  +  aa,^  +  a^^), 
c.    X.  27 
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also 

—  2b'  +  d'  (-  a^  +  4aai  —  a^^)  +  e'  (—  a^  +  3a%i  +  Saa,^  —  a^^)  +  f'  (—  a*  +  4a%i  +  4aa/  --  a,') 

—  a'  +  Sa'a,  +  SaOj*  —  a," ; 

adding  these  two  expressions,  the  right-hand   side  divides  by  {ai  —  a^,  that  is,  by  ff',  and 
the  resulting  value  is 

=  —    d'  —  e'  (a  +  a,)  —  f'  (a^  +  a,^)  —  a'  +  a^a,  +  aa,^  —  a,,^. 

To  tiiis  is  to  be  added 

+  2d'  +  e'  (a  +  aj  +  f'  (a^  +  aai  +  ai'^)  +  a"  +  a%  +  aa,'  +  ai' ; 

we  thus  see  that  the  whole  coefficient  of  2dud^  is 

=  d'  +  F'aai  +  2  (a'a,  -H  aa,=). 

or  say  it  is 

=  d'  +  (F  —  6a)  aai  -i-  2  (a^ai  +  aa,^). 

Lastly,  for  the  coefficient  of  (9w)^;   we  have 

3 i  =  2b'  (a  +  a,)  +  2c'aai  —  2E'a=ai^  —  2F'a^i^  (a  +  a,,)  —  2a'ai^  (a^  +  aai  +  a,''), 

and  also 

-a.^f7'+(a-2a.)  17  -  a^ tT,' +  (a^  -  2a)  U  = 

~  b'  (a  +  ai)  +  C'  (2a^  -  4aai  +  2ai=)  +  d'  (a^  +  a,')  +  e'  (a^  -  2a^  +  6a'ai'  -  aaa/  4-  a,') 
+  f'  (a*  —  2a%  +  4a^,^  +  4a%'  —  Saa,'  +  ai^)  +  (a*  —  2a^a,  +  oa^a/  +  Sa'a/  —  Saaj'^  +  ai*), 
whence  the  sum  of  these  two  expressions  is 
=  b'  (a  +  %)  +  c'  (2a^  -  2aa,  +  2ai^)  +  d'  (a'  +  a/)  +  e'  (a*  -  2a^ai  +  4a%|=  -  2aai=  +  a,') 

+  f"  (a'  -  aa'ai  +  2a^ai=  +  2a'ai'  —  2aai^  +  a,^)  +  a"  ~-  2a'ai  +  3a''ai=  —  2a^ai^  +  3a'ai'  -  2aa|*  -|-  aj^ 
We  must  to  this  add  the  term  ~  (abcdiOifi  +  a,biC|def),  that  is, 

—  a  (6'  +  a .  c'  +  a .  (^'  +  ai .  e'  +  a, ./'  +  ai)  —  ai  (6'  +  ai ,  c'  +  ai .  (i'  +  a .  e'  +  a  ./'  +  a). 

Putting  for  the  moment 

d'  -I-  a .  e'  -i-  a  ./'  +  a  =  t'  +  tr'a  +  pV  +  a^ 
that  is, 

t'  =  d'e'f,     0-'  =  d'e'  +  d'f  +  e'f,     p'  =  d'  +  e'  +/', 
the  term  is 

- b'c'r  (a  +  a,) -  (b'  +  c) r  (a^  +  ai^) -  t  (a"  +  a,^) -  (h'd  +  <r') (a'ai  +  aa/) 

-  (V  +  c'  -I-  p")  (a%,'  +  a%,^)  —  2a^ai' 

-  26'c'o-'aai  -  \{h'  +  c)  q  +  t'cp']  (a^a,  +  aa,^)  -  2  (6'  +  c')  p'a'ai^ 
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Adding  it  to  the  preceding  expression,  the  sum  is 

=  (b'  -  6'c't')  (a  +  a,)  +  {2c'  -  (6'  +  c')  t')  (a=  +  a,=)  +  (d'  -  t')  (a?  +  a.,')  +  e'  (a*  +  ai') 

+  [-  2o'  -  26'cV'l  aai  -  {(h'  +  c')  </  +  b'c'p]  (a=ai  +  aa,0  -  (2e'  +  h'o'  +  a)  (a%,  +  aa,') 

+  [4e' - 2  (&'  +  c') p] aX' 
+     F'(a"  +  ai')  +      a*  +  V 

-   2f'  (a%  +  aai^)  —  2  (a^a,  +  aa,*^) 

+  {2f'  -  d'  -  c'  -  /j')  (a^ai^  +  a^ai^)  +  3  {a*a,^  +  a^aj')  -  4a"aj'. 

This  is,  in  fact,  divisible  by  (a,  — a)^  that  is,  by  6^:  for  we  have  between  the  symbols  the 
relations 

f'  =  i'  +  c'  +  p, 
e'  =  6V  +  (?»'  +  c')p'-i-o-', 
d'  =  b'c'p  +  (b'  +  <>')  <t'  +  T, 
C'  =  b'c'a'  +  {b'  +  c')  r', 
b'  =  t'cV, 
and  wo  thus  reduce  the  expression  to 

{2c'  -  (b'  +  c')  t'I  (a=  -  2aa,  +  a,^)  +  {d'  -  t') (a=  -  a^Sj  -  aa,=  +  3.f) 

+  e' {a'  —  Sa^a,  +  4aX^  —  3aa,'  +  a,*)  +  Q>'  +  c) p' (a'ai ~  2a%^  +  aa,^) 
+  f'  (a^  —  2a*ai  +  a'a,°  +  a^a,'  —  2aai^  +  ai^) 
+  (a^  —  2a'a,  -f  3a*ai^  —  4a'ai'  +  Sa^^  —  2aai'^  +  &f), 
viz.  efFeetiug  the  division,  the  quotient  is 
=  2c'  -  (6'  +  c')  T  +  (d'  -  t')  (a  +  ai)  +  e'  (a^  +  ai^)  +  v'  (a'  +  aiO  +  a'  +  2a%^  +  a,*  -  {b'c'  +  u')  aa,. 

To  this  must  be  added 

-  2c'  -  D'  (a  +  a,)  -  E'  (a=  +  a^^)  -  P'  {a^  +  a/)  -  (a'  +  a/) ; 

and  wc  thus  obtain  the  coefficient  of  {duf  in  the  form 

%!  -  (6'  +  c')  t'  ~  y  (a  +  ai)  -  {b'c'  +  u')  aai  +  2a-ai^ 
viz.  this  is 

=  ^:  +  {b  +  c-2a){a,-d)(a-e){a-f)  +  {a-d){a-e)(a-f)i^  +  ^,) 

+  \-{a-  b)  {a-c)-(a--  d) (a-e)-(a- d)  (a  -/) ~(a-e)  (a  -/)}  aa,  +  2a^a,', 
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or  finally  it  is 

=  %'~2a'  +  aHh  +  G  +  2d+2e  +  2f)  +  a^{~{b+c){d  +  e+f)-2{de-\-df+ef}} 

+  a[(b  +  c)  (de  +  df+  ef)  +  Uef\  -{h  +  c)  def 

+  y-a.Md  +  e+/)  +  a(rfe  +  d/+e/)-de/)(a  +  aO 

+  [-  4a=  +  ra  (6  +  c  +  2d  +  2e  +  2/)  -  60  -  rfe  -  df-  ef\  aa, 

+  2a' ai^. 
It  is  to  be  observed  that  the  investigation  thus  far  has  been  entirely  independent  of 
the  values  of  2lo'.  S'l  ^' '•  these  values  are,  in  feet,  such  as  to  make  the  coefficients 
of  (3ory,  3ot  9m,  (fiuf  each  equal  to  a  constant,  and  it  was  really  by  such  a  condition 
that  the  value  of  @(=(5')  was  determined;  but  if  we  had  thus  also  determined  the 
values  of  ^  and  S',  it  would  not  have  been  apparent  that  the  values  of  9t„',  S3' 
and  6'  thus  determined  would  be  consistent  with  each  other :  the  foregoing  investi- 
gation of  these  values  was  therefore  prefixed. 


Oompletion  of  the  reduction  and  filial  expression  for  AA. 

But  now  substituting  the  values  of  %',  33',  d',  we  find 
coeff.  of    (3ra-)=  =     ai  +  ac  +  bc  +  de-\-  df+  ef, 
„       „    29w  du^-'a^(a  —  b  —  c  —  d  —  e  — /), 
„       „       (duy  =  -2a''  +  2a''(h  +  c  +  d  +  e+f) 

-  a^  {bo  +  bd  +  he-i-  bf+  cd  +  ce  +  cf+de  +  d/+  ef) 

-  {bcde  +  bcdf+  bcef+bdef+cdef), 

viz,    these    coefficients    belong    to    the    portion    which    contains    the    factor    aa,    of    the 
expression  for  ^  AA  :   the  other  portion  was 

(b'  +  c'  +  3.  +  a,)  d'ef  id^y  ~  i'^def  {d^f  -  2b'  du  851  -  (a  +  a,)  b'  (duf, 
where 

b'  —  b'c'dJe'f,     b'  =  b  —  a,  etc. 

We  have  thus  the  complete  result,  viz.  this  is 

4 
^  A.i  =  aai  [{ah  +  (tc  +  6c  +  rfe  +  df+  ef)  (SnT)^ 

—  a^  {a  —  b  —  c  —  d  —  6  —f)  29ro-  du 

f-  2a*-k-2a^{b  +  o  +  d  +  e  +/)  "i 

+  \-a^(bo+bd  +  be-\-bf+cd  +  ce-¥cf+de  +  df+ef)\iduf'\ 
[- (bcde -vbcdf+ beef +bdef-\-cdef)  ] 

~  (-  2a  +  6  +  c  +  a  +  aO  (a  - 1^)  (a  -  e)  (a  -/)  (9ot)^  -  {'Jdef  {d^f 

+  («  ~  6)  (a  -  c)  {a  -d){a~  e)  (a  -f)  29m  9ot 

+  (a  +  aO  (a  -b)(a-  c)  (a  ~d)(a-  e)  {a  -f)  {du)\ 

which  is  obviously  a  sum  of  squares. 
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As   a   partial   verification,   I   remark   that   ^A  should   be   symmetrical   in   regard  to 

the   constants   b,   c,  d,   e, /;   this   is   obviously   the  ease   as   regai-ds   the   terms   in   dudw 

and    (^M)^    and    it    must    also    be    so    in    regard  to    the    term    in    (9ct)=.     The    whole 
coefficient  of  (3w)^  is 

=  aai(ah  +  ac-i-bc  +  de  +  df+ef) 

_(_2a  +  &  +  c  +  a  +  aO(a-rf)(a-e)(a-/)-(Vd^)=, 

and  if  we  interchange  for  instance  b  and  d,  this  coefficient  becomes 

=  aa,  (ad  +  ac  +  cd  + be  +  b/+  ef) 

-  (- 2cH- d  +  c  +  a  +  a,)  (a  -  i)  (a  -  e)  (a -/)  -  ( V&7)^. 

These  two  expressions  must  be  equal;   viz.  we  must  have 

(V^)*-(Vd^)*=-aa.(6-rf)(a+c-e-/)  +  (a-e)(a-/)(6-i^)(-(t  +  cf  a  +  %): 

the  left-hand  side  is 

=  ^(bd,-b,d)(efaA-e,f,ac), 

and  we  have 

hence,  throwing  out  the  factor  b  —  d,  the  equation  to  be  verified  becomes 

3  (efajCi  —  eifisc)  =  —  aai  (a  +  c  —  e  — /)  +  (a  -  e)  (a  -/)  (—  a  +  c  +  a  +  ai). 

Writing 

e  =  e'  +  a,  etc,     ^  =  aj  -  a, 
the  left-hand  side  is 

(a  +  a,)  6/ +  aa,  (e  + /)  +  o'.r  -  c'aa,. 
and  the  right-hand  side  is 

-  aa,  (c'  -  e'  -/')  -F  e/  (c'  +  a  +  a,), 
and  these  are  equal. 

There   are   of  course,  in  all,  six   expressions   such   as   A4,  each   of   them   being  by 
what  precedes  a  sum  of  squares.     And  there  are  besides  ten  expressions  such  as 

A4B,     =ABd-'AB-(dABy, 

each   of   which   should    be   a    sum    of   squares  i    but    I    have    not    as    yet    effected    the 
calculation  of  this  expression  AAB. 

Cambridge,  1th  December,  18T7. 
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SUE  UN  EXEMPLE  DE  REDUCTION  D'INTEGRALES  ABELIENNES 
AUX   FONCTIONS   ELLIPTIQUES. 

[From  the  Comptes  Eendus  de  I'Acadhiie  des  Sciences  de  Paris,  t.  lxxxv.  {Juillet — 
D^cembre,  1877),  pp.  265—268;   373,  374;   426—429;   472—475.] 

Je  reprends   I'investigation   de   M.   Hermite  par   rapport  aus    integrates    r^ductibles 
f  (1,  x)  dx 

J  'Jx.l—x.l-i-aa!.l+ba!.l—  abx ' 

publiee  sous  ce   meme   titre ;   "  Sitr   un   exemple,  etc.",  (Annales   de   la  Societe  soientifique 


Nous  avons  les  constantes  a,  b  et  les  variables  a:,  y,  ii,  v;   et  en  posant 

X^x.l-x.l  +  ax.l+hx.l  -ahx, 

Y  =  y  .\  —  y  A  +  ay  .\  +  by  .1  —  aby 

(et  c  =  VI  +  a.  1  +6),  M.  Hermite  a  effectu^  Tintegratioii,  par  fonctions  elliptiques,  des 
Equations  differenbielles 

dai        dy  2     , , 

vi+vl=-  -0  <•'»+*>■ 

wdu>     ydy  2      , ,        ,  , 

VZ      VF         cVa6  ^ 

il  a  en  effet  trouv^  lea  expressions,  au  moyen  des  fonctions  elliptiques  de  u,  v,  des 
fonctions  sym^triques  x  +  y,  wy,  et,  de  lib,  des  cinq  fonctions  a,  b,  c,  d,  e  dont  je  vais 
parier, 

Au   cas  d'une   fonction  X  du   aisifeme   ordre,  on   a   dans   la   th^orio   seize   fonctions, 
savoir   six   fonctions   a,  b,  c,  d,  e,  f,  et   dix    fonctions   abf.cde,  ...,  on  (avec  une  notation 
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plus  simple)  ab,  ac,  ad,  ae,  be,  bd,  be,  cd,  ce,  de ;  dans  le  cas  d'une  fonetion  du 
cinqui^me  ordre,  et  ainsi  dans  le  cas  actual,  Tune  des  six  fonctions,  disons  f,  se  rMuifc 
k  I'unit^,  et  Ton  a  les  cinq  fonctions  a,  b,  c,  d,  e,  et  les  dix  fonctions  ab,  ,..,de. 

Presentement,  cea  fonctions  sont 
a  =  iCT/, 

c=^l  +  ax.l  +  ai/, 

d^l+bm.l  +  hy, 

e  =  1  —  abx .  1  —  ahy. 
ab  =  (V* .  1  —  jc .  1  +  «i/ .  1  +  6 
ac  =  (V^ .X-^ax.l—y .  !  +  &; 


-ahy-\'y.\-y.\^-' 
-  ahy  —  't/y.l+ay.l- 


.l  +  bx.l—  abxy 
'.T+bx.l-  abxf 


(x-yf, 
(x-y)\ 

ad  =  (Va;  ,l+6ic.l  —  y.l+ay.l—  ahy  ~^y  .\-\-by.\  —  x.l-\-ax.l—  abxf  —  {x  —  yf, 
ae  =  (Va; .  1  —  abx  .l~y  .1  +  ay  .\-\-by  —  "Jy  .\  —  aby  .\—x.l  +  ax.\-\-  bxf 


be  =  (Vl  ~x.\  +  aa:.y.l  +  by.l  —  aby  —  \^1— y.l+ay.ic.l-|-6aj.l  —  ahxf 
bd  =  {Vl  ~  X  .\  +bx  .y  .1  +  ay  .1  —  aby  —  "J\—y.l-\-by.x.l-\-ax.\-~  abxy 
be  =  (Vl  —x.\  —  abx  .y.l  +  ay.l  +  by  —  '>/i—y.l—  aby .  a 


ed  =  ( Vl  -irax.X+hx.y.l—y.l  —  aby  -  ^l\^ay.l+hy  .x.l  —  x  .1—  abxf 
cc  =  (Vl  +  (m:  .  1  —  abx  .y.l-y.l+by  —  '/l  +  ay.l-  aby .  a; .  1  —  « .  1  +  bxf 
de  =  ( Vl  +hx.l~  abx  .y.l  —  y.l  +ay  ~ '/l  +  by.l  -  aby  .x.l~x.l  +  axf 


(a>^yf, 
{x-y)\ 

7v^biy^{x-yy, 

Qe  -  yy, 
{x-y)\ 
(x-yy. 


et   je    remaixjue    que    la    difference    de    deux    quelconques   des   fonctions   ab,   ae,  ... 
one  fonetion  rationnelle  et  entiere  de  w,  y.     On  a,  par  exemple : 


ac  —  ad  =  a  —  &  , 
be—  bd=  «  — i.  - 
be  —  cd  =  1  +  (( . 


ce  - 


=  a- 


1  —ab  xy, 

1  +ab{x  +  y)  —  ab  xy, 

1  +  6  —  1  +  a&  ic!/, 

\Ar{x-\-y)-abxy. 


En  faiaant,  comme  auparavant,  c  =  Vl  +  a .  1  +  6,   et  puis 

ch  =  V(t  +  V6,         cl  —4a  —  Vfi, 

cif^l-VliS,         c?'  =  l  +  V^; 

a-  -  sn  (m,  i)  ,  o-j  =  sn  (li,  0- 

7  =  en  («,&),         7i=:cn(TJ,  ?), 

S=dn («,/.■},         Z,  ^^Mv,l), 
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(ou  j'ecris  sii,  en,  dii  pour  sin  am,  eosam,  A  am),  efc,  pour  tin  moment, 

^  =  "J ah  (ya-jBi  +  7)0'S),     i;  =  c  (—  k'ffyj>i  +  I'a-ijB),     ^  —  7a-iSj  —  7io-S  *, 
iK,   y  sont   donnas   au   moyen   des   fonctions   elliptiques   <7,   7,    S,    0-1,   7,,   B,   de   u,   v    par 
les  Equations 

ou,  ce  qui  est  la  meme  chose,  on  a  identiquement 

pif-(p+i'-v')^+f=r--^-':-'-y, 

de  maniere  que  x,  y  sont  les  racines  de  I'equation  quadriqvie 

P^.  _  (f. + f.  _,.)„+ J. =0. 

On  a  I'identite  (due  a  M.  Hermite) 

(Ps-  +  e^"  +  &  +  S)'  -  «*V  (o-'  -  o-i")'  ^ 

-W(l  +  o«)  (1  +  6«)  -  c'2]  [o-,'  (1  +  az)(l+  hz)  -  ft]  X  [{=»=  -  (P  +  r'  -  ,•)  «  +  n, 

ir=<r.l-».H-(,s.l+fe.I_afa; 
et  alors  les  valeurs  de  P,  Q,  P,  S  sent 
P^-ah  4<3>aa^  (ytrA  +  7i<rS), 

e  =  ^'So■o■,[-(o  +  6-VS)7IA-(Il  +  6  +  ^'l^^)7,ff8]  +  (J■VS(S,T,7, +  S,»7), 
Ji  =  .70-,  [(o  + 1 -  VS)  y<7,8,  - (0+  6  +  V3) 7,rf]  +  c"  (S<r,7,  -  S,<7-7), 
8  —  triTi  {ytrjii  ~  y^ffS), 
lesquelies  peuvent  aussi  s'^crire  comrae  il  suit : 
P  -  -  a6<7o-,f. 

(2  =  -  a&ffcTjf-  0=  V(^(7cr,  (/^o-,8i  +  A^icrg)  +  0=  VoS  (8<7,7,  +  81(77), 
S -  o-i7,f  +  cVo-,  (fVA  -  i^."*)  +  «'  (Si'*  -  S,,7y), 

ct  je  remarque  I'equation 

P  +  Q  +  R  +  8  =  c^7Ti  (-  k'tfyA  +  Va^jS) 
=  c^TYiV- 
En    ^erivant   succeysivement  z==x,  s^y,  ct  en  choisissant  convenablement  les  signes 
des  radioaux,  on  obtient 

P^  +  Qic'  +  Iiw  +  8  =  cSS.  (cr^  -  ff,=)  VX, 
Py'  +  Qf  +  Ry  +  S=  cBB,  (c^  -  v-')  V  Y; 
on   congojt   sans   peine   que   c'est   h  cause  de   ces   expressions    rationnelles    des    I'adicaux 
que  I'integration  des  Equations  differ  en  tiellea  r^ussit. 

'■'  Ed  ferivant 

J'  =  7iri5i  +  7]CTS,     Ji'—-  k'ayjSf  +  l'a^yS,     f:=  711,5;  -7,0-5, 

]e  me  sers,  dans  la  suite,  de  oe  symliole 

^1  — 7fi5i  +  72ff^' 
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[Pp,  373 — 376* ;  426 — 429,]  Les  valeurs  de  w  +  r/,  wy  donnent  sans  beaucoup  de 
peine  celles  de  a,  b,  c,  d,  e ;  mais  Iob  reductions  pour  obtenir  les  valeurs  des  dix 
foncbions  ab,  ...,de  sont  tre«  p^nibles;  je  doiine  seulement  les  r&ultats.     Ces  valeurs  aont 

Vb  =    -J- :    .  —  ^''l77iSi  +  V(Ti'vh, 

Vc=   -=1—  .      'Scr,7,    ~kB,a'Y, 


Vd  =  --,--1=--  .      iBT,y,    ■+  /fS|CJ7, 

Ve=     |-,     .      /^V7,S, +;V,7S, 

f'  ~ya;B,  +  7i<rS  ; 

Vab  = 

TV                   .771^^1  -k'l'a-<T„ 

Vac  = 

^'{ISa 

S-B7S,j'*('-'  +  '*''')'7S-K' 

.  k  (V'  +  I'y,')  -^7^  +  ^  i^"'  +  ^V)  '^ijA . 


^  (K  cry-fi,  +  (  <Tiyo) 

Vbd  =  "|t  .  k'Br  4  i'E^  +  A-/  {k'a^,'  +  l'<T,yi 

\^he—  -i7  .  —  a-a;BBy  —  jy,, 

Vcd  =  ^.  .  -  o-ci-,88,  +  77, , 

Vce  =  ^,                 .1 7^  /i:<7^ r-  IcTi  +  Ma-^a^\ 


Vde  = 


c/b  cJh 


*   Voir   la  note,  p.   42li   du   volnme.— Daaa   la  seoondo   Coiiinmnioatioii  (p.   373),  line   eri'ev 
I  fait  placer,  ft  la  suite  de  la   treizieme  ligne  de  la  page   374,  dens   pages  ct  demie  de   test 
^roilvBi'  place  que  dana  la   Communication   suivante.    Nous   ritablissoue   int^graleinent  uette   s 
iation :   la  troisifeme  sera  ic^^r^e  dans  le  proohain  numSro. 
0.    X. 
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Les  valeurs  de  a,  b,  c,  d,  e  donncnt 
VJ'v'r^v'aVbVcVdVc 

X  {IBtTij^  —  kB^try)  (lB(Tiy,  +  kS,<j-y)  {k'a-'yiSi  +  I'a-iyB), 

j'ai    v^rifi^    que    Je    eigne    s'accordc    avoo    celui    dc    la    valeur    ubtciiue   au   moyen   des 
expressions  rationnclles  de  VX,  VF. 

On  v^ifie  en  partie  les  valeurs  des  fonetions  Vab,  Vac,...,  en  consid^rant  tea 
differences  des  carr^s  de  ces  fonetions;  mais  ce  calcul  n'est  pas  toujoura  facile.  Par 
exemple,  nous  avons 

ac  —  ad  ~  (ffl  —  b)  (I  —  ab  xy) 

et  cotte  valeur  doit  ainsi  etre  dgalc  a 


.^ItS^^^f  [*  9"  +  fV)  "^S  + '  ('«'•  +  SV)  .^.tA]'}  ^ 


Pour  voir  ceia,  j'ecris  pour  le  moment 

A=k  (l'^+  l^y,')  <jyS,         B  =  I  (k"'  +  ¥y')  a,y,h„ 

a=  IBa-^y-,,  ff  =  kSiO-y; 

I'equation  devient  ainsi 

4,klacr,ry,B8,  (a^  -  ^y  =  (a  +  0y  (A  -  By  -  (2  -  0y(A  +  By, 

^4,[a^{A=  +  B')-ABicfl  +  ^)]; 

or,    en    remarquant    que    AB    et    a/3    contiennent     chacun    le    faeteur    kl  (7a-iyy,BS„    cette 
equation  devient 

(a=  -  ^y = k'  (/'=  +  i^.^y  <rYS= + /^  (/c'^  +  k'y^y  <7,v.=V 

-  (;'-  +  /'7i*)  (k"'  +  k'y,')  (l^&Wy,^  +  k%^<Ty), 
<!'est-a-dire 
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or  les  deux  facteurs  a  droite  .se  rt^duisant  I'un  et  I'autre  si, 

c'cat-ii-dii'e  a  (a'  —  ^-),  la  v^nficatioii  est  ainsi  compldt^a 

La  difference  be  — cd  donne  un  oxemple  beancoiip  plus  simple;   on  a 
he  —cd^l+a.  i  +  b(—l+ab xy) 

1' Equation  a  verifier  est  ainsi 

—  iacTijiy-iBS,  =(-  crcTiSS,  —  J"/,)''  —  (—  iTa;hS,  +  771)", 
ce  qui  est  juste. 

[Pp.  472 — 475.]     Je  donne  quelques  autres  formules   dont  je   me   wnis 
cours  de  cette  recherche.     Partant  dea  expressions  de  ^,  t/,  J",  on  a 

d^  =  }^dv,  +  X^v  =  Vtt6  {     [-  o-So-,St  +  77,  (1  -  2AV=)]  du 

+  [771  (1  -  21W)  -  <r<rMi     ]  dv], 

dij  = /j.du  +  fi^dv  =  c  I     [-k'ySyA  +  i'o-o-ii-l  -P+2&V)]dM 

+  [k'<T<7,  (1  4-  i"  -  2l^ac)  +  I'ySyA         ]  dv], 

di;  =  vdu  +  v,dv  =     j     [-  tSo-A  -  77i  (1  -  2ld'a'}]  du 

+  [77i  ( 1  -  2ZViO  +  «-8o-iS.     ]  dv} ; 

en  prenant  pour  A,  B,  C  des  fonctions  tellea  que 

A  d^+Bdr,  +  Cd^=dti  +  dv, 
on  a 

A\  +Bfi  +Cv  ^1, 

AX,  +  B/j^  +  Cf,  =  I. 
Je  pose  aiissi 

A^  +  Btj  +  C^^O, 
et  au  moyen  de  ces  Equations,  j'obtiens  poui'  A,  B,  C  les  valeurs 
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od 

U  =  IS'  (8,7,7,  +  S,»7)  +  tVY"  (!"S»i7,  +  W,o7), 

F  =  t'S,"  (8ir,7,  +  S,»7)  +  !V,V  (i'S,7,7,  +  M,»7), 
F  =  2  [(!'■  +  iV)  .pyS  +  (f  +  iy)  <r,7,S,], 
V  =  (^V7,S,  +  iV,7S)  (iS,r,7,  -  &S,ff7)  (^Scr,7,  +  kS,<7y)  : 
ot  tie  1&  aussi  

_  IT  +  If  .  -  ^- -  <SS,77,  -  k'VmO  (7,7,8,  +  7,»S), 
i7  +  If  =  ?  ((1  +  iVo-,'  -  VS  [(1  +  iT)  o"  -  iV,-]]  8,7,7, 

+  {1  -  S'lV,'  +  VS5  [(1  +  K')  ff,"  -  kV]j  8,177). 

En  admettant  I'^quation 

rf*'       f/w  2 , ,     ,    ,  , 

-,=  +  -i^  =  —  (aw  +  (/«), 
VA'     VF        » 

fln  obtient  sans  peine  les  relations 

jt" o_  (JL^JL] 

1     ic-sWX     •JYI' 

f     a>-jl    VJ  VF    i' 

■et,  en  multipliant  par 

o-8S.(<,--..-)VzF,    ,g°jjg«M<^---)v, 

eb  <lans  les  seconds  membreSj  au  lieu  de 

c=S8,  (,7=  -  a,0  VX,     c^SS,  ((7-  -  <7,0  ^^  r, 
substituant  les  valeurs 

Px'  +  Qx'^+Itx  +  S,     Pf+Qy'+Ry  +  S, 
on  obtient,  aprea  quelques  reductions  simples,  les  Equations 

CabBB,  (<7^  -  o-j^)  V^  =  aba-a-t^rj^  -  a-a,^^v  +  c'77ip?, 

V£  =  ab<T<7,U^  +  r - V)  +  -^o-ir  -  QH, 
V  G  =  afiffo-,-^  (-  2f  -  ^  +  v')  +  QSv  -  c'77i  ^. 
lesquelles  satisfont,  comme  ccla  doit  6tre,  a  la  condition 

E6ciproqueraent,   en    veiifiant    ces    identit^s,   ce    qui    est   a,aacz   pc^nible,   on   obtient   une 
d^naonstration  de  I'equation  differ entieile 

-;=  +  -.-^  = (du  +  dv). 

VX     VF         c^  ' 
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En  ecrivant,  pour  plus  de  simplicity, 

c     '  c  c 

ies  valeure  de  31',  ©,  S  sont 

SB  =  {I'-'  +  iY)  <TyS  +  (k'"  +  ky)  (r^jA . 

g  =  [1  -  iV(7,^  -  V^  [(1  +  k'l')  a^  -  iW]\  8o-,7. 

+  |1  -  fc'o^o-,'  +  Vffl6  [(1  +  kT)  0-/  -  k^&']}  Sio-7 ; 

et  des  trois  efjuations  pour  A^,  B^,  (7|,,  on  d4duit 


et   e'ost   au   moyen   de   ces   (Equations  que  j'ai  trouve  Ies   valenrs  ci-deasus  donnees  pour 
Vab,  Vac,,..;   ou  a,  par  exemple, 

V;^/b(^-y)W^        ^/F/     \/a  Vb(i.-y)n  Voi. ' 
ce    qui    se    reduit    sans    peine    a    Vab  =  ^  91'.     Les   dix   fonetions  contiennent   de   cette 
mauiere  les  facteurs  suivants: 

va,  a', 

Vae,    (l-o4)9  +  VSaV 
Vbc,    -S  +  ;\/|8I'{, 
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VbiT,     -  g  +  y^-^  9l'f ', 

V^,    -  [a  V^ »;  +  r?  (1  +  a>(l  -  a6)  *S^-  Ht,], 

mais   il  y  a   des   d^nominateurs   variables  qui   eontienneiit   dea    facteurs    dont    quelques- 
uns    divisent    les    nnm^rateurs,   et    la    reduction     smx     formes     ci-dessi 
coftt^  assez  de  peine. 
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667. 

ON  THE  BICIRCULAR  QUARTIC :  ADDITION  TO  PROFESSOR 
CASEY'S  MEMOIR  "ON  A  NEW  EORM  OF  TANGENTIAL 
EQUATION," 

[From  the  Philosophical  Transactions  of  the  Roycd  Society  of  London,  vol.  clxvii. 
Part  11.  (1877),  pp.  441 — 460.     Received  January  24,~Read  Februaiy  22,  1877.] 


t  Casey  eommunicated  to  me  the  MS.  of  the  Memoir  refen^ed  to,  and  he 
has  permitted  me  to  make  to  it  the  present  Addition,  containing  further  developments 
on  the  theory  of  the  bicircular  quartic. 

Startiog  from  his  theory  of  the  fourfoki  generation  of  the  curve.  Prof.  Casey 
shows  that  there  exist  series  of  inscribed  quadrilaterals  ABCD  whereof  the  sides  AB, 
BO,  CD,  DA  pass  through  the  centres  of  the  four  circles  of  inversion  respectively ; 
or  (as  it  is  convenient  to  express  it)  the  pairs  of  points  {A,  B),  (S,  C),  (C,  D),  (D,  A) 
belong  to  the  four  modes  of  generation  respectively,  and  may  be  regarded  as  depending 
upon  certain  parameteis  (his  9,  0',  $",  S'",  or  say)  Wj,  (u^,  a>g,  w  respectively,  any 
three  of  these  being  in  fact  functions  of  the  fourth.  Considering  a  given  quadrilateral 
ABCD,  sjid  giving  to  it  an  infinitesimal  variation,  we  have  four  infinitesimal  arcs 
AA',  BB',  CO',  DD' ;  these  are  differential  expressions,  AA'  and  BB'  being  of  the  form 
.¥,dfc)i,  BB'  and  CO'  of  the  foi-m  M^da^.  GC  and  DD'  of  the  form  M^dm,,  DD'  and 
AA'  of  the  form  Mdm;  or,  what  is  the  same  thing,  AA'  is  expressible  in  the  two 
forms  Mdea  and  Midaii,  BB'  in  the  two  forms  Midwi  and  Msdm,,  &c.,  the  identity  of 
the  two  expressions  for  the  same  arc  of  course  depending  on  the  relation  between 
the  two  pai-ameters.  But  any  such  monomial  expression  Mdto  of  an  arc  AA'  would 
be  of  a  complicated  form,  not  obviously  reducible  to  elliptic  functions;  Casey  does 
not  obtain  these  monomial  expressions  at  all,  but  he  finds  geometrically  monomial 
expressions  for  the  differences  and  sum  BR  -  AA',  OC'  —  BB',  DD'  +  GC,  DD'  —  AA' 
(they  cannot  be  all  of  them  differences),  and  thence  a  quadrinomial  expression 
AA'  =  ]f,dai  +  Nsdo}.i  +  Nsdas  +  Ndw  (his  ds'  =  pdB  +  p'd0'  +  p"de"  +  p'"dff");  and  that 
without  any  explicit  consideration  of  the  relations  which  connect   the   parameters. 
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I  propose  to  complete  the  analytical  theory  by  establishing  the  monomial  equations 
AA' —  Md<6  =  Midmi,  &c.,  and  the  relations  between  the  parameters  w,  wi,  o),,  Mj  which 
belong  to  an  inscribed  quadrilateral  ABGD,  so  as  to  show  what  the  process  really  is 
by  which  wc  pass  from  the  monomial  form  to  a  quadrinomial  form 

AA'  (or  dS)  =  Ndo>  +  N.dmr  +  -ff.do),  +  N^d<i>,, 

wherein  each  term  is  separately  expressible  as  the  differentia!  of  an  elliptic  integral ; 
and  further  to  develop  the  theory  of  the  transformation  to  elliptic  integrals.  We 
require  to  establish  for  these  purposes  the  fundamental  formulas  in  the  theory  of  the 
bicircular  quartic. 

I  remark  that  in  the  various  fonnul^  /,  g,  0,  Oi,  0.^,  0^  are  constants  which  enter 
only  in  the  combinations  /+  B,  f~ g,  6^  —  8,  Oi—d,  Oi  —  O'-  that  X,  Y  are  taken  as 
current  coordinates,  and  these  letters,  or  the  same  letters  with  suffixes,  are  taken  as 
cooixiinates  of  a  point  or  points  on  the  bicircular  quartic:  and  that  the  letters  (x,  y), 
(^1,  yi}'  i^'^i'  y^'  (^3-  y»)  ^■'^  used  throughout  as  variable  parameters,  viz.  we  have 

(/+^)^  +{g  +  e)f  =1, 

{f+e,)x;'  +  {g  +  e,)y^'=l, 

{f+e,)a,i  +  {g  +  e,)yi  =  l, 

80   that  ic,   y=  -7.-—    ,      .  ,   are    functions    of    a    single    parameter   to,   and   similarly 

{^1,  J/i).  (^i!  yd'  (^1'  y^  ^"*®  functions  of  the  parameters  Mi,  to,,  ay-,  respectively.  We 
sometimes  use  these  or  similar  expressions  of  {x,  y),  &c.,  as  trigonometrical  functions 
of  a  single  parameter;  but  we  more  frequently  retain  the  pair  of  quantities,  considered 
as  connected  by  an  equation  as  above  and  so  as  equivalent  to  a  single  variable 
parameter. 

Formulae  for  the  fon/rfold  generation  of  the  Bidrcidar  Quartic.     Art.  Nos.  1  to  5. 

1.  We  have  four  systems  of  a  dirigent  conic  and  circle  of  invei^sion,  each  giving 
me  to  the  same  bicircular  quartic  i  viz.  the  bicircular  quartic  is  the  envelope  of  a 
generating  circle,  having  its  centre  on  a  dirigent  conic,  and  cutting  at  right  angles 
the  con-esponding  circle  of  inversion ;  or,  what  is  the  same  thing,  it  is  the  iocus  of 
the  extremities  of  a  chord  of  the  generating  circle,  which  chord  passes  through  the 
centre  of  the  circle  of  inversion,  and  cuts  at  right  angles  the  tangent  (at  the  centre 
of  the  generating  circle)  to  the  dirigent  conic;  the  two  extremities  of  the  choixl  are 
thus  inverse  points  in  regard  to  the  circle  of  inversion.  The  four  systems  ai'e 
represented  by  letters  without  suffixes,  or  with  the  suffixes  1,  2,  3  respectively;  and 
we  say  that  the  system,  or  mode  of  generation,  is  0,  1,  2,  or  3  accordingly. 


2.     The  dirigent  conies  are   confocal,  and  their   squared   semiaxes  may  therefore   be 
represented   by  f+6,  g  +  0:  f+d„  g  +  0i:  f+8--,  g  +  0^:  f+Si,    g  +  ^s,   (which   are,  in 
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fact,  functions  of  the  five  quantities  f+6,f-g.  6,-S,  0^-6,  Os-d);  and  we  can 
in  tenns  of  these  data  express  the  equations  as  well  of  the  diligent  conies  as  of 
the  circles  of  inversion;   viz.  taking  X,  Y  as  current  coordinates,  the  equations  are 


¥' 


/+« 


X  Y< 

f+e+s  +  e, 

_x=         ¥• 
f+e+g  +  e, 

where 


=  1,  (Z-a)'  +  (F-g)'-7"  -0,  or  X"+ K"- 2oZ- 2/3  F  +  i  -0, 
.1,  (Z -«,)■  + (F- ft)-- 7,"  =  0,  or  X"+F'-2«,jr-2fty  +  i,-0, 
-1,  (X -«,)"  + (F- ft)'- 7,"  =  0,  or  X'+  F'-2«,Z-2ftF+t,  =  0, 
=  1,  <J;-o.)'  +  (F-ft)'-7.'  =  0,  or  Z'+F"-2ii.X-2ftF  +  t.-0, 


^/j-J./i|,^./+l..(^^,,,.(^^^,,^„^.^_^^,^^.^.^^^,^,.^, 


V^^^^^^^^^^ff^;^^^^^^' =  (i' +  ^)  ^  =  <>  +  ^0  A  =  (^  +  ^,)  ft  =  (?  +  ^.)  A. 
f+e  .g  +  0  .y-^  =e  -d,.0  -e,.e  -0,„ 

/+$,. g  +  6., .rf,^=0,-d  .e,-0,.0,-e„ 

f+gJrd  +  di+0,  +  0s^J>:-{-20  =  k,  +  2f,  ==k,  +  20^  =  k^  +  28,. 

3,  The  geometrical  relations  between  the  dirigent  conies  and  circles  of  inversion 
are  all  deducible  from  the  foregoing  formulae ;  in  particular,  the  conies  are  confocal, 
and  as  such  intersect  each  two  of  them  at  right  angles;  the  circles  intersect  each 
two  of  them  at  right  angles.  Considering  a  dirigent  conic  and  the  corresponding 
circle  of  inversion,  the  centres  of  the  remaining  three  circles  are  conjugate  points  in 
regard  as  well  to  the  first-mentioned  conic,  as  to  the  first-mentioned  circle;  or, 
what  is  the  same  thing,  they  are  the  centres  of  the  quadiangle  formed  by  the 
intersections  of  the  conic  and  circle. 

4.  The  centre  of  the  conies  and  the  centres  of  the  four  circles  lie  on  a 
rectangular  hyperbola,  having  its  asymptotes  parallel  to  the  ases  of  the  conies.  Given 
the  centres  of  three  of  the  circles  (this  determines  the  centre  of  the  fourth  circle) 
and  also  the  centre  of  the  conic,  these  four  points  determine  a  rectangulai-  hyperbola 
{which  passes  also  through  the  centre  of  the  fourth  circle) ;  and  the  axes  of  the 
conies  are  then  the  lines  through  the  centre,  parallel  to  the  asymptotes  of  the 
hyperbola. 

C.   X.  29 
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5.  The  equation  of  the  bicircular  quartic  may  be  expi'essed  in  the  four  forms 

(x-+F--i)--i[(/+e)(z-.)'+&  +  e)(F-,3)-]-o, 
(X- +  F- -  w  -  4  [(/ +  e,)  (i  - -O- + to  +  «,)  ( r  -  A)']  =  I), 
(jr.+  F=-i,)'-4[(/+e,)(jr-.j  +  to  +  «(F-A)-]  =  o, 

(X-+F'-t.)--4[(/+9.)(j:-a.)'  +  (j  +  «(F-A)-]-0, 
the  equivalence  of  which  is  easily  verified  by  means  of  the  Ibregoing  relations. 

Determination  as  to  ReoMty.     Art.  Nos.  6  and  7. 

6.  To  fix  the  ideas,  suppose  that  f—g  is  positive;  then  in  order  that  the  centres 
of  the  four  circles  of  inversion  may  be  real,  we  must  have  /+  S-f+Oi-f+^-s-f+O, 
positive,   but    g  +  0.g+0,.g  +  0s-ff  +  ^3  negative;    and  this   will   he    the    case    if  f+0, 

J+Si,  /+^!.  /+ ^s  are  all  positive,  but  g  +  6,  g-\-0i,  g  +  O^,  g  +  B^  one  of  them 
negative,  and  the  other  three  positive.  In  reference  to  a  figure  which  I  constructed, 
I  found  it  convenient  to  take  0,,  6i,  6^,  0^  to  be  in  order  of  increasing  magnitude: 
this   being   so,  we   have   f+B^  positive,  g  +  ds    negative;    and   the   other   like   quantities 

f+0i!  /+^o,  f+Oi,  g+di,  g+Oa,  g  +  S^  all  positive:  we  then  have  73^  and  7,*  each 
positive,  7o'  negative,  j^"  positive:    viz.  the  conies  and  circles  are 

Hyperbola  H^,  coixesponding  to  real  cii'cle  C^, 

Ellipse         Ej,  „  real  circle  G^, 

J,  Bo,  „        imaginary  circle  C,,, 

(viz.  the  radius  is  a  pure  imaginary), 
-ffj,  „  real  circle  G^, 

and    the    eonfocal    ellipses    Sj,    E^,    E.^    are     in  order    of    increasing    magnitude.      The 

centre   C^  is   here   a   point   within   the   triangle  formed   by  the   remaining   three   centres 

Gi,  Gi,  Cj.  It  will  be  convenient  to  adopt  throughout  the  foregoing  determination 
as  to  reality, 

7.  It  may  be  remarked  that  a  circle  of  a  pure  imaginary  radius  7,  =i\,  where 
\  is  real,  may  be  indicated  by  means  of  the  concentric  circle  radius  X,  which  is  the 
concentric  orthotomic  circle ;  and  that  a  circle  which  cuts  at  right  angles  the  original 
circle  cuts  diametral ly  (that  is,  at  the  extremities  of  a  diameter)  the  substituted 
circle  radius  X ;  we  have  thus  a  real  construction  in  relation  to  a  circle  of  inversion 
of  pure  imaginary  radius. 


ion  of  dS.     Art.  Nos.  S  to  17. 

8.     The    coordinates    of    a    point    on    the    dirigent    conic   ■     -„  +  — — 3  =  1    may   be 
taken    to    be    (/+  6)x     {g  +  8)y:     ani5    we    hence    prove    as    follows    the    ftindamcntal 
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theorem  for  the  generation  of  the  bicirculai-  quartic.  Consider  the  generating  circle, 
centre   (f+d)a:,   {g  +  0)y,   which   cuts   at  right   angles   the   circle   of  inversion 

If  for  a  moment  the  radius  is  called  2,  then  the  equation  of  the  generating  circle  is 

(X  -JVexf  +  ( 7  -  J+Byf  =  S^ ; 
the  condition  for  the  intersection  at  right  angles  is 

{a  -f+0xf  +  (0-  ^eyf  =  7=  +  S=, 
and  hence  eliminating  ^^,  the  equation  of  the  generating  circle  is 

and  considering  herein  *■,  y  as  variable  parameters  connected  by  the  foregoing  equation 
{f-\-6)x^  +  {g-\-6)y^  =  l,  we  have  as  the  envelope  of  this  circle  the  required  bicircular 
quartic. 

9.  It  is  convenient  to  write  lt  =  ^  (X^  +Y^  —  k).     The  equation  then  is 

R-iX-a)(f+e)x-{Y-0)(g  +  e)y^O; 

the  derived  equation  is 

{X-a){f+8)dx  +  (Y-^)  (g  +  e)dy^O; 

and  from  these  two  equations,  together  with  the  equation  in  (x,  y)  and  its  deriva- 
tive, wo  find  X—a  —  Bx,  Y~0=Ry;  from  these  last  equations,  and  the  equations 
It  =  ^{X-+  Y'-k),  (f+0)af  +  (y  +  O)y^=l,  eliminating  x,  y,  R,  we  have 

(f+e}(X-^y  +  {g  +  e)(Y-  ^r  =  R\ 

that  is, 

{X-'+Y-^-ky-i[(/+e)(x-ar+(3  +  ^){r-0y]  =  o, 

the  required  equation  of  the  bicircular  quartic. 

10.  We  have  thus  X  —  a  —  Rx,  Y—0~Ry,  as  the  equations  which  serve  to 
determine  the  bicircular  quartic :  if  from  these  equations,  together  with  .K  =  ^  {X'  +  Y^  —  k), 
we  eliminate  X  and  F,  we  have  R  expressed  as  a  function  oi  as,  y ;  and  thence  also 
X,  Y  expressed  in  terms  of  w,  y;  that  is,  in  effect  the  coordinates  X,  F  of  a  point 
of  the  bicircular  quartic  expressed  as  functions  of  a  single  variable  parameter.  The 
process  gives  2R  +  k  =  (a-i-  Rxy  +  (0  +  RyY,  viz.  this  is 

R^ix'  +  f}~2O^a.v-0y)R  +  y'^O. 


01'  putting  for  short ni 
this  is 


il  =  (l-ax-0yy-y^{x^  +  y% 


Hosted  by 


Google 


228  ON   THE   BICIRCULAR   QUARTIC.  [667 

■or  say  the  two  values  are 

3f  +  f  '  "  a?-^y^ 

to   preserve    the    generality   it    is    proper    to    consider   Vil    as    denoting    a    determinate 
value  (the  positive  or  the  negative  one,  as  the  case  may  be)  of  the  radical. 

11.     Considering  the  root  K,  we  have  X  =  a-\-R'x,    Y  =  ^  +  Ry,    from  these  equa- 
tions we  obtain 

dX^R'dx  +  xdR', 

dY  =  R'dy  +  ydR'. 
But  from  the  equation  for  R'  we  have 

[R'{s^'  +  y'')-{l-ax-^y)]dR'  +  R'^{xdx  +  ydy)  +  R'{ad-x+&dy)  =  <i, 
that  is, 

-  \/n  dR'  +  R'  {Xd!c  +  Ydy)  =  0 ; 
whence 


dY  =  R'dy  +  ^  {Xd^  +  Ydy). 


12.     The  differentiala   dx,  dy  can   be   expressed  in  terms  of  a  single  differential  dm, 
viz.  writing 

_  cos  o)  _   sin  o) 

and 

8-(/+«)  (</+"). 
then  we  have 

It    is  to    be    observed   that,   when    the    dirigent   conic   is   an    ellipse,   o>    is   a  real 

angle,  and  ©   is   positive  (whence   also  V*5  is  real  and  positive);   but  when  the  dirigent 

conic  is   a  hyperbola,  m   is   imaginary,  and   0  is   negative ;   we  have,  however,  in   either 
case 

and  we  may  therefore  write 

dm  ds 


where   'J{f+&f!^-\-{g  +  fffy^  is    positive;    ds    is    the    increment   of    arc    on    the    conic 
{f-\-6)x''  +  {g-^B')y'^  =  \,  this   arc   being  measured  in   a   determinate  sense,  and  therefore 


ds  being  positive   or    negative   as   the 

negative 
formula. 


V0 
negative   value,   even    when   to   is   imaginary,  and   it   is    convenient    to   retain   it   in   the 
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13.     It  may  further  be   noticed  that,  if  v   denote   the  inclination  to  the   axis  of  a; 

of  the   tangent    to    the  dirigent    conic    at    the    point   '^f+Ocosia,   Vgr  +  ^sinw,   where 
V  is  Casey's  0,  then 


viz.  we  have 


cos  6)       COS  u        sin  o)       sin  v 


sily  verified, 

day         _       dv        _  , 

14.     Substituting  for  dx,  dy  tlieir  values,  the  formulse  become 

<iZ  =  ^  {- (5 +  «);,+ ^  (- fa  +  9)  yX +  (/+»)  a.F)|  <i». 

We  have 

=  1  -  vn, 

that  is, 

and  consequently  the  foregoing  expressions  of  dX,  dY  become 
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or  finally 

15.  We  have 

{Rx  +  « -~f+~8  xf  +  {R'y -{■  ^  ~J+ $  yf 
=  K"-  (it-  +  f)  -2R'(l-aiV-  /3y) 

viz.  this  is 

—  B^,  the  radius  of  the  generating  circle. 

Hence   if  dS,  ='>/dX''  +  dY^,  be   the   element   of  arc   of  the   bicircular   quartic,   this 
element  being  taken  to  be  positive,  we  have 

where  e   denotes  a  determinate  sign,  +  or  — ,  as  the  case  may  be. 

16.  I   stop   to   consider  the  geometrical  interpretation ;   introducing  dv,  the  formula 
may  be  written 

and  we  have  {x^  +  y^)R'  ==1  —  ax  —  Qy  —  -Jil,  ot 

{a?  +  pE  ^  l-ax-l3y  _  ^ 
Vil  Vfl 

Z.=J^-  is  the  perpend iculai'  from  the  centre  of  the  circle  of  inversion  upon 
V  *-  + 1/= 

the    tangent    to  the  diligent  conic,  and  -■ l.-  is  tho  half-chord  which  this  perpendiculai- 

Va;"  +  y'' 

forma    with    the    generating   circle.     Hence    —  -  — — -^  —  1  =  {perpendicular  —  half-chord) 

-=- half-chord,   the   numerator    being   in   fact   the   distance   of    the    element   dS   (or  point 
X,  Y)  from  the  centre  of  inversion ;   the   formula  thus  is 

dS=  +  f,--dv, 

where   S   is   the    radius   of    the   generating  circle,   p    the   distance   of    the   element   from 
the   centre   of  the   circle   of  inversion,  and   c   the  chord   which   this   distance  forms  with 
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the   generating    circle,     11'   we   consider   the   two    points    on   the    generating    circle,   and 
write  els'  for  the  clement  at  the  other  point,  then  we  have 

which  is  Casey's  formula  ds' —  ds  =  2p  d<l>  (273). 

17.  The  foregoing  forms  of  dX,  dY  are  those  which  give  most  directly  the  required 
value  of  dS:   but  I  had  previously  obtained  them  in  a  different  form.     Writing 

A  =  y3a;-ai/  +  (/-5')a^, 
then 

or  since 

this  is 

,r A  =  ^x^ - aTjj  -r[l-{g  +  e) {x^  +  f)]^y{l-ax- ^ij)  +  (a^=  +  f)  {^-(g  +  B) y) 

^ix''  +  f){yR'  +  li-{<!  +  6)y]  +  y^A 
that  is,  _ 

xA-y^il^{x^^f)\yR'  +^-(g+e)y]; 
and  aimilai'ly 

-  yA  -  «  VsT  -  («•  +  J/')  i^'R'  +  »-(/+«)  «,]. 

We  have  therefore 

dX  = ^-^-,-_  (a^A  -  y  Vli), 

dY  = ^^^-7=  («A  +  a)  Vfi), 

;ind  thence  a  vahie  of  dS  \vhich,  compared  with  the  former  value,  gives 

an  equation  which  may  be  verified  dii*ectly. 

Formuke  for  the  Inscribed  Quadrilateral.     Art.  Nos.  18  to  22. 

IS.  We  consider  on  the  curve  four  points.  A,  B,  G,  D,  forming  a,  quadrilateral, 
ABGD.  The  coordinates  are  taken  to  be  (X,  F),  {X^,  Fi),  (X^,,  K^),  (X„  K,)  respect- 
ively. It  is  assumed  that  {A,  B),  {B,  G),  (G,  D),  (J5,  A)  belong  to  the  generations 
1,  2,  3,  0,  and  depend  on  the  parameters  (iCj,  y^),  («„  i/j),  (a:,,  y^),  (at,  y)  respectively. 

:    -&yy-^f^{^-   +f), 

;j-Ayi)'-7iHV+3/i'). 

%  ~  ^iV^f  -  yi  (i^i'  +  yi), 
■h-&.y:f-i.H^:-^y.'y, 


write 

n=(i-< 

n,  =  (i- 

fi,  =  (i- 

n.-(i- 
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and  then,  "/il  denoting  as  above  a  determinate  value,  positive  or  negative  as  the  case 
may  be,  of  the  radical,  and  similarly  Vii,,  Vil^,  Vlis  denoting  determinate  values  of 
these  radicals  respectively,  each  radical  ha.ving  its  own  sign  at  pleasure,  we  fiirther 
write 


{if  +y--)R'  -l-an  -^y  -^ll. 

K + y,")  ii,  =  1  -  v,  -  Ay,  +  vn; 

(xf  +  yf)  E;=1-  V,  -  A;/,  -  Vfi, , 

(«■■  +  »■")  B,  -  1  -  HI,  -  Ay,  +  Vn, 

(ai>  +  y,')  ii,'  - 1  -  «.»i  -  Ay,  -  Vfi„ 

W  +  y.')  -K.  -  1  -  «.«.  -  Ay.  +  »'H; 

(«."  +  *■)  -K.'  -  1  -  V,  -  fi,y=  -  Vfi., 

(»■+/)«  -l-o»,  -^y  +Vn; 

and  this  being  so,  we  must  have 

Z-ii+J!',T-«,+J!,a:,.  F.A+-B'y-A+jKiy..  -ff -KZ"  +  7" -i  ),  -R,-KZ' +  F- -i,), 
Z,=a,+ii,'ic,=ii,+ii,»„  7,  =  A,+-B,>i-/3,+-ffi,y„  ii,'=i(Z,'+ F,"-/t,),  B,=i(Z,'+F,'-Ji). 
X,=a,+JJ,',K,=a,+JJ,i!i,  F,  =  A+ii,'y,.A+-E.y..  *'=1(Z,'+ F,"-i,),  J!,=|(Z,'+F,'-/t.), 
X.=a,+J!,',t,-a+i!a;,  F,.  A+fl,'y,-^ +-ffi  y  ,  -B.'=i(Z,'+ F.'-*.),  ii-l(X:'+F."-i); 
and  then  from  the  values  of  X,  Y,  R',  R,  we  have 

a  -  a,  +  ff,c  -  fl,a;,  =  0, 

A- A  +  -KV--«,y,.o, 

(«-«,)  +  i!'  ~B,     -0, 
giving 

(/J  -A){«'  -«.)-('  -'0(11  -yO  +  C  -«,)(a!y,-«,y).0; 
and  similai-Iy 

(A  -  A)  (»^,  -  «■)  -  («,  -  -,)  (!/.  -  y.)  +  («.  -  »,)  (»=*  -  "0,)  -  0, 

(A  -  A)  {".  -«.)-(«,-  «.)  (y,  -  y,)  +  («■  -  ft)  (•;*  -  c,y.)  =  0, 
(A-3)(«i-«)- («.~")(y.-!/) +  («=-»)(»«/ -"^yO-o, 

which  are  the  relations  connecting  the  parameters  (a;,  y),  {x,,  p^),  (xi,  y^,  {w^,  y^)  of  the 
quadrilateral. 

19.  We  have  thus  apparently  ibur  equations  for  the  determination  of  four  quantities, 
or  the  number  of  quadrilaterals  would  be  finite ;  but  if  from  the  first  and  second 
equations  we  eliminate  {sc^,  y,),  and  if  from  the  third  and  fourth  equations  we  eliminate 
i^3,  3/a)>  "'6  find  in  ^^ch  case  the  same  relation  between  (ic,  y),  {cui,  y.^,  viz.  this  is 
found  to  be 

mh^{l-ax,-0y,y{l-a^  -yS^)^ 
and  we  have  thus  the  singly  infinite  series  of  quadrilaterals.     We  have,  of  course,  between 
(%.  yi)'  (^a.  yi)  tlK^  like  relation, 

il,n,  =  (I  -  a,x,  -  f^,y,Y  (1  -  «^,  -  ^^,y. 
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20.     The  relatioa  between  {cc,  y),  (x,,  y,)  may  be  expressed  also  in  the  two  forms: 


i-«,(«+«0-ft(!/+j(.)  + (/+«)".  + (5+ »)yy.  + ,717^ ("'-"y  -A-W-o- 

In  feet,  the  first  of  these  equations  is 

{l  +  {f+e,)a;^  +  {g  +  0,)yy,]{xy,-x,y)-{a(a:  +  x,)+^(y  +  y,)](sy,-a:,y) 

+  f(a  -  n.)  y,-(0-  0,)  a^a  (w'  +  f)  =  0, 
which,  by  virtue  of  the  original  form  of  relation,  is 

-  (a  (ai  +  >!,)  + /3  (!,  +  y,))  (^,  -  .t^)  +  K«  -  «,) ;,,  -  (/3  -  A)  a^,]  {«■  +  J-)  -  0 ; 
or,  in  the  first  term,  writing 

e-6,    5+«,'   e-e,  /+«,' 

and  in  the  third  term 

°     "■-      /+9,     ■        *"     *'-    j  +  0.    ■ 
this  is 

(!+(/+«.)..,  +  (,  +  «.)  sy.)(?-i^:y^')-?|^) 

-(«(*  +  «0  +  /J  (y  +  ».)}  (^.  -  «,y)  -  { y*^'  y.  -  '^^^rjp  '«.}('«■  + 1)  -  0- 

In  this  equation  the  coefficients  of  a  and  of  8  are  separately  =  0 ;   in  fact,  the  coefiicient 
of  ;9  is 

-jf^fl -(/+"■)»'■■-(!'  +  ''.) !'>"!-^,  11 -(/+'')'»"-(!'  +  '')!''!  =  °i 
and  similarly  the  coefficient  of  a  is  =  0. 

And  in  like  manner  the  second  equation  may  be  verified. 
21.     The  two  equations  are : 

\-ax-0y  -{x-+f)M'=a,x,  +  0y,-{f^0,)xx,-{g  +  e,)yy„ 
l-<x,x,~  0,y,-(a:,'  +  y,^)  R,=^  ci,^  +  0,y  -if  +  d)xx,-(g+0)yy,; 
or,  substituting  for  R'  and  R^  their  values,  these  are 

'Ja  =  <^,  +  ^y,-(/+0,)ccaj,~{g  +  e,)yy„    ^ti,  =  -^,x-0,y-v{f+6)x!,,^{g^6)yy,; 
0.    X.  30 
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and  similarly 

VH;  =  «A  +  Aj,  -  (/+  e.)  «A  -  (J  +  »,)  OT„  Vn,  =  -  v,  -  Ay.  +  (/+  e,)v,  +  (g  +  «,)  m. 

VH,  =  a^c.  +  ffii,,  -  (/+  »,)  a;*  -  (jr  +  9.)  »„    Vn. «A  -  Ay,  +  (/+  9,)  «:,  +  &  +  «.) »., 

Va,  =  w»  +fii!/-(f+S)v  -{9+»)ya,  ^'H  =-«<«.-Ay.  +  (/+9.)«.« +(»  +  «.)». 

Differentiating  the  equation 

(A  -  A)  (»  -  a^.)  -  (.  -  «,)  (j  -  y.)  +  (»  -  »,)  («y.  -  a;,y)  =  0, 
we  have 

HA  -  A)  +  («  -  «.) !/.]  <fa  -[(«-».)  +  («-«.)  ^,]  * 

-  [(/3  -  A) +  (»- e,)S  ] 'i'T, +  [("-«■)  + C -«■)«]  liy,  -  0 ; 
and  writing  herein 

...-<^..„,     ..  =  ^^.)..,, 


^g.„..„^      ,„,.„,.„..      -.„..     ,,.  -6l.){(/+e),«,  +  (<,  +  «)ys,)l 


viz.,  dividing  by  0  —  di,  this  beeomes 
or,  completing  the  system,  we  have 


,-   dm        ,—  da,      n    ^.    J.   ■         dm       ,       dra, 
v'ii,-7^-\/ii-,-=;-  =  0,  that  IS,  7=7=^  +  -,  ,   '      =0; 


dio     __    —  (?(0i    _      dciii  —  t^oij 

which    ave    the   differential   relations   between    the    parameters    to,    m,,    w^,    Mj,   or   (ic,  y), 
(«i,  ^i).  (^2.  ys),  ('«s,  ys)- 

22.     From  the  equations  X  =  a+R'w,   Y=  0  +  Jt'y,  we  found 


<?F  = 


the  new  values,  X  =  Hi  +  -fii«,  and   F=^, +  i?jy,,  give  iii  like  manner 
Rida-,     ,  f^     ,        „ ,     , 
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in  virtue  of  the  relation  just  found  between  da>  and  da^,  these  two  sets  of  values  will 
agree  together  if  only 

s  ij  ~  (<,  +  eyy]  =  n,{r-is  +  e,)yi. 

These  are  easily  verified :  tlie  lirst  is 

B'r-(g  +  ii)(r-0)-(n--e  +  «dy-(!i  +  e,)(y-i3,}. 

viz,  this  is  {g  +  0)l3~(g +  0i)0i=O,  which  is  right;  and  similarly  the  second  equation 
gives  (/+  d)a~  (/+  d,)  eti  =  0,  which  is  right. 

From  the  first  values  of  dX,  dY,  we  have,  as  above, 

€'R-Sda>_ 

and  the  second  values  give  in  like  manaer 

where  ci  is  =  +  1.  It  will  be  observed  that  we  have  in  effect,  by  means  of  the  relation 
(^_y3,)(a7 -a;i)~(a-ai)(!/-j,)  +  (f-^i)(i»2/i-iCiy)  =  0,  proved  the  identity  of  the  two 
values  of  dS. 

Considering  the  quadrilateral  ABOD,  and  giving  it  an  infinitesimal  variation,  so  as  to 
change  it  into  A'B'G'I/,  then  dS  is  the  element  of  arc  AA';  and  writing  in  like  manner 
dSi,  dS^,  dSs  for  the  elements  of  arc  BB',  C(7,  DD',  we  have,  of  course,  a  like  pair  of 
values  for  each  of  the  elements  dSi,  dSa,  dS^. 


Formulce  for  the  elements  of  Arc  dS,  dS,,  dS^,  dS^.     Art.  Nos.  23  to  27. 
.     The  formulfe  are 


,;ii^'8,    J^=,XS.-^ 


where    the    e's    each    denote    + 1.     Supposing    as    above    that    7^    is    negative,    but 
7i',  75',  7a^  are  positive ;  then  It',  R  have  opposite  signs :  but  .R/,  R^  have  the  same  t 

30—2 
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as  have  also  i^'  and  iJ^,  and  R/  and  H^.     We  may  take  B,  S^  Sj,  and  B^  as  each  of  them 
positive:  the  signs  of 

dfn  dm,  dw«  da>, 

-, ■,— ,    -7=^-  ■;— - ,    -j= — 7=-,   ■ ,—    ,-^  are  +,  -,  +,  -,  or  -,  +,—,+: 

ViiV©      Vii,V©,      Vii,V0,      VilaV©^ 

hence  to  make  diS,  dSi,  dS^,  dSs  all  positive, 

must  have  either  the  signs  of 

R\    -R,',    E,',    -  R,',    "R,,    R„    -R„    R, 

or   else   the   reverse   signs:     hence   in   either   case   6'  =  —  e,  e,'  =  e,,  e./^e^,  e/^e^i   or  the 
equations  are 

dm        ..  g  E  s       '^'^> 

ds,  =  c,7;/s,  -J^  -  e^fi^Sa  ,-^^  , 
vn,-/©,         ViijVe/ 

«;S,=     e^SA    ,-"",-    =6-Rg     r^V- 
34.     But  wc  have  R'  —  R=  — -,  &c. ;   and  hence,  putting  for  shortness 

L_    .       ....      ^ -_      h ,     ^_=p   p^     P     P 

(a>^  + 1/2)  V© '     (a;i=  +  j(i=)  V©i '     (a^s  +  j/^")  V©^      (jc„^  +  ;/,=)  Ve^        '       •       '       ■ 

dS  +dS,^  +  2ePdw, 

dS,-dS  =-2e,F,dwj, 

dS,  -dS,  =  -  2e,P,d^„ 

dS^-dS  =-2e,P,da,„ 
and  consequently 

dS  =  ePdto  +  e^Pjdaj  +  e^P^dw^  +  e^Psdas, 
dSi  =  ePdm  -  CiPidwi  +  esP^dio^  +  esPjdots, 
dS,  =  ePdfo  -  e,P,do),  -  e,P^dto,  +  e,P,dw„ 
dS,  =  ePdro  -  e^P,da>,  -  e^P^dm^ -  e^P.da^, 
which  are  the  required  fomiulte  for  the  elements  of  arc. 

25,  The  determination  of  the  signs  has  been  made  by  means  of  the  particular 
figure;  but  it  is  easy  to  see  that  the  pairs  of  terms  could  not  for  instance  be 
dS  —  dSa,  dSi  —  dS,  dSi  —  dSj ,  dS,  —  dS,  or  any  other  pairs  such  that  it  would  be 
possible  to  eliminate  dS,  dSi,  dS^,  dSi,  and  thus  obtain  an  equation  such  as 

ePdto  +  e,P,dm^  +  e._P^da,,  +  e^P.do,,  =  0  ; 
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this  would,  by  virtue  of  the  relations  between  da,  dtoj,  dto^,  dots,  become 

an   equation   not   doducible   from   the   relations   which   connect   w,   coj,  a,,  cos,  and   which 
therefore  cannot  be  satisfied  by  the  variable  quadrilateral. 

26.     The  diffei'entials  of  the  fornmlEe  are,  it  will  be  observed,  of  the  form  Pdai 
where  *>/%,  =  Vf+ 0 .g  +  0,  is  a  mere  constant. 


viz,  the  form  is 

which    is,    in    fact,    the    same    as    Casey's    form    in    ip,    equation    (300),    his    (f>    being 
=  90°  -  Q). 

Writing  as  before  v  in  place  of  his  6,  the  differential  expression  becomes  simply 
=  Bdv:  but  S^  expressed  as  a  function  of  u  is  an  irrational  function  ilf  +  JV" V (7, 
and  B  would  be  the  root  of  such  a  function ;  so  that,  if  the  form  originally  obtained 
had  been  this  form  Bdv,  it  would  have  been  necessary  to  transform  it  into  the  first- 
mentioned   form ■ — i=^,  in   which   B   is    expressed    as    a    function    of    (x,   y),   that 

27.  The  system  of  course  is 

dS  =  eBdv  +  SiSidvi  +  e^Bidv^  +  ^sBadv^, 
dSi  =  eSdv  —  ejBjdvi  +  eaSsdws-l-  ejSsdtis, 
dS^  =  eSdv  ~  eiBidvi  —  esB^dvs  +  ^aBsdvs, 
dS^  =  eBdv  —  €i  BidVi  —  CgSsrfvt  —  eAdv^, 
where  rfv= ,~  ,  &c, ;   and  this  is  the  most  convenient  way  of  writing  it. 

Reference  to  Figure.     Art.  No.  28. 

28.  I  constructed  a  bicircular  quartic  consisting  of  an  exterior  and  interior  oval 
with  the  following  numerical  data:  (/+$,  =  i&,  /+ 19,  =  56,  /+ 6„  =  60,  /+y,  =  SO; 
g  +  d3  —  —  6,   (/+^i— 2,  g+6i,—  6,  ^+^2=26), — not   very   convenient    ones,   inasmuch   as 
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the    exterior    oval    came    out    too    large.      The    annexed    figure    shows    0,   1,   2,  3,  the 
centres    of    the    circles    of    inversion,   the    interior    oval,   and    a   portion   of  the   exterior 


oval,   also   the   origin    and    axes;    it   will   be   seen   that   the   centres   0,   2    lie   inside   the 
interior  oval,  the  centres  1,  3  outside  the  exterior  ovat:   I  add  farther  the  values 


^7+"^,  =  6-93,  V-T^-'+'C)  =  2-45, 

V/>"fc("j  =  r'48,  ^g+~e,     =  r4i, 

'if+e,  =  7-75,  V^"  +  0,        =  2'4o, 

'Jj%J,  =  S'94,  -/^e,        =  5-09, 


We    thus    see    how    there    exists    a 
situate    on    the    interior    oval,    C,    D 


=  1018,  /3,=  -    -98, 

=   8-73,  /3i=-}-2-94, 

=   8-15,  A  =  +    -98, 

=   6-10,  A  =  +    "23. 


ries    of   quadrilaterals    ABOD,   where   A,   B    are 
the    exterior    oval.      Considering    the    sides    as 
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drawn  in  the  senses  A  to  B,  B  to  C,  C  to  B,  D  to  A:  and  representing  the  in- 
clinations, measured  from  the  positive  infinity  on  the  axis  of  x  in  the  sense  x  to  y, 
by  Wi,  115,  ivj,  V  respectively:  then,  in  passing  to  the  consecutive  quadrilateral  A'B'CB', 
we  have  ui  and  v^  decreasing,  v^  and  v  increasing,  that  is,  dui  and  dv^  negative,  dv, 
and  dv  positive;  so  that,  reckoning  the  elements  AA',  BS,  GC,  DD',  that  is,  dS„  dS^, 
dSs,  dS,  as  each  of  them  positive,  we  have 

dS,-dS,  =  -2S,dv„ 

dS,--dS,=:--2B,dv„ 

dS  -dS,  =  +  2B,dv,, 

dS,  +  dS  =  +  2Bdv  , 
and  thence 

dS  =  Bdv  —  Bidvj  —  B^dvs  +  Bsdv^, 

dSi  =  Bdu  +  S,dvi  +  S-idvi  —  B^dvg, 

dS^  =  Bdv  -  S,dv,  +  B,dv,  ~  B,du,. 

dSs  =  Sdv  —  B-idvi  —  S^dvs  —  B^dv^, 

which  are  the  correct  signs  in  regai-d  to  the  particular  figure. 


do). 

'  COS^  W       SXTS?  t 


Seduction  of  i -,—  to  Elliptic  Intecirals.    Art.  No.  i 

29.     The  expression  in  question  is 

^  7(cas  fj  '^JVe  -  <£f  +  (sin  W^'i?  -Q^-rf 

where  ^0  is  a  mere  constant ;  and  we  may  apply  it  to  the  Gaussian  transformation, 

a-\-d cos  jf  +  d"  sin  T 
'^"^"^O  +  c'cosr+o-siny 

6  +  6'eosT-i-&"Bin2' 
smM=-  —  --.-   —,-, — -,7—.^™-, 
c  +  c  cos  1  -Vc  sin  I 

where  the  coefficients  a,  b,  c,  a,  h',  c',  d',  h",  c"  are  such  that  identically 


and  also 


u  +  sin*  w  -.  1  =  -r--—, jf, K— ■■- >r«  [cos'  T  +  sin^  T--1]: 

(c  +  c  cos  1  +c   sm  ly 

(cos  ft)  V/'+  d-a.f  +  (sin  taVg-t  0  -^Y-  y'-, 
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DS=  m  (/+  6)  +  sin=  w{g-<re)-~1a  V/"+"^  cos  »  -  2/3  Vg'  +  ^  sin  «  +  fc, 


[667 


-;..-  (G,  -  (?,  cos^  r  -  G,  sin^  7). 


(c  +  c'cosr  +  c"sinTj^^ 
30,     It  is  found  that  (?i,  (?s,  (Jj  are  the  roots  of  a  cubic  equation 

{G-\-e-e,){G^e-e,){G+e-e;), 

which  being  so,  we  may  assume  G,  =  6i-~ 6,  G^^Q^-  6,  G.,  =  ^^ - ^ ;    the  second  condition, 
in  fact,  then  is 

(/+  (3)  cos= «  +  (^  +  ^)  sin^  o)  -  2«  V/+"^  cob  fo-^&'Jg+'esma  +  k 

e-(e,-  ff) cos=  T - (^, -  e) sin=  rj ; 


(c  +  c'  cos  r -i-  c"  sin  TJ 
and  this  being  so,  we  find  without  difficulty  the  values 


/+«, 


/+»,.»+»■ 

<J  +  0. 

9-f-e,-e, 

»,-«;• 

/+e..9  +  «. 

»+«. 

s -/.<».-«. 

9,-«,' 

/+e..!?  +  «, 

?+«, 

9-f.e,-e, 

«.-«,' 

/+". 


./+.». 


To   make   these   positive,  tlie   order   of    ascending  magnitude  must,   however,   he   not   as 
heretofore    fa,   fi,   f„   but    d,,   S^,    6„    viz.   we    must    have  f-^6„  f+0,,   f-\-S„  g+8„ 

g+d^,  -(g+e^),  e,~8s,  e^-6^,  e^-e^  aii  positive. 

31.     The   ahove    are   the   values   of  the   squares  of  the   coefficients ;    we   must   have 
deiinite  relations  hetween  the  signs  of  the  products  eta',  hU,  ah,  &c.,  viz.  we  may  have 


'  "  -        /+^i  /         e.B.  „    _       /+g,  /       -  B.e, 

°"  ~/-j.«,-e,V  9,-9,. «,-»,' 
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and  further 


f-g.e,-e,.e,-t,     """■•  ""       e,-e^.e,-e,V         g-f 


•J     „     ,  iv  = 


/+" 


f-g.e,-e,.e,-e,       ■•     •  e^-e,.e,-e. 


f-s-e.-e- 


b"e"  = 


f+e. 


!L 

e,-e. 


e,.(»,"-;V),V         J-g  -  -  • 
,.ft-o,  V 


and 
6'. 


_^2g+e,+ti,   I  g+a^.f+fgrw^    „       „  2f+e,+e,   /^+g,.g+g,.g+ft 
"■'S.-fl,   V    g-f.e,-e,.e,-V  °  e,-e,   V    f-g.e,-e,.e,-e,' 


g+e, 
0,-e,  ■ 


32.  These  values,  in  fact,  satisfy  the  several  relations  which  exist  between  the 
nine  coeffioienta ;  viz.  the  original  expressions  of  cos  o),  sin  oi,  in  terms  of  cos  f,  sin  T 
give  conversely  expressions  of  cos  T,  sin  T  in  terms  of  cos  w,  sin  at,  the  two  sets  being 

a+ft'cosy+(t"sin3'  „,        a'eosw  +  fi'sinw  —  c' 

— cos  I  — 


uuo  to  ^  -, Hi Ti — '■ m"  ,        coo  J   =^ , . 

e  +  c  COS  L(  +  c  Sin  J  a  cos  «  +  0  sm  w  —  c 

6  +  &'cos  7+ 6"sin  r  .     „         a"  cos  01  +  6"  sin  « - 

sm  ai  =  , jr, ;,-. — m  >     sni  1  = j~~. 

c  +  c  cos  i  +  c  sm  J  a  cos  w  +  0  sin  w  —  i 


and  we  have  then  the  relations 

"(c  +  c'eos2'+c"sin2')2 


cos=  o)  +  sin=  a>  - 1  =  , — . — ; „  ,    „   .    rr^s  (cosT  +  sin^  2' -  1), 

/„  J.  „   one    r  J.  ..     am    /  12  ^  " 


(k  cos  &)  +  6  sm  (0  -  c)=  ^  ' 

(0  +/)  cos^  o)  +  (^  +  ^)  sin=  o>  -  2a  V^^cos  o,  -  2y9  V^T^  sinw  +  k 

(c+e  cosy+c'Bin  2")^  ^^  i       /     \  3       /  \  a       /  1. 

(^,  _  ^)  _  (£1^  _  8)  eos^  2'-  (fls  -  S)  sin^  2' 

= ,"3  . 

(a  cos  ft)  +  6  sin  o)  —  c)^  * 

C.   X. 
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giving  the  four  sets  each  of  six  equations 
a-"   +b'  -&   =  -  1, 
a"  +(,■■  _c"  =  +  1, 
„"2  +  /,"^_c"=-  +  l, 

aV  +  Vh"-OB"  =0, 
ii"n  +  S"i  -  c"«   =  0, 
no'  +W   -cc'    =0, 

-  0?   +  a'^  +  ra"==  +  1, 
-«•    +»'■  +c"'.-l, 

-fc    +S'c'  +6"o"  =  0, 
-en    +cV  +c"«"  =  0, 
-oS    +«'{'  +«"6"  =  0, 

{e+f)a'     +(e  +  g)b'     -Sa'Je+fae 
{e+f)a"   +(«  +  </) 4''    -2ii'l6+fa:d 

-2/3V9+sr6c 
-2/3V«  +  ,</S'c' 
-2;8V9  +  st"c" 

+  &'• 
+  fa" 

[667 


ft+e, 


<9  +/)  o'o"  +  (9  +  9)  W  -  "  -JW+fia'c"  +  ii"c')  -  S  /g  +  g  (t'c"  +  6"o')  +  fa'o"  =  0, 
(e+f)aa,+(e+g)b"b  -  a  VS  +/(ci"ii  +  oc" )  -  /3  v'9+^(6"c  +  6o")  + fc"c  -  0, 
{9 +/)»«'  +{e  +  g)hb'   -    aV9T7((ic'    +a'c  )-    ^-JS+gibc'  +b'o  )  +  kce'  =0. 


+/)  «■  -  (e,  +/)  ««-(9.+/)<.'--0, 
+  y)6-  -(ft  +  /,)6'--(ft+j,)6"--0, 

b"c"  =  ~0'^8'+"g, 
c"ffl"=-aV?+7, 
a"6"=     0 ; 


(0,-6) a'- (ft - 9) o'" - (9, - 9) o'"  =  9  +/,  or  »aj  ( 
(9,-«)6'-(e,-«)i"-(e.-9)6"'-e  +  4r,       „      (9,- 
(9,-9)c"-(9,-9)c''-(9,-9)c"'  =  *:, 

-(9,-9)fc  +  (9, -e)6'c'  +  (9.-9)l 
-(e,-9)co  +  (9,-9)c'»'  +  (9.-9)( 
-(e,-9)(i6+(9,-9)ii'S'  + 
all   which   formulas    are    in    fact    satisfied    by  the    foregoing   values   of    the    expressions 
a\  b\  d'-,  Sic. 

33.     We  thou  have 

^_  dT  . 

c  +  c' cos  2"  +  c"  sin  2" 

the  radical  which  multiplies  da,  heing 


the  differential  becomes 


1 


C  +  C'  CO 

T+c'aii 

'!"'■ 

dT-Je,- 

tl,ao 

'T 

^9.  si 

,y 

/cos^ 
\f+6 

dT4}[- 

(c  +  c 

COS 

r+c- 

sinTj-VB 

9,  CO 

•T 

-  9^  sn 

.y 

(a+a'  CO&T  +  a"  sin  T)^  H 


1 


(&  +  6' cos  2"+ ^"ain  r)4  V@ 


The   denominator  could,  of  course,  be  reduced  to  the   form  (*51,  cos  T,  ain  Ty ;  but 
the  actual  form  seems  preferable,  inasmuch  as  it  puts  in  evidence  the  linear  factors 

— !--  (a  +  a'  cos  T  +  a"  sin  T)  ±  -rJL=  (b  +  h'  cos  T  +  h"  sin  T), 

in  further  reducing  the  integral. 
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[From  the  Proceedings  of  the  Lit.  Phil  Soc.  Manchester,  t.  xvi.  (1877),  pp.  13.3,  114: 
Memoirs,  ib.,  Ser.  iii,,  t.  vi.  (1879),  pp.  99,  100.] 

Prof.  CliffoBd's  paper,  "On  the  Types  of  Compound  Statement  involving  Four 
Glasses,"  [volume  of  Proceedings  quoted,  pp.  88 — 101 ;  Mathematical  Papers,  pp.  1 — 13], 
relates  mathematically  to  a  question  of  compound  combinations;  and  it  is  worth  while 
to  consider  its  connexion  with  another  question  of  compound  combinations,  the  application 
of  which  is  a  very  different  one. 

Starting  with  four  symbols,  A,  B,  G,  D,  we  have  sixteen  combinations  of  the 
five  types  1,  A,  AB,  ABO,  ABGD,  (1  +  4  +  6  +  4  +  1  =  16  as  before).  But  in  Prof. 
Clifford's  question  1  means  A'B'fJjy,  A  means  AB'OV,  &c.;  viz.  each  of  the  symbols 
means  an  aggregate  of  four  assertions;  and  the  16  symbols  are  thua  all  of  the  same 
type.  Considering  them  in  this  point  of  view,  the  question  is  as  to  the  number  of 
types  of  the  binary,  ternary,  &c.,  combinations  of  the  sixteen  combinations ;  for, 
according   as   these   are   combined, 

_  1,  2,  3,    4,    5,    6,    7,    8,    9,  10,  11,  12,  IS,  14, 15 

^°-  °*  *yP®^~l,  4,  6,  19,  27,  47,  55,  78,  55,  47,  27,  19,    6,    4,    1 
together. 

In  the  first  mentioned  point  of  view  the  like  question  arises,  in  regard  to  the 
sets  belonging  to  the  five  different  types  separately  or  in  combination  with  each  other ; 
for  instance,  taking  only  the  six  symbols  of  the  type  AB,  these  may  be  taken  1,  2, 
3,  4,  or  5  together,  and  we  have  in  those  cases  respectively 

.,        .  ,  1,  2,  3,  4,  5 

No.  of  types  =  -^-^-^, 
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as  is  very  easily  verified;  but  if  the  number  of  letters  A,  B,...  be  gi'eater  {say  this 
=  8),  or,  instead  of  letters,  writing  the  numbers  1,  2,  3,  4,  5,  6,  7,  8,  then  the  question 
is  that  of  the  number  of  types  of  combination  of  the  28  duads  12,  13,,.,,  7S,  taken 
1,  2,  3,,,,,  27  together,  a  question  presenting  itself  in  geometry  in  regard  to  the 
bitangents  of  a  quartic  curve  (see  Salmon's  Higher  Plane  Curves,  Ed.  2  (1873), 
pp.  222  et  seq.):    the  numbers,  so  far  as  they  have  been  obtained,  are 

-T        „^  1,2,3,    4,,..,24, 25, 26, 27 

No.  of  types  =  i,  g^  5^  n. .,..  11,    -5.    2,    i ' 

It  might  be   interesting   to   complete   the   series,  and,  more   generally,  to  determine 
the  number  of  the  types  of  combination  of  the  ^n(n—l)  duads  of  n  letters. 
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669. 

ON   A   PROBLEM   OF  AKRANGEMENTS. 

[From  the  Proceedings  of  the  Royal  Society  of  Edinburgh,  t.  ix.  (1878),  pp.  338 — 342.] 

It  is  a  well-knowii  problem  to  find  for  n  letters  the  number  of  the  arrangements 
in  which  no  letter  occupies  its  original  place ;  and  the  solution  of  it  is  given  by 
the  following  general  theorem :— -viz.,  the  number  of  the  arrangements  which  satisfy 
any  r  conditions  is 

(l-l)(l-2) (1-r), 

=  1-2(1)  +  2(12)- ±(12...r), 

where  1  denotes  the  whole  number  of  arrangements ;  (1)  the  number  of  them  which 
fail  in  regard  to  the  first  condition;  (2)  the  number  which  fail  in  regard  to  the 
second  condition;  (12)  the  number  which  feil  in  regard  to  the  first  condition,  and 
also  in  regard  to  the  second  condition;  and  so  on:  2(1)  means  (1)+ (2)+ ... +(r): 
2(12)  means  (12)  + (13)  +  (2r)  +  ...  +  (r - 1,  r);  and  so  on,  up  to  (12. ..r),  which  denotes 
the  number  failing  in  regard  to  ea«h  of  the  r  conditions. 

Thus,  in  the  special  problem,  the  first  condition  is  that  the  letter  in  the  first 
place  shall  not  be  a ;  the  second  condition  is  that  the  letter  in  the  second  place 
shall  not  be  b;   and  so  on:   taking  r  =  n,  we  have  the  known  result, 

No.=n^-^no»-i)+''j'^.-^^n(n-2).  +  ...±^^^=^i^, 
f     1     1        ■>  11 

-1.2.3...W    l-T  +  ,--^- 


giving  for  the  several  cases 


1^1.2     1.2.3^'"-1.2.; 

ji=2,  3,  4,     5,       6,         r,... 
No.  =  :,  2,  9,  44,  265,  1854,... 


I  proceed  to  consider  the  following  problem,  suggested  to  me  by  Professor  Tait, 
in  connexion  with  his  theory  of  knots:  to  find  the  number  of  the  arrangements  of 
n  letters  oJ>G...jk,  when  the  letter  in  the  first  place  is  not  a  or  b,  the  letter  in 
the  second  place  not  b  or  c, ...,  the  letter  in  the  last  place  not  k  or  a. 
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Numbering  the  conditions  l,2,S,...,n,  according  to  the  places  to  which  they  relate, 
a  single  condition  is  called  [1] ;  two  conditions  ai'e  called  [2]  or  [1,  1],  according  as 
the  numbers  are  consecutive  or  non-consecutive :  three  conditions  are  called  [3],  [2,  1], 
or  [1,  1,  1],  according  as  the  numbers  are  all  three  consecutive,  two  consecutive  and 
one  not  consecutive,  or  all  non-consecutive;  and  so  on:  the  numbers  which  refer  to 
the  conditions  being  always  written  in  their  natural  order,  and  it  being  understood 
that  they  follow  each  other  cyclically,  so  that  1  is  consecutive  to  n.  Thus,  n=Q,  the 
set  126  of  conditions  is  [3],  as  consisting  of  3  consecutive  conditions;  and  similarly 
1346  is  [2,  2]. 

Consider  a  single  condition  [1],  say  this  is  1 ;  the  arrangements  which  fail  in 
regard  to  this  condition  are  those  which  contain  in  the  first  place  a  or  b;  whichever 
it  be,  the  other  n— 1  letters  may  be  arranged  in  any  form  whatever;  and  there  are 
thus  2U{n  —  l}  fiiiling  arrangements. 

Next  for  two  conditions;  these  may  be  [2],  say  the  conditions  are  1  and  2;  or 
else  [1,  1],  say  they  are  1  and  3,  In  the  former  case,  the  arrangements  which  fail 
are  those  which  contain  in  the  first  and  second  places  ab,  ac,  or  be:  and  for  each  of 
these,  the  other  n  — 2  letters  may  be  arranged  in  any  order  whatever;  there  are  thus 
3n  (n  —  2)  felling  arrangements.  In  the  latter  case,  the  failing  aiTangements  have  in 
the  first  place  a  or  b,  and  in  the  third  place  c  or  d, — viz,  the  letters  in  these  two 
places  are  a.c,  a.  d,b. c,  or  b.d,  and  in  each  case  the  other  n— 2  letters  maybe  arranged 
in  any  order  whatever :  the  number  of  failing  arrangements  is  thus  =  2  .  2 ,  11  (w  —  2). 
And  so,  in  general,  when  the  conditions  are  [a,  /3,  7, ---]■  the  number  of  failing  arrange- 
ments is 

-(a  +  l)(/3  +  l)(,  +  l)...n(ii-«-5-7...). 

But   for   [n],  that   is,  for   the   entire   system   of  the   n   conditions,  the   number   of  failing 
arrangements    is    (not    as    by   the    rule    it   should   be   =n  +  l,   but)  =  2, — viz.   the    only 


arrangements   which   fail   in 
seen),  aic.jk,  and  bc.-.jka. 

Changing  now  the  notation   \ 
of  the  conditions  [1],  [2],  [1,  1], 
I  result. 


of   the    n    conditions 


that   [1],   [2],   [1,  1],   &o.,   shall   denote   the   number 
fee,   respectively,   it   is   easy   to   see   the   form   of    the 


If,  for  greater  clearness,  we  write  w  =  6,  we 

have 

-S(l)                        +S(12) 
!([!]=  6)  21 120+1     ([2]      =6)3      124- 
U(tl,l]-9)2.2l 

-  %  (123) 

([3]         =    6)4 

+  ([2,1]      -12)     3.2 

+  ([1,1,1]=    2)2.2.2 

S  (1234) 

<M      =6)0 
+  ([3.11-6)4.2 
+  ([2,  2]  =  3)3.3 

-S  (12345) 
2         -j([6]-6)6|l 

+ (123466) 
+  !([«] -i)2i; 
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or,  reducing  into  numbers,  this  is 

No.  =  720  -  1440  + 1296  -  672  +  210  -36  +  2,  =    80. 

The  formula  for  the  next  succeeding  case,  n  =  7,  gives 

No.  =  5040  - 10080  +  9240  -  5040  +  1764  -  392  +49-2,     =  579. 

Those  for  the  preceding  cases,  «  =  3,  4,  5,  respectively  are 

No.=      6-    12+      9-      2  =1, 

No.  =    24-    48+    40-    16+    2     '  =2, 

No.  =  120 -240 +  210 -100 +  25 -2  =    13. 

We  have  in  general  [1]  =  k,  [2]  =  h,  [1,  l]^^n(n-S);  and  in  the  several  columns 
of  the  formula  the  sums  of  the  numbers  thus  represented  ai'e  equal  to  the  coefficients 
of  (1+1)^:  thus,  when  n=6  as  above,  the  sums  are  6,  15,  20,  15,  6,  1.  As  regards 
the  calculation  of  the  numbers  in  question,  any  symbol  [a,  0,  7]  is  a  sum  of  symbols 
[a  — a'+yS- /3'  +  7  — 7'+ ..,],  where  a'  +  ,S'  +  7'+ ...  is  any  partition  oi  n-(a+0  +  y  + ...}; 
read,  of  the  series  of  numbers  1,  2,  3,.-.,  n,  taken  in  cyclical  order  beginning  with  any 
number,  retain  a,  omit  a',  retain  ^,  omit  ^',  retain  7,  omit  7',--..  Thus  in  particuW, 
n  =  6,  [1,  1]  is  a  sum  of  symbols  [1-3  +  1-1]  and  [1  -  2  +  1  -  2] ;  it  is  clear  that 
any  such  symbol  [a  — «'  + j8  — ^'  +  ...]  is  —n  or  a  submultiple  of  n  (in  particular,  if  n 
be  prime,  the  symbol  is  always  =  n) :  and  we  thus  in  every  case  obtain  the  value 
of  [a,   0,   7,-.-]   by   taking   for  the   negative   numbers   the   several   partitions   of 

n-(a  +  0  +  j+...\ 
and  for  each  symbol 

writing  its  value,  =  k  or  a  given  submultiple  of  n,  as  just  mentioned.  There  would, 
I  think,  be  no  use  in  pursuing  the  matter  further,  by  seeking  to  obtain  an  analytical 
expression  for  the  symbols  [a,  0,  7,...]. 

For  the  actual  formation  of  the  required  aiTangements,  it  is  of  course  easy,  when 
all  the  arrangements  are  written  down,  to  strike  out  those  which  do  not  satisfy  the 
prescribed  conditions,  and  so  obtain  the  system  in  question.  Or  introducing  the  notion 
of  substitutions*,  and  accordingly  considering  each  arrangement  as  derived  by  a 
substitution  from  the  primitive  arrangement  abcd...jk,  we  can  write  down  the  substitu- 
tions which  give  the  system  of  arrangements  in  which  no  letter  occupies  its  original 
place :  viz.  we  must  for  this  purpose  partition  the  n  letters  into  parts,  no  part  less 
than  2,  and  then  in  each  set  taking  one  letter  (say  the  first  in  alphabetical  order) 
as   fixed,   permute   in   every   possible   way   the   other   letters   of  the  set ;   we  thus  obtain 

*  In  eiplauation  of  the  notation  of  substitution  a,  observe  that  (abcde)  means  that  a  is  to  be  changed 
into  h,  b  into  c,  c  into  d,  d  into   e,  e   iato  a;   and  similarly  lab){cde]  means   that  a  is  to  be  changed  into  b. 
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ail   the   substitutions   which  move   every  letter.    Thus  when   n  =  ■ 
stitutions  for  the  letters  ahcde,  viz.  these  are 

{abcde),  &c.,      24    symbols    obtained   by    permuting   in    every    way    the    four    letters 
b,  c,  d,  e; 

(ab)  (cde),  &c.,  20    symbols   corresponding   to   the   TO  partitions  ab,  cde,  and  for  each 
of  them  2  arrangements  such  as  cde,  ced. 

And  then  if  we  reject  those  symbols  which  contain  in  any  (  )  two  consecutive  letters, 
we  have  the  substitutions  which  give  the  arrangement®  wherein  the  letter  in  the 
first  place  is  not  a  or  b,  that  in  the  second  place  not  6  or  c,  and  so  on.  In 
particutai',  when  n=5,  rejecting  the  substitutions  which  contain  in  any  (  ),  ab,  be,  cd,  de, 
or  ea,  we  have  13  substitutions,  which  may  be  thus  arranged: — 

(acbed),  (ac){bed),  {acebd),  (adbec),  (aedbc), 
(a£dbc),  (bd)(aec), 
(acedb),  (ce){adb), 
(aecbd),  (ad)(hec), 
(adceb),  (be){adc). 

Here  in  the  first  column,  performing  on  the  symbol  (acbed)  the  substitution  (abcde), 
we  obtain  (bdcae),  =  (aebdc),  the  second  symbol ;  and  so  again  and  again  operating 
with  (abode),  we  obtain  the  remaining  symbols  of  the  column;  these  are  for  this 
reason  said  to  be  of  the  same  type.  In  like  manner,  symbols  of  the  second  column 
are  of  the  same  type;  but  the  symbols  in  the  remaining  three  columns  are  each  of 
them  a  type  by  itself;  viz.  operating  with  (abcde)  upon  (acebd),  we  obtain  (bdace), 
=  (acebd);  and  the  like  as  regards  (adbec)  and  (aedbc)  respectively.  The  13  substitutions 
are  thus  of  5  different  types,  or  say  the  arrangements  to  which  they  belong,  viz. 

cebad,  ceabd,  cdeab,  deabo,  eabcd. 


caebd, 
edbac, 
daecb, 


daebc, 
debao, 


are  of  5  different  types.  The  question  to  determine  for  any  value  of  n,  the  number 
of  the  different  types,  is,  it  would  appear,  a  difficult  one,  and  I  do  not  at  present 
enter  upon  it. 
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670. 

[NOTE   ON   ME   MUIE'S   SOLUTION   OF   A   "PROBLEM   OF 

AERANGEMENT."] 

[From  the  Proceedings  of  the  Royal  Society  of  Edinburgh,  t.  ix,  (1878),  pp.  388 — 391.] 

The  investigation   may  be  carried  further:   writing  for  shortness  ^,  u^,  &c.,   in  place 
of  ~^  (3),  ■*  (4),  &c.,  the  equations  arc 

u,  =  1, 

Wg  =  3w,+    6m,  +    1, 

„„  =  4ms  +    8)(4  +  12^3 , 

«,  =  SMa  +  IOMj  +  low, -I-  ISWa  +  l. 


Hence  assuming 
we  have 


t-Wea!5  +  )(j,-c^  + 


M  =  -— -  +  w,(2a:  +    63;^  +  12a!'4-18a^  +  ...) 
1  —a?         ^ 

+  W4(3fl!=+    83^^  +  153^+ 22a;^+ ...) 

+  Mi  (4iB=  +  10a;' +  ISic"  +  2ti«=  +  . ..) 

+  w^  (SiC'  +  12i(^  +  21««  +  SOic'  +...); 

so  that,  forming  tho  equation 

m'^^-^  =  •!(,{  3!^+  2ar'+  3^+  4iK=+...) 
+  M5(2iC=+  43;!'+  6ai»+  8^"+...) 
+  we(3a^+    6*°+    93^  +  12a^  +  ...), 
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where  u'  denotes  t-  ,  we  have 
(fa 


or,  what  is  the  same  thing, 


"  (i-^y-i^f^  1(1— )■    (i-«)-(i+«>jr 

that  is, 

This  equation  may  be  simplified :   write 

then 

and  the  equation  is 

r^'"  +  ii(iT^"(i-«)'"    «f(l— )"  +  ^(l-^H^+(l  +  «^)^''     !-«!■• 
that  is, 

J    Ij-l  2       ...       ^        ,        ^  Mo  I     '+'    0'--'- 


■viz.  this  is 

that  is, 

or 

or  finally, 

giving 

and  thence 


(l-^f      (l-a;f      2       2      2         j  I^^'^  1-^ 


^    ^  ^  «=   ^    1  + « ' 


hi)' 
which  is  the  value  of  the  generating  function 
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But  for  the  purpose  of  calculation  it  is  best  to  integrate  by  a  series  the  differential 
equation  for  Q:  assuming 

Q  -  ~  q^  ~  q^^  -  q^afi  ~  ... , 
we  find 

2j  =  iq,  ~  2, 

ffs  =  554  +  5.  +  3, 
5s  =  635  +54  -  4, 
27  =  H     +5=     +5, 

9«  =  nq^,  +  2„_,  +  (-)»->  (n  -  2). 

We  have  thus  for  q^,  q^,  q^, ...  the  values  1,  2,  14,  82,  593,  4820, ...,  and  thence 

u  =  (l-i^){l-i-2x  +  14:c^  +  82a^  +  593aH  +  4820ik'  +...), 
viz.  writing 

1       2       14       82       593       4820... 
-^1     _2      -14       _82 


the  values  of  %,%,...  are     1,      2,      13,      80,      579,      4738,..., 
agreeing  with  the  results  found  above. 


In  the  more  simple  problem,  where  the  arrangements  of  the  n  things  are  such 
that  no  one  of  them  occupies  its  original  place,  if  m„  be  the  number  of  arrangements,  we 
have 

J/3     =1  =1, 

Mj     =2  w,  =2, 

M4      =  3  (Ws  +  Ma)  =     9, 

%5     =4  (%  +  1*3)=  44, 


%+!  =  "(%.  +  ««-:). 
«  =  Mj  +  M^a!  +  u^af  +  . .  - , 
«  =  l+(2«  +  ai;^)M  +  (a;^+a;0«'; 
(-  1  +  2a;  +  3ic=)  u  +  (x^  +  «')  m'  =  - 1 
or,  what  is  the  same  thing. 


and  wilting 
we  find 
that  is, 


whence 


But   the    calculation   is   most   easily   performed   by   means   of   the    foregoing   equation   of 
differences,  itself  obtained  from  the  differential  equation  written  in  the  foregoing  form, 
(-  1  +  2a3  +  3*=)  «  +  («"  +  as')  w'  =  -  1. 
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671. 

ON   A   SIBI-RECIPROCAL   SURFACE. 

[From  the  Berlin.  Akad.  Monatsbsr.,  (1878),  pp.   309—313.] 

The  question  of  the  generation  of  a  sibi -reciprocal  surface — -that  is,  a  surface  the 
reciprocal  of  which  is  of  the  same  order  ajid  has  the  same  singularities  as  the  original 
surface — was  considered  by  me  in  the  year  1868,  see  Proc.  London  Math.  Soc.  t.  ii. 
pp.  61 — 63,  [part  of  387],  where  it  is  remarked  that  if  a  surface  be  considered  as  the 
envelope  of  a  quadric  surface  varying  according  to  given  conditions,  then  the  reciprocal 
surface  is  given  as  the  envelope  of  a  quadric  surface  varying  according  to  the  reciprocal 
conditions ;  whence,  if  the  conditions  be  sibi-reciprocal,  it  follows  that  the  surface  is  a 
sibi-reciprocal  surface.  And  I  gave  as  instances  the  surface  which  is  the  envelope 
of  a  quadric  surface  touching  each  of  8  given  lines ;  and  also  the  surface  called  the 
"  tetrahedroid, "  which  is  a  homographic  transformation  of  Fresnel'fi  Wave  Surface  and 
a  particular  case  of  the  quartic  surface  with  16  nodes. 

The   interesting  surface  of  the  oi-der  8,  recently  considered  by  Herr  Kummer,  Beii. 
Monatsher.,  Jan.  1878,  pp.  25—36,  is  included  under  the  theory.     In  fact,  if  we  < 
A  line  L,  whereof  the  six  coordinates 

a,  ^,  0,  /,  g,  h, 
satisfy  each  of  the   three  linear  relations 

fia  +  g^h  +  hfi  -i-  aif+  h^g  +  cji  =  0, 
/ad  ■\-g^-yhfi-\-  a^f-i-  b^g  +cji.  =  0, 
fia  +  gj)  +  AjC  +  0,/+  b^g  +  cJi  =  0, 
the  locus  of  this  line  is  a  quadric  surfiice  the  equation  of  which  is 
T  =  (agh)  a?  +  {bhf)  y^  +  {cfg)  z^  +  {aha)  w' 
+  H<^bg)  -  (coft.)]  WW  +  [(bfg)  +  (chf)]  yz 
+  [{bcK)  -  {abf)-]  yw  +  [{cgh)  +  {afg)-\  z<c 
+  {{caf) -  ibcg)  ]  zw  +  [(aA/)+  {bgh)-\  ^y  =  0, 
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au    ffi, 
where   (agh)   is   used   to    denote    the    determinant 


and   so   for   the   other 


symbols.  Considering  the  reciprocal  of  the  line  L  in  regard  to  the  quadric  surface 
X-+  F^4-^+  Tr^  =  0,  the  six  coordinates  of  the  reciprocal  line  are 

/,  g,  h,  a,  h,  c, 

and  it  is  hence  at  once  seen  that  the  locus  of  the  reciprocal  line  is  the  quadric  surfece 
obtained  from  the  equation  2"  =  0  by  interchanging  therein  the  symbolical  quantities  a,  6,  c 
and/,  g,  h:   viz.  writing  also  (f,  jj,  ^,  a)  in  place  of  («,  y,  z,  w),  the  new  equation  is 

r  =  ifbc)  f  +  {gca)  .,=  +  (l,ah)  f^  +  (fgh)  «= 

+  [{f9i>)  -  {¥<>)  ]  ^'■>  +  HM)  +  ihoa)-\  v^ 

+  Kffhc)  -  (M)]  vo  +  [(gbc)  +  ifah)]  f:? 

+  [(¥^)  -  (Shb)]  ?a>  +  [(hca)  +  igbc)  ]  e^?  =  0 ; 

or,  what  is  the  same  thing,  this  equation  2"  =  0  is  the  equation  of  the  original  quadric 
surface  (the  locus  of  L)  expressed  in  terms  of  the  plane -coordinates  f,  tj,  ^,  w. 

Now  considering  each  of  the  quantities  a,,  b^,  Ci,  /i,  g-i,  Ai,  <h,  &s,  etc.,  o^,  h^,  etc.,  as 
a  given  linear  function  of  a  variable  parameter  X,  say  «!  =  a^  +  a('X,  bi  —  b,  +  bi"X,  etc., 
the  equation  T=0  takes  the  form 

A\'  +  SBX^  +  SOX  +  D  =  0, 

where  A,  B,  0,  D  arc  given  quadric  functions  of  the  coordinates  x,  y,  z,  v);  and  the 
envelope  of  the  quadrio  surface  T=0  is  Herr  Kummer's  surface  of  the  eighth  order 

In  like  manner  the  equation  2"  =  0  takes  the  form 

A'X^  +  ZB'X^  +  SC'X  +  D'  =  0, 

where  A',  B\  0',  D'  are  given  functions  of  the  coordinates  ^,  t],  ^,  w;   and  we  have 

(A'D'  -  B'GJ  -  4  {A'G'-B'^)  (B'D'  -  V)  =  0, 

as  the  equation  of  the  reciprocal  surface;  or  (what  is  the  same  thing)  as  that  of  the 
original  surface,  regarding  f,  t),   f,  w  as  plane-coordinates. 

In  regard  to  the  foregoing  equation  T  =  (i,  it  is  to  be  noticed  that,  if  a^,  6,,  Ci, 
/i.  Su  K'i  <H,  bi,  etc.,  Os,  bs,  etc,  instead  of  being  arbitrary  coefficients,  were  the 
coordinates  of  three  given  lines  i,,  L^,  L^  respectively;   that  is,  if  we  had 

«i/.  +  b,g,  -j-  cA  =  0, 
difi  +  b.jHi  +  Cj/ij  =  0, 
a,f.  +  b.^,  -1-  cX  =  0, 


Hosted  by 


Google 


254 


ON  A   SIBI-BEOIPROCAL   SUBFACE. 


[671 

then  the  three  linear  relations  satisfied  by  (a,  b,  c,  f,  g,  h)  would  express  that  the  line  L 
was  a  line  meeting  each  of  the  three  given  lines  £;,  L^,  L^i  the  locus  is  therefore 
the  quadric  surface  which  passes  through  these  three  lines;  and  I  have  in  my  paper 
"On  the  six  coordinates  of  a  Line,"  Gamh.  Phil.  Trans.,  t,  xi.  (1869),  pp.  290—323, 
[435],  found  the  equation  to  be  the  foregoing  equation  '1=0.  But  it  is  easy  to  see  that 
the  same  equation  subsists  in  the  case  where  the  three  equations  a,f,  +  b^i  +  cJh  =  0, 
etc.,  are  not  satisfied.  For  the  several  coefficients  being  perfectly  general,  any  one  of 
the  three  linear  relations  may  be  replaced  by  a  linear  combination  of  these  equations ; 
that  is,  in  place  of  Oj,  b^,  c„  fi,  g,,  h^,  we  may  write  «i',  6/,  c/,  /,',  g,',  h,',  where 
a,' =  djai  +  d^ai  +  OgUs,  h,' =  0,b:i  +  0^^  +  6^3,  etc;  and  these  factors  d„  6^,  dg  may  be 
conceived  to  be  such  that  the  condition  in  question  cti'/i'  +  hi'gi  +  c/A,'  =  0  is  satisfied. 
Similarly  the  second  set  of  coefficients  may  be  replaced  by  a^',  &/,  c/,  //,  g.,',  k^,  where 
a^  =  ^,a,  +  (^ada  +  (^sOg,  etc.,  and  the  condition  a^f^  +  6sVa'  +  Ca'V  =  0  is  satisfied :  and  the 
third  set  by  its',  h^,  c/,  //,  g',',  A/,  where  as' ^'^lOi  +  '^aOE  +  '^sas,  etc.,  and  the  condition 
dg'/j'  +  t/jr/  +  Ca'^'  =  0  is  satisfied.  We  have  therefore  an  equation  0  =  (a'g'h')  x^  +  etc., 
which  only  differs  from  the  equation  2'  =  0  by  having  therein  the  accented  letters  in 
place  of  the  unaccented  ones :  and,  substituting  for  the  accented  letters  their  values, 
the  whole  divides  by  the  determinant  (^i^i/^),  and  throwing  this  out  we  obtain  the 
required  equation  T  =  0. 

But  it  is  easier  to  obtain  the  equation  2'  =  0  directly.     We  have 

■       hT/-gs  +  aw=Q, 

-  hx      .    +fi  +  tw  =  0, 

—  ax  —  hy  —  cz       .  =  0 ; 

viz.  in  virtue  of  the  equation  af+  bg  +  ch  =  0  which  connects  the  six  coordinates,  these 
four  equations  are  equivalent  to  two  independent  equations  which  are  the  equations 
of  the  line  (a,  h,  c,  f,  g,  h) :  or,  what  is  the  same  thing,  any  three  of  these  equations 
imply  the  fourth  equation  and  also  the  relation  af+bff+ch=0. 

We  might,  from  the  three  linear  relations  and  any  three  of  the  last-mentioned 
four  equations,  eliminate  a,  b,  c,  /,  g,  k  and  so  obtain  the  required  equation  2"  =  0 ;  but 
it  is  better,  introducing  the  arbitrary  coefficients  a,  (8,  7,  S,  to  employ  all  the  four 
equations.     The  result  of  the  elimination  is  thus  given  in  the  form 

=  0, 


<e ,    y , 

z 

—9,     '  . 

/.,  J.. 

h, 

<h,     h. 

/.,  s,. 

Ih 

«2.      K 

f,.  s.. 

Ih 

<h:       K 
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viz.  the  left-hand  side  here  contains  the  factor  - 
we  obtain  the  required  quadric  equation  2'  =  0. 
the  terms  containing  S,  we  have 


^y  +  ys  +  Sw) ;   throwing  this  out, 
:  the  calculation  of  T  we  compare 


where  observe  that,  writing 


/i.       <?i>      Am       «n       h,      Cl 

A,    g-.,    K    <h,    h,    c^ 

/si         ffs>         ^a:         I^Sl         ^3'         ^S 

'  ~  0,  the  light-hand  side  vanishes  as  containing  the  factor 

-2.     y 


Hence  the  right-hand  side  divides  by  w;  and  one  of  its  terms  being  evidently  w^(aho), 
T  contains  as  it  should  do  the  term  {ahc)w'^:  the  remaining  terms  can  be  found 
without  any  difficulty,  and  the  foregoing  expression   for  T  ia  tlius  verified. 
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ON    THE    GAME    OF    MOUSETRAP. 


[From  the   Quarterly/  Journal  of  Pure  and  Applied  Matliematics,  vol.  XV.  (1878), 
pp.  8—10.] 

In  the  note  "A  Problem  in  Permutations,"  Quarterly  Mathematical  Journal,  t.  i, 
(1867),  p.  79,  [161],  I  have  spoken  of  the  problem  of  permutations  presented  by  this 
game. 

A  set  of  cards — ace,  two,  three,  &c.,  say  up  to  thirteen — are  arranged  (in  any  order) 
in  a  circle  with  their  faces  upwards ;  you  begin  at  any  card,  and  count  one,  two, 
three,  &c.,  and  if  upon  counting,  suppose  the  number  five,  you  arrive  at  the  card 
five,  the  card  is  thrown  out;  and  beginning  again  with  the  next  card,  yon  count 
one,  two,  three,  &c.,  throwing  out  (if  the  case  happen)  a  new  card  as  before,  and  so 
on  until  you  have  counted  up  to  thirteen,  without  coming  to  a  card  which  has  to 
be  thrown  out.  The  original  question  proposed  was :  for  any  given  number  of  cards 
to  find  the  arrangement  (if  any)  which  would  throw  out  all  the  cards  in  a  given 
order;  but  (instead  of  this)  we  may  consider  all  the  different  arrangements  of  the 
cai'ds,  and  inquire  how  many  of  these  there  are  in  which  all  or  any  given  smaller 
number  of  the  cards  will  be  thrown  out ;  and  (in  the  several  cases)  in  what  orders 
the  cards  are  thrown  out.  Thus  to  take  the  simple  case  of  four  cards,  the  different 
arrangements,  with  the  cards  thrown  out  in  each,  are 
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I, 

2, 

3, 

4 

1, 

2, 

4, 

3 

3, 

4, 

2, 

1, 

3, 

3, 

4 

1, 

3, 

4, 

2 

1, 

4, 

2, 

3 

■i. 

3, 

4, 

1, 

4, 

3, 

2 

% 

1, 

3, 

4 

4, 

2, 
2, 

1, 
3, 
3, 
4, 

4, 
4, 
1, 
1, 

3 
1 

4 
3 

4, 

2, 

4, 

3, 

I 

3, 

3, 

3, 

1, 

2, 

4 

4, 

3, 

1, 

4, 

2 

- 

3, 

2, 

I, 

4 

4, 

2, 

1, 

3, 

3, 

2, 

4, 

1 

2, 

3, 

3, 

4, 

1, 

2 

- 

3, 

4, 

2, 

1 

- 

4, 

1, 

2, 

3 

— 

i, 

1, 

3, 

2 

3, 

4, 

2, 

1, 

3 

2, 

1, 

3, 

4, 

4, 

2, 

3, 

1 

3, 

1, 

2, 

4, 

4, 

3, 

1, 

2 

_ 

4, 

3, 

2, 

1 

— 
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Claaaifying  these  so  as  to  show  in  how  many  arrangements  a  given  card  or  permutation 
of  cards  is  thrown  out,  we  have  the  table 


viz.  there  are  nine  arrangements  in  which  no  card  is  thrown  out,  four  arrangements 
in  which  only  the  card  1  is  thrown  out,  one  arrangement  in  which  only  the  card  3 
is  thrown  out,  and  so  on. 

It  will  be  observed  that  there  are  five  arrangements  in  which  all  the  cards  are 
thrown  out,  each  throwing  them  out  in  a  different  order;  there  are  thus  only  five 
orders  in  which  all  the  cards  are  thrown  out. 

The  general  question  is  of  course  to  form  a  like  table  for  the  numbers  5,  6,,.., 
or  any  greater  number  of  cards. 


Hosted  by 


Google 


673] 


673. 


NOTE    ON    THE    THEORY    OF    CORRESPONDENCE. 


[From   the   Quarterly   Journal   of  Pure   and   Applied   Mathematics,   vol.   xv.   (187f 


If  the  point  P  on  a  given  curve  U  of  the  order  m,  and  the  point  Q  on  a 
given  curve  F  of  the  order  m',  have  a  (1,  1)  correspondenco,  this  implying  that 
the  two  curves  have  the  same  deficiency;  then  if  PQ  intersects  the  consecutive  line 
P'Q  in  a  point  R,  the  locus  of  ii  is  a  curve  W  of  the  class  m  +  m',  and  the  point 
-B  on  this  curve  has,  in  general  (but  not  universally),  a  (1,  1)  correspondence  with 
the  point  P  on  CT  or  with  the  point  Q  on  Y.  For,  considering  the  correspondence 
of  the  points  P  and  R,  to  a  given  position  of  P  there  corresponds,  it  is  clear,  a 
single  position  of  JJ ;  on  the  other  hand,  starting  from  R,  the  tangent  at  this  point 
to  the  curve  W  meets  the  curve  U  m  in  points  and  the  curve  V  in  m'  points,  but 
it  is  in  general  only  one  of  the  m  points  and  only  one  of  the  m'  points  which  are 
corresponding  points  on  the  curves  U  and  V;  that  is,  it  is  only  one  of  the  m  points 
which  is  a  point  P;   and  the  correspondence  of  (P,  R)  is  thus  a  (1,  1)  correspondence. 

But  the  curves  U,  V  may  be  such  that  the  correspondence  of  (P,  R)  is  not  a 
(1,  1)  but  a  {h,  1)  correspondence;  viz,,  that  to  a  given  position  of  P  there 
corresponds  a  single  position  of  R,  but  to  a  given  position  of  R,  k  positions  of  P. 
To  show  that  this  is  ao,  imagine  through  P  a  hne  II  having  therewith  a  {k,  1) 
correspondence ;  P  being,  as  above,  a  point  on  the  curve  U,  the  line  in  question 
envelopes  a  curve  W;  and  the  con-espondence  is  such  that,  for  any  given  position 
of  P  on  the  curve  U,  we  have  through  it  a  single  position  of  the  line;  but,  for  a 
given  tangent  of  the  curve  W,  we  have  upon  it  k  positions  of  the  point  P,  viz.  k 
of  the  m  intersections  of  the  line  with  the  curve  U  are  points  corresponding  to  the 
line ;  this,  of  course,  implies  that  the  curve  U  is  not  any  curve  whatever  of  the 
order  m,  but  a  curve  of  a  peculiar  nature. 

33—2 
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Imagine  now  that  we  have  on  the  line  11  a  point  Q,  having  with  P  a  (1,  1) 
correspondence  of  a  given  nature  i  to  fix  the  ideas,  suppose  P,  Q  are  harmonica  in 
regard  to  a  given  conic:  since  on  each  of  the  lines  IT  there  are  k  positions  of  P, 
there  are  also  on  the  line  k  positions  of  Q,  and  the  locus  of  these  k  points  Q  is  a 
curve  V,  say  of  the  order  m'. 

The  point  P  on  the  curve  U  and  the  point  Q  on  the  curve  V  have  a  (1,  1) 
correspondence.  For,  consider  P  as  given :  there  is  a  single  position  of  the  line  11 
intersecting  V  in  m'  points,  but  obviously  only  one  of  these  is  the  point  Q.  And 
consider  Q  as  given:  then  through  Q  we  have  say  fi  tangents  of  the  curve  W;  each 
of  these  tangents  intersects  the  curve  fT"  in  to  points,  k  of  which  are  points  P,  but 
for  a  tangent  taken  at  random  no  one  of  these  is  the  correspondent  oi  Q;  it  is,  in 
general,  only  one  of  the  /m  tangents  which  has  upon  it  k  points  P,  one  of  them 
being  the  point  corresponding  to  Q;  that  is,  to  a  given  position  of  Q  there  corresponds 
a  single  position  of  P;  and  the  correspondence  of  the  points  (P,  Q)  is  thus  a  (1,  1) 
correspondence. 

We  have  thus  the  point  P  on  the  curve  U  and  the  point  Q  on  the  curve  V, 
which  points  have  with  each  other  a  (1,  1)  correspondence  ;  and  the  line  11  is  the 
line  PQ  joining  these  points ;  this  intersects  the  consecutive  line  in  a  point  R ;  and 
the  locus  of  R  is  the  curve  W.  To  a  given  position  of  P  there  corresponds  a  single 
line  n,  and  therefore  a  single  position  of  R ;  but  to  a  given  position  of  R  there 
correspond  k  positions  of  P,  viz.  drawing  at  R  the  tangent  to  the  curve  W,  this  is 
a  line  II  having  upon  it  k  points  P,  or  the  correspondence  of  (P,  Q)  is,  as  stated, 
a  (k,  1)  correspondence. 

The  foregoing  considerations  were  suggested  to  me  by  the  theory  of  parallel 
curves.  Take  a  curve  parallel  to  a  given  curve,  for  example,  the  ellipse ;  this  is  a 
curve  of  the  order  B,  such  that  every  normal  thereto  is  a  normal  at  two  distinct 
points;  and  the  curve  has  as  its  evolute  the  evolute  of  the  ellipse,  or,  more 
accurateh/,  the  evolute  of  the  ellipse  taken  twice;  but,  attending  only  to  the  evolute 
taken  once,  each  tangent  of  the  evolute  is  a  normal  of  the  parallel  curve  at  two 
distinct  points  thereof,  and  the  points  of  the  parallel  curve  have  with  those  of  the 
evolute  not  a  (1,  1)  but  a  (2,  1)  correspondence. 
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NOTE    ON    THE    CONSTRUCTION    OF    CARTESIANS. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathem.atics,  vol.  xv.  (1878),  p.  34.] 

If  p  =  a  +  bcos6,  and  r=  ^{p  ±  V(|0^ -  c^)j,  then  obviously  r^-rp  +  Jc^  =  0,  that  is, 

j^  -  r  (a  +  i cos  i9)  +  ^c^  =  0, 

which  is  the  equation  of  a  Cartesian,  Here  p  =  a  +  b  cos  d  is  the  equation  of  a 
iima^on  or  nodal  Cartesian,  having  the  origin  for  the  node;  and  for  any  given  value 
of  0,  deducing  from  the  radius  vector  of  the  lima9on  the  new  radius  vector  r  by 
the  above  formula  r=||p  ±  V(p'  — c°)l.  we  obtain  a  Cartesian,  or  by  giving  different 
values  to  c,  a  series  of  Cartesians  having  the  origin  for  a  common  focus.  The  con- 
struction is  a  very  convenient  one. 
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ON    THE    FLEFLECNODAL    PLANES    OF    A    SUEFACE. 


[From   the   Quarterly  Journal   of  Pure   and  Applied   Mathematics,  vol.   xv.   (1878), 
pp.  49—51.] 

If  at  a  node  (or  double  point)  of  a  plane  curve  there  is  on  one  of  the  branches 
an  inflexion,  (that  is,  if  the  tangent  has  a  3-pointic  intersection  with  the  branch), 
the  node  is  said  to  be  a  flecnode ;  and  if  there  is  on  each  of  the  branches  an 
inflexion,  then  the  node  is  said  to  be  a  fleflecnode.  The  tangent  plane  of  a  aurfeee 
intersects  the  aarfaco  in  a  plane  curve  having  at  the  point  of  contact  a  node ;  if 
this  is  a  flecnode  or  a  fleflecnode,  the  tangent  plane  is  said  to  be  a  flecnodal  or  a 
fleflccnodal  plane  accordingly.  For  a  quadric  surface  each  tangent  plane  is  fleflecnodal ; 
this  is  obvious  geometrically  (since  the  section  is  a  pair  of  lines),  and  it  will 
presently  appear  that  the  analytical  condition  for  such  a  plane  is  satisfied.  In  fact, 
if  the  origin  he  taken  at  a  point  of  a  surface,  so  that  z  —  0  shall  be  the  equation 
of  the  tangent  plane,  then  in  the  neighbourhood  of  the  point  we  have 

and  the  condition  for  a  fleflecnodal  plane  is  that  the  term  {x,  yY  shall  he  a  factor  of  the 
succeeding  term  {x,  yy.     Now  for  a  quadric  surface  the  equation  is 

3  =  i  [ax-"  +  2hxy  +&;/=  +  2  (fy  +  gx')z  +  cs=j ; 
that  is, 

z  (1  —fy  —  gcc  —  ^cz)  =  ^  {ax^  +  'ihT.y  +  by''), 

or  developing  as  far  as  the  third  order  in  {x,  y),  we  have 

2  =  i  («^  +  2fe«^  +  %0  (1  +fy  +  g^). 
so  that  the  condition  in  question  is  satisfied. 
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In  what  follows,  I  take  for  greater  simplicity  h  =  0,  (viz.  « =  0,  ^  =  0  are  here  the 
tangents  to  the  two  curves  of  curvature  at  the  point  in  question),  and  to  avoid 
fractions  write  2/)  2^  in  place  of  f,  g  respectively ;  the  developed  equation  of  the 
quadric  surface  is  thus 

I    consider    the    parallel    surface,    obtained    by    measuring    off    on    the    normal    a 


(X,  Y,  Z)  being  the  coordinates  of  the  point  on  the  parallel  surface, 

k 
'^■Jil+f  +  q'Y 

Y^ hq 

But  in  the  present  case 

p  =  a^  +  Zagaf  +  2ty%  +    hgy^, 

q^iy  +     afa^  +  ^hgxy  +  Ufy\ 
whence 

X  =  x  —  k  {ax  +  ^aga?  +  ^afxy  +    hg'f), 

Y  =  y-k(bi/+    afx'+2bgxy'\-3bff); 

or,  putting  for  convenience, 

X  =  (l-ka)^,     r  =  (l~kb)v, 

then,  for  a  first  approximation  x  —  ^,  y  =  i];  whence,  writing 

Q=    af^^  +  2bglv  +  Wv\ 
we  find 

tP  kQ 

Hence 


and  thence 


z  =  i  («P  +  h')  + 1  £-j„  f ^  + 14  B  iO  +  («P  +  V)  (sf  +  A) 

or,  finally, 

Z^k  =  i{a(l-  ka}^^+b(l  -  kb)v^]  +  (a^  +  bv^)(g^  +  M 
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where,  changing   the   origin   to   the   point  a;  =  (i,  y  =  0,  ,z=k   on   the  paralle!  surface,  the 
coordinates  of  the  consecutive  point  are  Z  —  k,  X,  =(1— ^a)^,  and  F,  =(1-A6)i). 

We    cannot,    hy   any    determination   of   the   value    of  k,   make   the   plane   Z—k  =  0 

a  flefleenodal  plane  of  the  parallel  surface ;   but  if 

a?p  +  by ' 
then 

a'f'  +  by  a'p  +  b'f 

and  the  equation  becomes 

viz.    the    term   of  the   second  has   here   a   factor  g^+fy  which  divides   the  term  of  the 
third  order,  and  the  plane  Z—k  —  0  is  a  fleenodal  plane  of  the  parallel  surface. 
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NOTE    ON    A   THEOREM    IN    DETERMINANTS. 


[From   the  Quarterly  Journal  of  Pure   and   Applied  Mathematics,  vol.   XV.   (187S), 
pp.  55—^7.] 


It  19  well  kno^vn  that  if  12,  &c.,  denote  the  determinaufes  formed  with  the  matrix 


then,  identically, 

12 .  34  +  13  .  42  +  14 .  23  =  0. 

The  proper  proof  of  the  theorem  is  obtained  by  remarking  that  we  have 
a,     ^,     7,     .     , 
«',     ^',    y,     - 
'^.    &,     J,     S 
a',     0',     y,     S' 

as  at  once  appears  by  subtracting  the  first  and  second  lines  from  the  third  and 
fourth  lines  respectively;  and,  this  being  so,  the  development  of  the  determinant 
gives  the  theorem.  The  theorem  might,  it  is  clear,  have  been  obtained  in  four 
different  forms  according  as  in  the  determinant  the  missing  terms  were  taken  to  be 
as  above  (8,  B'),  or  to  be  (a,  a'),  {&,  13'},  or  (7,  7') ;  but  the  four  results  are  equivalent 
to  each  other. 

There    is    obviously    a    like    theorem    for    the    sums    of   products    of    determinants 
foimed  with  the  matrix 

V,  s,  e,  r    . 
/.  s',  ,',  r 
,-,  s",  .",  r 

34 
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viz.    the    theorem    is    obtained    by    development    of   the    determinant    in    an    identical 
equation,  such  as 


r 
r 

bub  we  thus  obtain  15  results  whieli  are  not  all  equivalent. 
If,  for  shortness,  we  write 


then  the  fifteen  results  are 


4  -  123 .  456, 

-  £  =  121 .  366, 

-  0=126.316, 
J) -126.  315, 

-«-131.256, 

-  2?=  136.  246, 
e  =  136  .  245, 

-  if  =  116  .  236, 
7=116.236, 
/=  166.  234, 

A  +  B-C  -D=a, 
A  +  B  -E-  J  =0, 
A-C  +F  -  I  -0. 
A-D  +  G-B~0, 
A~S  +  F  +  G-0, 
A-H-  I  -  J-0, 
B  -  C  -G+H-0, 
B  -D-F  +  I  =0, 
B-11  +  H+  I  .0, 
B  ~F-G-  J  =  0, 
C  +  D-E-J  =  0, 
C  -  E  +  G+  I  -0, 
0  ~F-H-  J  =  0, 
S-E  +  F  +E=0, 
O-G-I-J-O, 

A-.       .+B  +  I  +  J, 

B  =  F+G       .       .+J, 

0  -F      .  +H     .  +J, 

D=  .      G      .+/  +  /, 

E=.F+G+H+I  +  J; 
ajid    we    thus    have    these    five    relations    between    the    ten    products    of   deteiininants 
A,  E,  0,  D,  E,  F,  6,  H,  J,  J. 


which  are  all  satisfied  if  only 
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[ADDITION   TO    MR   GLilSHEE'S  PAPEK  "PROOF   OP   STIRLING'S 
THEOREM."! 


[From   the   Qtiarterlt/  Jimrnal   of  Pure   myi  Applied  Mathsmatics,  vol.    XV.   (1878), 
pp.  63,  64.] 

It   is   easy  to   extend   Mr  Glaisher's  investigation   so  as  to  obtain  from   it   tile  mon 
approximate  value 

Wo,  in  fact,  have 

where  a,  h, ...  are  given  fnnctions  of  n,  viz. 

.     .111  1     j 

&c. 
And  hence  writing  «=1,  we  have 


that  is, 


nn  = 


=  (,i  +  l)"+5e-«Ww+w... 
,.^,f.      1\"+*  _.  ., 
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Hence  for  f  1  +  -]        writing  e       '      I    «J ,  the  whole  exponent  of  e  is 


-i(«+l  +  ...). 

l-+3-+-  +  (2,,+  l).     ""■'■     4„  +  '"'"''  "  .,-• 

1 

^.. 

(the   constant    is    in   fact    =  l^ir\   but    the   value   is    not    required),   hence  a  =  const.  —  ^ 

+  terms  in    — ,  -- ,  &c. ;   as  regards   b,  c,  &c.,  there   are   no   terms   in    - ,   but   we   have 

t  =  const.  +  terms    in    -^,    &c.,    c  =  const,  +  terms    in    — ,    &c.      Hence    the    whole    exponent 
of  e  is 

^,1  ■      1     . 

=  —  H  +  G  +  ---  +  terms  m     „ ,  &e, 
12)1  m' 

As   in   Mr   Glaisher'a   investigation,  it   is  shown   that   e~''''= -/(^t''),  and   hence    neglecting 

the  terms  in   -~,  &c.,  the  final  result  is 
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678. 

ON   A   SYSTEM   OF  QUADRIC   SURFACES. 
[From  the  Quai-tei-ly  Journal  of  Pxire  and  Applied  Matliematics,  vol.  xv.  (1878),  pp.  124,  125.] 

The  foUowing  theorem  was  coramunicated  to  me  by  Dr  Klein ;  "  given  in  regard 
to  a  quadric  surface  two  sibi -reciprocal  line-pairs,  the  two  tractors  (or  lines  meeting 
each  of  the  four  lines)  form  a  sibi-reciproca!  line-pair."  This  may  be  presented  under 
a  more  general  form  as  a  theorem  relating  to  the  tractors  of  any  two  line-pairs.  In 
fact,  if  a  given  line-pair  is  taken  to  be  sibi-reciprocal  in  regard  to  a  quadric  surface, 
we  thereby  establish  only  a  four-fold  relation  between  the  coefficients  of  the  surface, 
and  the  surface  will  still  depend  on  five  arbitrary  parameters.  Whence  if  two  given 
line-pairs  are  taken  to  be  each  of  them  sibi-reciprocal  in  regard  to  one  and  the  same 
quadric  surfitce,  we  thereby  establish  only  an  eight-fold  relation  and  the  surface  will 
still  depend  upon  one  arbiti-ary  parameter.  The  theorem  thus  is:  given  any  two  line- 
pairs,  then  each  of  these,  and  also  the  pair  of  tractors,  are  sibi-reciprocal  in  regard 
to  a  singly  infinite  system  of  quadric  surfaces. 

The  question  arises,  what  is  this  system  of  quadric  surfaces  ?  It  is,  in  fact,  the 
system  of  surfaces  having  in  common  a  skew  quadrilateral  constructed  as  follows : 
starting  from  the  two  given  line-pairs,  construct  the  two  tractors,  each  of  them 
intersected  by  the  given  line-pairs  in  two  point-pairs ;  and  on  each  tractor  construct 
the  double  or  sibi-reciprocal  points  of  the  involution  thus  determined ;  these  double 
points  are  the  vertices  (those  on  the  same  tractor  being  opposite  vertices)  of  the 
skew  quadrilateral;  which  is  consequently  at  once  obtained  by  joining  the  two  double 
points  on  the  one  tractor  with  the  two  double  points  on  the  other  tractor.  The 
construction  is  an  immediate  consequence  of  the  following  theorem :  consider  a  skew 
quadrilateral,  and  drawing  its  two  diagonals,  take  a  pair  of  lines  cutting  each  diagonal 
harmonically;  these  will  be  sibi-reciprocal  in  regard  to  any  quadric  surface  through 
the  skew  quadrilateral. 

The  condition  of  passing  through  a  skew  quadrilateral  is  that  of  passing  through 
a  certain  system  of  eight  points;  in  fact,  the  eight  points  may  be  taken  to  be  the 
four  vertices  and  any  four  points  on  the  four  sides  respectively.  But  observe  that 
the  system  of  the  quadric  surfaces  through  any  eight  points  has  the  characteristics 
(1,  2,  3);  viz.  there  Eire  in  the  system  1  surface  passing  through  a  given  point,  2 
touching  a  given  line,  3  touching  a  given  plane ;  the  system  of  surfaces  through 
the  same  skew  quadrilateral  has  the  characteristics  (1,  2,  1). 
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679. 

ON    THE    REGULAR    SOLIDS. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  sv.  (1878), 
pp.  127—131.] 

In  a  regular  solid,  or  saj'  in  the  spherical  figure  obtained  fey  projecting  such 
solid,  by  lines  from  the  centre,  on  the  surface  of  a  concentric  sphere,  we  naturally 
consider  1"  the  summits,  2°  the  centres  of  the  faces,  3°  the  mid-points  of  the  sides. 
But,  imagining  the  five  regular  iigures  drawn  in  proper  relation  to  each  other  on 
the  same  spherical  surface,  the  only  points  which  have  thus  to  be  considered  are  12 
poinis  A,  20  points  B,  30  points  0,  and  60  points  <^.  These  may  be,  in  the  first 
instance,  desciibed  by  reference  to  the  dodecahedron;  viz.  the  points  A  ai-e  the 
centres  of  the  faces,  the  points  B  are  the  summits,  the  points  0  are  the  mid-points 
of  the  sides,  and  the  points  "J*  are  the  mid-points  of  the  diagonals  of  the  faces 
(viz.  there  are  thus  5  points  ^  in  each  face  of  the  dodecahedron,  or  in  all  60 
points  '^).  But  reciprocally  we  may  describe  them  in  reference  to  the  icosahedron ; 
viz.  the  points  A  are  the  summits,  the  points  B  the  centres  of  the  faces,  the  points 
%  the  mid-points  of  the  sides,  (viz.  each  point  0  is  the  common  mid-point  of  a 
side  of  the  dodecahedron  and  a  side  of  the  icosahedron,  which  sides  there  intersect 
at  right  angles),  and  the  points  ■!>  are  points  lying  by  3'a  on  the  faces  of  the 
icosahedron,  each  point  <E'  of  the  face  being  given  as  the  intersection  of  a  perpendicular 
A®  of  the  face  by  a  line  BB,  joining  the  centres  of  two  adjacent  faces  and  inter- 
secting  A®   at   right   angles. 

The  points  A  lie  opposite  to  each  other  in  pairs  in  such  wise  that,  taking  any 
two  opposite  points  as  poles,  the  relative  situation  is  as  follows : 


Longitudes. 


72°,     144°,     216°,     288°, 
108",     180°,     252°,     324°, 


where    the    points    A    in    the   same   horizontal   line   form   a   zone   of  points   equidistant 
from    the    point    taken    as    the    North    Pole.     And    the   points    B   lie   also   opposite   to 
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each   other   in   such   wise  that,  taking  two  opposite  points  aa  poles,  the  relative  situation 
is  as  follows: 


B 

Longitudes. 

1 

3 

0-, 

1-20-,    240- 

6 

(  0-, 

120°,     240°)  +  22°  14', 

6 

(60-, 

180°,    300°)  +  22°  14', 

3 
1 

60-, 

180°,     300° 

where  the  points  B  in  the  same  horizontal  line  form  a  zone  of  points  equidistant 
from  the  point  taken  as  the  North  Pole.  Neglecting  the  3+3  points  B  which  lie 
adjacent  to  the  poles,  the  remaining  14  points  B  may  be  arranged  as  follows  (^  =  22°  14' 
as  above): 


IS 

Lougitndes, 

1 

6 

/3, 

120° +  /3,    240°  4-/3 

-/3, 

120° 

-A 

240° 

-A 

6 

1 

60°  +  A 

180° +^,     300° +  (3 

60" 

-P, 

180° 

-A 

300° 

-A 

And  taking  the  two  poles  separately  with  each  system  of  the  remaining  poles,  we- 
have  2  systems  each  of  8  points  B,  which  are,  in  fact,  the  summits  of  a  cube 
(hexahedron);  each  point  B  taken  as  North  Pole  thus  belongs  to  two  cubes;  but 
inasmuch  as  the  cube  has  8  summits,  the  number  of  the  cubes  thus  obtained  is 
20  X  2  -i-  8,  =  5 ;  viz.  the  20  points  B  form  the  summits  of  5  cubes,  each  point  B 
of  course  belonging  to  2  cubes. 

It  is  to  be  added  that,  considering  the  5  points  B  which  form  a  face  of  the 
dodecahedron,  any  diagonal  BB  of  this  dodecahedron  is  a  side  of  a  cube.  We  have 
thus  12  X  5,  =  60,  the  number  of  the  sides  of  the  5  cubes. 

It  is  at  once  seen  that  the  centres  of  the  faces  of  a  cube  are  points  0,  and 
that  the  mid-points  of  the  sides  of  the  cube  are  points  *!>, 

To  each  cube  there  corresponds  of  course  an  octahedron,  the  summits  being 
points  0,  the  centres  of  the  faces  points  B,  and  the  mid-points  of  the  sides  points 
$ ;  thus,  for  the  five  octahedra  the  summits  are  the  5x6,=  30,  points  © ;  the 
centres  of  the  faces  are  5x8,=  40,  points  B  (each  point  B  being  thus  a  centre 
of  face  for  two  octahedra),  and  the  mid-points  of  the  sides  being  the  5  x  12,  =  (iO, 
points  <i>. 

Finally,  considering  the  8  points  B  which  belong  to  a  cube,  we  can,  in  four 
diffei'ent   ways,   select   thereout   4   points   B   which   are   the    summits    of   a   tetrahedron ; 
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[679 

the  remaining  4  pomta  B  are  then  the  centres  of  the  faces,  and  the  mid-points  of 
the  aides  are  points  0 :  there  are  thus  5x4,=  20,  tetrahedra  having  20  x  4  summits 
which  are  the  20  points  B  each  4  times ;  20  x  4  centres  of  faces  which  are  the  20 
points  B  each  4  times ;  and  20  x  6  mid-points  of  sides  which  are  the  30  points  0 
each  4  times. 


regular 


depend    only 


It   thus   appears   that,   as   mentioned   above,   the    five 
on  the  points  A,  B,  ®,  and  ^, 

We  might  take  as  polos  two  opposite  points  A,  B,  0,  or  O;  and  in  each  case 
determine  in  reference  to  these  the  positions  of  the  other  points;  but  for  brevity  I 
consider  only  the  case  in  which  we  take  as  poles  two  opposite  points  A.  We  have 
the  following  table : 

Poles  two  I. 


N.  P.  D. 

0° 

63°  26' 
116°  34' 
180° 

0°,     72°,    144°,    216°,  288° 
36°,  108°,    180°.    252°,  324° 

5^1 

37°  22' 
79°  12' 
100'  48' 
142°  38' 

36"    108°                            324° 

5B, 

0°,     72°,  ,  288° 

501 

31°  43' 

58°  77' 

90° 
131°  43' 
148°  17' 

0°,     72°                            288° 

5®, 

1003 

36°,  108°,  ,  324° 

(  0°,     72°,  ,  288°)+  18° 

5®. 

36°,  108°,  ,  324° 

5*1 

13°  16' 

62°  52' 
68°  10' 
76°  42' 
103°  18' 
111°  50' 
127°     S' 
166°  44' 

36°,  108°, ,  324° 

5*4 

5*s 

0°,     72°,  ,  288° 

36°,  108°,  ,  324° 

10*, 
5*. 

{36°,  108°,  ,  324°)+    9°  44' 

0°,     72°,  ,  108°. 

Hosted  by 


Google 


679]  ON   THE   REGULAK   SOLIDS.  273 

I  add  for  greater  completeness  the  following  results,  some  of  which  were  used  in 
the  calculation  of  the  foregoing  table.  Considering  successively  (1)  the  tetrahedral 
triangle,  summits  3  points  B,  centre  a  point  B]  (2)  the  hexahedral  square,  summits 
4  points  B,  centre  a  point  @ ;  (3)  the  octahedral  triangle,  summits  3  points  ©, 
centre  a  point  B;  (4)  the  icosahedral  triangle,  summits  3  points  A,  centre  a  point 
B ;  (5)  the  dodecahedral  pentagon,  summits  6  points,  centre  a  point  B  ami  (6), 
what  may  be  called  the  small  pentagon,  summits  5  points  •!>  lying  within  a  di^e- 
cahedrai  pentagon,  and  haviug  therewith  the  common  centre  B;  we  niaj  m  each  case 
write  s  the  side,  r  the  radius  or  distance  of  the  centre  from  a  summit  p  the 
perpendicular  or  distance  of  the  centre  from  a  side.     And  the  values  then  are 


' 

'■ 

P 

Tet.  a 

109°  30' 

70°  30' 

54'  45' 

Hex.  square 

70  30 

54  45 

45 

Oct.  A 

90 

54  43 

35  1.^ 

Icos.  A 

63  26 

37  22 

20  55 

Dod.  pentagon 

41   50 

37  22 

31  43 

Small  pentagon 

15  30 

13  16 

10  48 
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ON    THE    HESSIAN    OF    A    QUARTIC    SURFACE. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  xv.  (1878), 
pp.  141—144.] 


The  surface  considered  is 
or  say 


-{a?  +  ,f+z^'r=d, 


U  =  kHv^P  ~  Q' ^  0, 
.  this  may  be  considered  as  the  central  inverse  of  the  ellipsoid 

ra=     b^     c^ 
The  values  of  the  second  derived  functions,  or  terms  of  the  Hessian  determinant 
\a,    h,     3,     I     j, 

i  '*,?-,/,  m ; 

9,     /,     c.    n    \ 


-  iwi/         ,     jjW^-2Q~  4y', 


-4i/s 
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and  we  thence  have 


si-»/.v(*J;''-2e). 


whence,  forming  the  analogous  quantities  ca  —  g^,  &c.,  it  is  easy  to  obtain 
abc  —  af^  —  bg''  —  ch"^  +  2fgh 


-  24(3^ 
which  is  to  he  multiplied  by  d.  =  k'P.     And 

-  [P  {be  ^p)  +  m^  (ca  -  g^)  +  n"  {ab  -  h?) 

+  2mn  (gh  -  af)  +  2nl  {hf-  bg)  +  tlm  {fg  -  ch)] 


{_  *  [a*  \b^     cV      b'  Vc"     (tV     (f  \a      6  /) 
f4^^[4Q^g+|;+|) 


which  is 


f  ;t'«;=  {-  48  i^^  + 1]  +  J[)  Q'  +  32P^Q|  . 
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Hence,  uniting  the  two  parts,  we  have 


\.is(^,  +  ^.  +  4,)Q' 


Writing    hei 
have 


Q'  —  k-w'P  —  U,   and    transposing    ail    the    terms    which    contain    U,   we 


P  -  48ifc=w'^ 


/of-     y^ 


-iiPQl 


1_   ,  1  ~ 
■  J" 


Uw^cW^o-W 


V «'  &*     c*  y 

where,  in  the  term  in  [  j,  the  last  four  lines  are 

V  «^  0*        C  J 
Hence,  writing  for  shortness 
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we  have 


H+l2!if@U=9l^w*p\ — ^.-.^^of'J-a-JL-j.   ^-^O-Af^j-t 


Hence,  recollecting   that    U  =  }^^  P  -  Q^,   the   Heaaian  curve  of  the  order  32  breaks 
up  into 

17  =  0,  w^  =  0,  that  is,  Q^  =  0,  w^=  0,  or  the  nodal  conic, 

w  =  0,  Q=0,  8  times  (order  16), 

(7  =  0,  P  =  0,  that  is,  ^^  =  0,  P  =  0,  or  the  quadriquadric, 

P  =  0,  Q  =  0,  2  times  (onler  8), 

and  into  a  ciiwe  (order  8)  which  is 

viz.  this,  the  intersection   of  the   surface   with   a   quadric   surface,  is  the   proper   Hessian 
curve. 
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ON    THE    DERIVATIVES    OF    THREE    BINARY    QUANTICS. 


[E'rom  the  Quarterly  Jourrud  of  Pare  and  Applied  Mailiematics,  vol,  XV.  (1878), 
pp.   157—1^8.] 

For  a  reason  which  will  appear,  instead  of  the  ordinary  factorial  notation,  I 
write  {a012}  to  denote  the  factorial  a.a+l.a  +  2,  and  so  in  other  cases;  and  I 
consider  the  series  of  equations 

(2)  =  {1.01,  [mltY,  -Y'). 
(3)-((a01|,  2  (al)  (^Ij.  [POIX^Z,  -Z',  Z"), 

(4)-({«012|,  3|al2|{/S2),  3  (<i21  |/912],  {(3012]  J  Tf,  -  W,  -W",  -  W"), 
&c. 
where 

jr=  r  +  y; 

Y^z  +z' ,  y'=z  +z', 

Z=W+W',  Z'-W'+  W",  Z"  .  W"  +  W", 

We  have  thus  a  series  of  linear  equations  serving  to  determine  X ;  Y,  Y';  Z,  Z',  Z"  \ 
W,  W,  W",  W";  &c.  We  require  in  particular  the  values  of  X;  Y,  Y' ;  Z,  Z"  \ 
W,   W" ;   &c,,  and  I  write  down  the  results  as  follow : 

X    -  (1), 

(1)     (2) 


}Y  ={m],  +1, 
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«  +  ;32!(i). 

(<.  +  /311(2),    |«  +  /30|(3), 

Ii  +  /3012)X     = 

\m^   . 

+  21/31]    , 

+  1 

1        ..       V"   - 

|«01)       , 

-21«1)     , 

+  1         ; 

(i  +  ,S311(l), 

f»  +  /314|(2), 

{a  +  «03i(3), 

1(.  +  ^01)(4); 

«+;301...*lF  = 

(/3012)      , 

+  31^12)    , 

+  3  1/32]    , 

+  1 

„       W"= 

l«012)       , 

-3  (.121    . 

+  3i<.21     , 

-\           ; 

«+/3456)(l), 

(«+/31o61(2). 

|<.+/30361(3), 

l«+/30131(4),    («+ 

«+;301...6j!7     = 

1;80123(    , 

+  41^128) 

+  6  1/323]     , 

+  4^31     , 

„         W"- 

(aoiasj    , 

-  4  |al23J 

+  6  |a23j      . 

-41.3]      , 

(3012]  (5); 


a+/3.y-^(l)  +  (2), 
„     .7'-.(l)-(2), 
+  ,3+l.i.  +  /3  +  2.^   =/3./3  +  l.o  +  ,3+2.(l)  +  2./3  +  l.c.+/3  +  l.(2)+« 
.Z"  =  a.<t +l.o  +  /3  +  2.(l)  +  2,a +l.«  +  0  +  l,(2)+a 


-/3.(3), 
-/3.(3). 


the  law  being  obvious,  except  as  regards  tho  numbers  which  in  the  top  hnes  occur 
in  connexion  with  a  +  ;S  in  the  (  |  symbols.  As  regards  these,  we  form  them  by 
successive  subtractions  as  shown  by  the  diagrams 


456 

5678 

5678 

&o 

156 

4 

1678 

036 

18 

0378 

015 

22 

0158 

012 

31 

0127 

4 

0128 

and  the  statement  of  the  result  is  now  complete. 

In   part   verification,   starting    from    the    F- formula   {which    are    obtained    at   once), 

l.  +  /321(l),     la  +  gll(2),     |»+^0|(3), 
ia  +  /3012]^   ~  X         ,  /»         ,  >■ 


we  must  have 


|o  +  /3012J .  Z  +  Z'  -  !«  +  /3012J  Y  ,=\- 
1        „        \.Z'  +  Z"~[        „        ]F,  =1 


m__(2) 

+  /312]  (1/30),  +"f) 

,,      KHl.-l) 


(2} .  X  +  V  - 
] .  V  +  X"  = 


+  /312]  1/30], 
..      11-01. 
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and  farther 

|o  +  /32!  ((cOl),  -  2  («11  1/31),  |^01)5X,  V,  X")  -  0, 
or,  what  is  the  same  thing, 

X  +  \'  .  [a  +  /311  {ffO], 
X'  +  X"  =  (      „      j  (aO} , 
((«01),  -  2  |«1)  Oli,  |«01i  JX,  X',  X") .  0. 

And  in  like  manner  we  have 

/.  +^'  -{a  +  /32).     1, 

/  +  *•"=(      .      1 .  - 1, 
doOl],  -2  Id)  f/Sl],  1,3011  Jft  /,  /')  =  0i 
and 

»  +  »'  =  0, 
/  +  I."  -  0, 
(|»011,  -2ld],;»i,  1,9011$,,  ,',  ,")-0. 
We  hence  find  without  difficulty 

\,^i,r=|3.ff^■l,      2.S  + !,+!,=     1,3011    ,  2  (,311,  +1, 
X',/,«'-     a.,3     ,         a-3   ,  -l,-{a01!/30),  a-,3,  -1, 
X",  /',  ,-"  -  a  .  a  +  1  ,   -  2  .  a  +  1,  +  1,  =     jaOll    ,  2  {all ,  +  1 ; 
viz,  for  verification  of  the  X-equations  we  have 

,3 .  ,3  +  1 .  +     a .  ,3     ,  that  is,  a  +  ,3  +  1 ,  ft  =  (a  +  ,311  IM- 
a.0.     +a.a  +  l,         ,        a  +  l+fi.a,  ={      „     ][M\, 


and 


(a.a  +  1.  -2.n  +  l./3  +  l,  /3.,3  +  lJ^.,3+l,  a.A  a.a  +  l)  =  0, 
a.a  +  1.0.0  +  l.-2.«+l,^+l.a.,3.  +  ,3.,3  +  l.a.a+l=O; 
and  similarly  the  ft-  and  I'-equations  may  be  verified. 
We  have  thus  for  the  Z's  the  equations 

{'■  +  /321(1),  Ifl  +  ,31|(2),  |a  +  gO|(3), 

fa  +  00121  ^-       j^oil      ,       2  1/31)     ,  +1       ", 

{        „        IZ'-  1«0)|,30)    ,        a-|S      ,         -1        , 

(        „        ]Z"=       |«01)      ,    -2(al)     ,         +1        , 

■which  include  the  foregoing  expressions  for  Z  and  Z". 

We  may  then  take  the  expressions  for  the   TI'"s  to  be 


a  +  y334](I) 

|«  +  ^14i(2), 

[a +  ^03}  (3), 

[a+/501}(4), 

^0123)  W    = 

X 

^ 

V 

P 

„        ]W'   = 

X' 

("' 

:•■ 

P 

„       j  W"  = 

v 

^" 

:•' 

p" 

„        1  W"  = 

X™ 

m"'        . 

v"          . 

p"        \ 
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L  like  manner  the  equations 


(Sa012},  - 


({a012}. 


X  +v  = 

(«  +  /3231) 

V  + 1"  = 

V  +  X"'  = 

2]{/J21,  +3( 

i.2)  1/312],  - 

li   +IJ.'   - 

e<  +  /3134( 

fi'  -f  ij,"  = 

-        i 

^i"  +  l/"  = 

21(/32),  +3| 

«2)  1^12),  - 

,.   4V   - 

«  +  /3034] 

J.'  +  v"  = 

„"  -f  :,'"  = 

(/3011. 
1«0J  (/301, 
(aOl), 

-(/3012JJX,  V,  X",  X"')=0; 
.     2  1/311, 
«-/3, 
-  2  [nl  ], 
-1/30121JM,  /.*•",/•'")  =  0; 


(la0121,  -  3  lal2]  1/921,  +3  lii2]  1/312J,  -  1/3012}  J»,  «',  i;",  »"')  =  «; 

/>    +p'   =0, 

P   +p"  -0, 

/j"  +  />"'  =  0, 

(|<i012|,  -  3  l«12j  1/92],  +311.211(3121,  -  1/3012|  Jp,  p',  p",  p'")  -  la  +  (301231). 

These  give  for  the  Xp"'  squai-e  the  values 

1/3012)      .      3 1/312)  ,      3 1^2)        ,  + 1, 

1«0)  1/301),  2a -,8.  (SI),  «- 2/3 -2,-1, 
1<!01]((30),  «-2(S.lal),  -2ci  +  (3-2,  +1, 
la012)       ,  -  3  lal2)  ,  +  3  (ii2|         ,  -  1, 


ntermediate    lines   is   not   by   any 


and   so   on;    the   law   however   of  the  terms    in    the 
means  obvious. 

Consider   now   the    binary   quantica  P,   Q,   B,   of   the    forms    (*5«,   j)",   (*5»,   y)^, 
(*i^iB,  yY ;   we  have  for  any,  for  instance  for  the  fourth,  order,  the  derivates 

P(Q,  E);  {P.  (Q,  Eyy,  (P,  (Q,  By);  (P,  (Q,  Byy,  (P.  ««)•; 

and  it  is  required  to  express 

Q(P,  Ey  and  fi(P,  Q}', 

each  of  them  as  a  linear  function  of  these. 
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I  recall  that  we  have  (P,  Q)"  =  PQ,  so  that  the  first  and  the  last  terms  of  the 
series  might  have  been  written  {P,  {Q,  Ry)"  and  (P,  (Q,  Ryy  respectively;  and, 
further,  that  (P,  Qy  denotes  d^P  .dyQ-dyP  .d^Q;   (P,  Qf  denotes 

dJP  . d^'Q -  M^dyP .d^dyQ  +  dy'P .  diQ ; 
and  so  on, 

I  write  (tt,  b,  e,  d,  e)  for  the  fourth  derived  functions  of  any  quantic  U,  —  (*^x,  y'f^; 
we  have,  in  a  notation  which  will  be  at  once  understood, 


and  then,  taking 


(7=  (a,  h,  c,  d,  ejic,  yy 

(4,  dy)  U=     (a,  b,  c,  d),  (b,  e,  d,  e)(«,  yY 
(d^,  dyy  U  =  {a,  b,  c),  (b,  c,  d),  (c,  d,  e)iw,  yf 
(<?.,  dyy  U=  {a,  b),  (b,  c),  (c,  d),  (d,  e)  (*■,  yy 
(4,  dyyU=  (a,  b,  c,  d,  e); 

(a,,  bi,  c,,  d^,  ej,     (<l,,  63,  c^,  d^,  e^),    (tfj,  63, 


[»i-2]-, 
[in  -  3]', 


write   p,   q,   r    for    the 


to    belong    to   F,    Q,   -B,   respectively,    wc    must,   instead    of 
three  functions  respectively. 

If  we  attend  only  to  the  highest  terms  in  ic,  we  have 

V=a^  +     [m]'    , 

{d^,  dy)  U~{a,  b)a^'  -i-\m—lf, 

(4,  d,f  U  -  (a,  i,  c)!?  +  [ro  -  2]", 
(4,  li,)'  f7  =  (o,  i,  0,  (J)«  +  [m-3]", 
{(4  >  dy)*  U  =  (a,  &,  c,  c?,  e). 

Consider    now    P{Q,    Ry,    (P,    (Q,    iJ)0\    ^c-i     in    each    case    attending    only    to    the 
term  in  a,,  and  in  this  term  to  the  highest  term  in  3;,  we  have 

(1)  [;>]•  P  (a  By  =      0,8.  -  «,4  +  6o,c  -  id,b,  +  e.a,     (J), 

(2)  [p-iy  [q  -  3]'  [r  -  3]>  (P,  («,  JJ)')'  =        [?  -  3]' .  i,,J.  -  ScA  +  SdA  -e,a,(-  T), 

+    [r-3]'.(i,e,-3M,  +  Sc,c,-(4t.(F), 

(3)  [y-2]>[g-2]'[r-2]'(P,  (13,  P)7=        [?-2]' 

+  2[5-2]>[r-2p. 
+  [r-2p. 

(4)  [p  -  3]'  [s  -  !]■  [r  -  !]■  (P,  (Q,  J!).)'  =        [g-  I]' 

+3[?-ll'[r-l]'. 
+3[5-l].[r-l].. 
+  [r-1]-. 


hds-2c^<^  +  d^s{-Z'), 

4S,-e,ii.  (-If"), 

tie -46,  (W"). 

!>,ei.-c,c,  (-  W), 

a^s  -  b^d^  (IT), 
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INAH 

(6) 

[p-iflqf[r]'(P.QSy~          [«]• 

.e,ai 

+  i[qj[r]' 

dA 

+  6[g]-M- 

.<h<h 

+  4b?W 

bA 

+           M 

aA 

(U"). 
(-  n 

Thus,  for  the  second  of  these  equations, 

(P,  (Q,  Jtyy^d^F.dyiQ,  Bf-U.; 
the  term  in  (tj  is  dy(Q,  Ry,  =(d^Q,  Ry  +  (Q,  dyRy,  the  whole  being  divided  by  [p— 1 
where  attending  only  to  the  highest  terms  in  x,  the  two  terms  are  respectively 

Q)A  -  ScaCs  +  ^dA  -  e^a,)  ^\r-  3]', 
and 

(a^es  -  36,(^  +  Zc^c,  -  dj),)  ^[q-  3]=, 

which  are  each  divided  by  [p  — 1]^  as  above;   whence,  multiplying  by 

b-iP[?-i]-[>-i]', 

we  have  the  formula  in  question;   and  so  for  the  other  cases. 


Writing   now   (1),   (2),   (3),   (4),   (5)   for   the   left-hi 
respectively ;   and 


X 

-Y'.    Y 

Z",        Z',    2 

-  W",   W",  -  W\   W 

U"",  -  U'",    U",  -  U',    U 

for    the    literal    parts 
then  we  have 

on     the    right-hand    sides     of    the 
X=Y+  Y', 

Y=Z+Z',     r  =  Z'  +  2 

sides    of    the   five    equations 


equations    respectively ; 


and  the  equations  become 
(1)=  X 

C2)_[r-1]'F~1  b-Sr    r 

(3)  =  [f-2]'Z  -2[r-2J[5-2]'   2'  +  l  [5-2]-  Z" 

(i)  =  [r-lJW-3[r-l]'[q-lJW'  +  S[r~lJlq-  !]■  W"  -  1  [j  -  !]■  W" 
(5).        [r]'(7-4     M-       [9]'        U'  +  6     W         [si-      U"  -  i  [rj  [qf  IT"  +  [q]- U'"' , 
which   are,   in   fa«t,   the   equations   considered   at   the   beginning    of    the    present    paper, 
putting  therein   a  =  r  —  3  and  /J  =  (^  —  3,  they  consequently  give 

j}+>--6, 166)(1).  |}+r-6,  156)(2),  [q+r-S,  0361(3),  lq+r-6,  015j(4).  lg+r-6,  012|(5), 
JJ+1--6, 01...6][7     -     lq-3,0ns\    ,  +4{j-3,123|  ,    +6 15-,1. 23)   ,    +4(}-3,3)     ,  +1  , 

I  „  1(7""=     (r-3,01231    ,  -4  (r-3,  1231  ,     +6(r-3,S.31    ,    -4(r-3,31     ,  +1 

36—2 
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Also,   attending    as    before    only   to    the    terms    in    a,   and    therein   to   the   highest 
power  of  w,  we  have 

R(F,  Qy  =  a^,~[r]'- 
that  is, 

[qYQ(B,  Py  =  U,     [r]'  B  (P,  Q)'  =  U"" ; 

and,  observing  that  {q  +  r—Q,  01. ..6}  is  =[q+rj,  and  that  {q  +  r—G,  456},  Sec,  may- 
be written  [q  —  r,  210),  &c.,  where  the  superscript  bars  are  the  signs  — ,  the  formula 
become 

[q+r,  210)(1),  [q+r,  510(2),  {q+r,  630}(3),  {q+r,  &Sl](4<),  [q+r,  6U](5}, 
[g^-rp[5PQ{P,  Ry^         {£^         ,      +4[qf      ,       +  6  [g?       ,       +*[?]'       ,  ^1        ^, 

[q+ry[rfBiP,  Qy^         [r^         ,      -  4  [r]=      ,       +6  [jf       ,        -  4  [r]>       ,  +1 

Written  at   fall   length,   the    first    of    these    equations   (which,   as    being    the    fourth    in 
a  aeries,  I  mark  4th  equation)  is 
l+rflqyQiP,  ^y=     ^-q+r       .q+r-l.q+r-i.     [pY  [qf  -PAQ'^y     (4thequat 


+4>.q+r  .q+r-l.q+r-5 
+e.q+r  .q+r-^.q+r-6 
+4.q+r-l.q+r-5.q+r-G. 
+1. q+r-l.q+r-5. q+r~6. 


[p-lf[qf[q-S}[r-lf.{R,(Q,Ryy 

[p-mqnq-mr~2]K{P,{Q,Ryy 

[p-mgrn-iyir-if-iP  (Q,  Ryy 
[qf    [ry  .  p  (Q.  py  . 


and    the    other    is,    in    fact,    the    same    equation    with    q,   Q,   r,   R    interchanged    with 
r,   R,   q,   Q;    the   alternate   +   and   —   signs   arise   evidently   from   the   terms 

(ij,  Qf,  .(Q,  Rf;  {B,  Qf,  =-(Q,  B)';  fa, 
which  present  themselves  on  the  right-hand  side. 

It  will  be  observed  that  the  identity  has  been  derived  from  the  comparison  of 
the  terms  in  a,  which  are  the  highest  terms  in  w,  the  other  terms  not  having  been 
written  down  or  considered;  but  it  is  easy  to  see  that  an  identity  of  the  form  in 
question  exists,  and,  this  being  admitted,  the  process  is  a  legitimate  one. 

The  preceding  equations  of  the  series  are 
[q  +  r]'[q]'Q(P.R)'=  1.     [pf     [?]■  P{Q,  By     (Ist  equation) 

+  1.  [5]>        [r]'      {B.QBy; 

[S  +  r]'[}]"Q(P,ii)"=     1.5+r       .     [pj     [5]-  P.iQ.By    (2nd  equation) 

+  2.q+r-l.[p-lf[qy[,-lJ[r~l]'        {P.iQ.Ryy 
+  l.S+r-2.  [,]■        [rf      iP.QRf; 

h  +  rYWQiP,  Bf-     l-q+r      .q+r-1.    [pf    [5]'  P,{Q-Ry    (3td  equation) 

+  3.g+r      .5+r-3.[p-l]-[,]'[5-2]>[r-2]-(P,«3,ii)>). 
+  S.q+r-l.q+r-i.\ji,-Tf[qi'\s-lJ[r-l]-{P,QRy 
+  1.5+r-3.g+r-4.  [q]'      [r]'      (P,  QRy. 
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From  these  four  equations  the  law  is  evident,  except  as  to  the  numbers  subtracted 
from  q  +  r.  These  are  obtained,  as  explained  above,  in  regard  to  the  numbers  added 
to  a  +  /3  iu  the  {  }  symbols :  transforming  the  diagrams  so  as  to  be  directly  appUcable 
to  the  case  now  in  question,  they  become 


0 


01 

01 

012 

012 

0123 

0123 

2 

03 

3 

015 

4 

0127 

11 

1* 

21 

036 

31 

0158 

2 

34 

12 

156 

22 

03t8 

3 

456 

13 

4 

1678 
5678 

showing    how    the    numbers    are    obtained    for    the    equations    2,    3,   4,    5    respectively. 
The  first  equation  is 

(?"  +  qr)  Q  (P.  S)  -  P5  -P  (9,  X)  +  qr  [« (P.  li)  +  E  (P,  ®], 

viz.  this  is 

<)=pqP<.Q,R)-qrQ{BP)  +  ^B(P,Q) 

+  (f  +  qr)QiB,P); 
or,  dividing  by  q,  this  is 

0  =pF  (Q,  E)  +  qQ  (R.  P)  +  rR  (P,  Q), 

which  is  a  well-linown  identity. 

We   may   verify   any   of  the   equations,   though   the   process   is   rather   laborious,   for 
the  particular  values 

thus,  taking  the  second  equation,  we  have,  omitting  common  factors, 
(Q,Ry=         q  +  ^.q  +  0^2.r-y.r-y-2 

-2  .q  +  0         .q-0.r  +  y.r-y 

+  .  q-0.q-ff-2.r  +  y.r  +  y-'2, 
=      0'i''^-r)  +  7Hf  -q)-  Wy  (q  -  1) (r  -l)-qr{q+r-  2), 
{P,{Q,Byy  =  iq  +  0.r-'y.-.q-0.r  +  y)(p  +  a.q  +  r-0-j~2.-.p-a.q+r  +  e+j-2) 
^(0r-q'y)ia.q  +  r-2.~p.0  +  y) 

=  a^r  (r  +  q-2)~  ayq  (q  +  r  —  2)  —pr^''  +  p(q-r)0y  +pqy\ 
and    from    the    first    of    these   the   expressions   of  Q  (P,  Rf   and   (P,  QR'f   are   at   once 
obtained.     The  identity  to  be  verified  then  becomes 
[q  +  rf[qf{a'(r'-r)  +  y^p'^-p)-2ay(p-l){r-l)--prip  +  r-2)} 

=      {q  +  r)[q]'[py{&H^-r)  +  r^(q'-q)-20yiq-l)(r-l)^qr{q  +  r-2)] 
+  2(q  +  r~l)[qf(p-l)(r-l){^0r(q  +  r-2)-ct,q(q  +  r-2) 

-  pr^^  +p(q~  r)  0y  +  pqy'^] 
+  (q  +  T-2)[qy[r]'{^''(q  +  r)(q  +  r-l)  +  (8  +  yy(p^-p) 

-2a{0  +  y)(p-l){q  +  r-r)-p(q  +  r)(p  +  q  +  r-2)}. 


Hosted  by 


Google 


286  ON   THE   DERIVATIVES    OF   THREE   BINARY    QTJANTICS.  L681 

which   is   easily   verified,   term   by   term ;    for   instance,   the   terms   with   a,  0,  or   7,  give 
[q  +  r]nq]'pr{p  +  r-2)=      (q  +  r)[qf[pfqr(q  +  r-^) 

+  {q^r-2)  [qj  [r]'  piq  +  r)(p  +  q  +  r-  2), 
which,  omitting  the  factor  (q  +  r)  {q  +  r  —  2)  [q]^ jir,  is 

{q  +  r-l)(p  +  r-2)^(p--l)q  +  {r-l)(p  +  q  +  r+2); 
viz.  the  right-hand  side  is 

(p-l)?  +  (r-l)S  +  (r-l)(p  +  r-2),     =(5  +  r-l){p  +  r-2), 
as  it  should  be. 

The  equations  are  useful  for  the  demonstration  of  a  subsidiary  theorem  employed 
in  Gordan's  demonstration  of  the  finite  number  of  the  covariants  of  any  binary  form 
U.     Suppose  that  a  system  of  covariants  (including  the  quantic  itself)  is 

P,  Q,  R,  S,..; 

this  may  be  the  complete  system  of  covariants;  and  if  it  is  so,  then,  T  and  V 
being  any  functions  of  the  form  P'Q^JJi'.,.,  every  derivative  (T,  Vy  must  be  a  term 
or  sum  of  terms  of  the  like  form  P'Q^iJ^...;  the  subsidiary  theorem  is  that  in  order 
to  prove  that  the  case  is  so,  it  is  sufficient  to  prove  that  every  derivative  (P,  Q)', 
where  F  and  Q  are  any  two  terms  of  the  proposed  system,  is  a  term  or  sum  of 
terms  of  the  form  in  question  P'(^Rf 

In  fact,  supposing  it  shown  that  every  derivative  {T,  Vy  up  to  a  given  value 
0„  of  $  is  of  the  form  P'Q^JJi'...,  we  can  by  successive  application  of  the  equation 
for  Q  (P,  Sy*',  regarded  as  an  equation  for  the  reduction  of  the  last  term  on  the 
right-hand  side  (P,  §«)»+',  bring  first  (P,  QIiy+\  and  then  (P,  QiJS)«+',..,  and  so 
ultimately  any  function  (P,  F/+',  and  then  again  any  functions  (PQ,  Vy+', 
(PQP,  F)*+', ..,  and  so  ultimately  any  function  (T,  Vy+^,  into  the  required  form 
P'Q^Ii'' . . . :  or  the  theorem,  being  true  for  0,  will  be  true  for  ^-1-1;  whence  it  is 
true  generally. 
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682. 

FOEMUL^    RELATING    TO    THE    EIGHT    LINE. 

[From   the   Quarterly   Journal   of  Pure   and   Applied   Mathematics,   vol.   xv.   (1878), 
pp.  169—171.] 

1.  Let   X,   jj.,   V   be   the   direction-angles   of   a   line;    a,   /3,   y   the   coordinates   of  a 
point  on  the  line  ;    and  write 

a  =  cos  X,    f  —  d  cos  v  —  y  cos  fj., 
b  —  cos  fi,    3=^  cos X—  IX  cos V  , 
c  =  cos  v,     /t  =  a  cos/i  — ^cos  X, 
whence 

a^  +¥  +  c^  =  1, 

«/+  bg  +  ck  =  0, 
or  the   six   quantities  (a,  b,  o,  /,  g,  h),   termed  the  coordinates  of  the  line,  depend  upon 
foi-U"  arbitrary  parameters. 

2.  It   is   at   once   shown   that   the   condition   for   the   intersection   of  any  two   lines 
(a,  b,  c^f,  g.  k),  {a',  V,  c',/',  ^,  h'),  is  af +  bg'+ch' +  a'f+b'g  +  (fh^O. 

3.  Given  two  lines  (a,  h,  c,  f,  g,  h),  (of,  b',  c',  /',  (/,  h'),  it  is  required  to  find  their 
shortest  distance,  and  the  coordinates  of  their  line  of  shortest  distance. 

Let 

Ax  +  By  +  Cz  +  D  =0, 

be  parallel  planes  containing  the  two  lines  respectively;  then  the  first  plane  contains 
the  point  a  +  rcos\,  0  +  rcosfi,  j  +  rco&v,  and  the  second  contains  the  point 
a'  +  /cosV,  0'  +  r'Gos/i',  7' +  /  cos  / ;   that  is,  we  have 

Aa+B0  +Cy  +D  ^0, 

Aa:  +  B/3'+Cy'  +  iy  =  0, 

.4  cos  X  4-  -B  cos  ^  +  C  cos  1/  =  0, 

A  cos  X'  +  B  cos  //  +  G  cos  y'  =  0, 
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which  last  equations  may  be  written 

Aa  +Bb  ■i-Cc=  0, 

Aa' +  Bb' +  Gc' =  0, 

A  :  B  :  C  =  ho'  ~h'o  :  col  —  c'a  :  ah'  —  a'h, 

8-aa'+  bh'  +  cc', 

A'  +  B'  +  C-'^l, 

bc'-b'c        ca'- c'a       ab'-a'b 


[682 


giving 

or,  if  we  write 

and  assume,  as  is  convenient, 

then 

A,  B.  G 

where  0,  =  cosine-inci 
Hence,  shortest 


=  A{a  —  a' 
L- 
1 


^(1^0" 


1 


V(l-^0'  V(l-^0'  V(i-^^)' 

lination,  =  aaf  +  bb'  +  oo'. 
distance  ^D  —  jy 

B(0-0')+C{y-^') 

{{be'  -  b'e)  (a  -  a')  +  (ca'  -  a'a)  {0  -  0')  +  {ah'  ~  a'b)] 

{a'  {c0  -  67)  +  b'  (ay  -  ca)  +  c'  (ba  ~  a/3) 

+  a  (c'^ -  b'y')  +  b  {a'y  -  c'a)  +  c  (b'a  -  a'^')] 
(af  +  bg'  +  ch'  +  a'/+  b'g  +  c'h),  =  8  suppose. 


V(l  -  ^0 

The   six   coordinates   of  the   line   of  shortest   distance   are  A,  B,  C,  F,  G,  H,  where 
A,  B,  G  denote  as  before,  and  F,  Q,  S  are  to  be  determined, 

Since  the  line  meets  each  of  the  given  lines,  we  have 

Af  +Bg  +Gk  +Fa  +Qb  +irc  ^  0, 

Af  +  Bg'  +  Gk'  +  Fa'  +  Gb'  +  He'  =  0, 
and  we  have  also 

FA+GB  +  HG=0, 
which   equations   give   F,  G,  H.     Multiplying   the   first   equation  by  b'C-c'B,  the  second 
by  Be  —  Gb,  and  the  third  by  be'  —  b'c,  we  find 

(b'G~c'B)iAf+Bg+Gh)  +  (Bc-Cb)(A/'  +  Bg'  +  Ch')  +  F     a,  b,  c 

a',  b',  c' 
A,  B,  G 


b'G-c'B  = 


1 


V{1-^) 


{h'  {ab'  —  a'b)  -  d  {ca'  -  c'a)] 


V(i-^') 


1  ia'^  +  i'=  +  c'O  -  a'  {aa'  +  bh'  +  cc')] 


=  v(r^)  <"""'*>■ 
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and  similarly 


Also,  putting  for  shortness 


Af+Bff+Ck  = 


V(l  -  0') 


(a'-ad). 


a,  h,  c 

,   n'= 

a,  b,  c 

a',  V,  c- 

o'.  4',  0' 

f.S.h 

/'.!/.'*' 

V(l  -  «■) 
and  finally,  the  determinant  which  multiplies  F  is 


n,    Af+  Bg'  +  Oh-  -  ^1^) "', 


,t(i-«-),  "va-"'). 


We   have    thus   tlie   value   of   F;    forming    in    tho    same    way   those   of    G   and  If,   we 
find 


which,   with   the   foregoing   equationa   for  A,  B,  C,  give   the   six   coordinates  of  the  line 
of  shortest  distance. 
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ON    THE    FUNCTION    arc  sin  (a;  + 1». 


[From   the    Quarterly   Journal   of  Pare   and   Applied  Mathematics,   vol.   xv.   (1878), 
pp.  171—174.] 

Thk  determination  of  the  function  in  question,  the  arc  to  a  given  imaginary 
sine,  is  considered  in  Canchy's  Ex&rcises  d! Analyse,  Sc,  t.  III.  (1844),  p.  382;  but  it 
appears,  by  two  hydrodynamical  papers  by  Mr  Ferrers  and  Mr  Lamb,  Quarterly 
Mathematical  Journal,  t.  xiii.  (1874),  p.  115,  and  t.  xiv.  (1875),  p.  40,  that  the  question 
is  connected  with  the  theory  of  confocal  conies. 

Taking  c  ~  -•/(a"  —  b^)  a  positive  real  quantity  which  may  ultimately  be  put  =  1, 
the  question  is  to  iind  the  real  quantities  |,  t),  such  that 

|  +  ^  =  arc  sin -(a; +  ;«/), 

or  Bay 

x  +  -iy  =  csm(^  +  iv), 
so  that 

«  =  c  sin  f  cos  iri,    iy  =  c  cos  |  sin  iij. 

It  is  convenient  to  remark  that  if  a  value  of  ^  +  ii}  be  ^'  +  ir)\  then  the  general 
value    is    27mr  +  J'  +  *V    or    {2m  +  l)-7r  —  {^'  +  ii)');    hence,   17   may   be    made    positive    or 

negative   at  pleasure ;    cos  ii/   is   in   each   case    positive,   but   -  sin  iij   has   the   same   sign 

as  »j ;  hence  coa  |  has  the  same  sign  as  x,  but  sin  ^  has  the  same  sign  as  y  or  the 
reverse  sign,  according  as  17  is  positive  or  negative ;  for  any  given  values  of  x  and  y, 
we  obtain,  as  will  appear,  determinate  positive  values  of  sin'  f  and  cos'  | ;  and  the 
square  roots  of  these  must  therefore  be  taken  so  as  to  give  to  sin  |,  coa  |  their 
proper  signs  respectively. 
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Suppose   that   X,   ju.   are   the   elliptic   coordinates   of  the   point   (x,   ij) ;   viz.   that   we 
have 

a=  +  X      }f  +  X 

a^-{-  fi.     b^  +  zi 
where   ii^+X,   b-  +  \,   and   a^  + /i.   are   positive,  hut   6'  +  ^  is   negative.     Calling   (j,  o-   the 
distances  of  the  point  ce,  y  from  the  points  (c,  0)  and  (-c,  0),  that  is,  assuming 

p  ^■J[{x-cf  +  y% 

then  we  have 

V'{ffl'  +  X)  =  \{a  +  p),  whence  also  VC^'  +  X)  =  ^  •^{{u  +  p)^  -  4(^}, ' 

which  ecjuations  determine  X,  y*  as  functions  of  x,  y. 

Now  we  have 

po-=  ^((a;=  +y^- c^f  -  ^c^a?]  =  V((«^  -'f-  gJ  +  4a^'|, 
p=  +  a^  =  2(a^+j/=+C=); 
substituting  herein  for  a;,  y  their  values 

c  sin  ^  cos  iij,  —  ci  cos  f  sin  ^'j;, 
we  find 

x^  —  i/  —  if  =  d'  {sin'  f  cos'  iij  +  cos^  ^  sin^  irj  —  (sin'  f  +  cos'  |)  (sin'^  ii?  +  cos^  ir))] 

=  —  c^  (sin' ^  sin' i);  +  eos' ^cos'ii;), 


whence 

Hence 

and 
hence 


Consequently 


^  —  1/'  —  c')''  =     c*  (cos'  ^  cos'  irj  +  sin'  ^  sitf  ii;)' 
+  4fl!y         —  40*  sin'  ^  cos^  ^  sin'  i?^  cos'  i?; 

=      C*  (cos'  f  cos^  iri  —  sin=  |^  sin'  irjf. 
2p(T     =  2c'  (cos^  ^  cos'  i!i?  —  sin'  ^  sin'  tij), 
p'  +  17'  =  2c^  (sin'  ^  cos'  Vt;  —  cos'  ^  sin'  ii;  +  1) ; 
(p  +  0-)'  =  2c'  (cos'  Vi;  —  sin=  ^•^J  +  1),  =  4c'  cos'  iij, 
(p  _  af  =  2c5  (sin'  ^  -  cos'  ^  +  1),  =  4c^  sin'  f. 

a^  ■^\  =  i?  cos'  W),  and  thence  6'  +  X  =  —  c'  sin'  mj, 
a'  +  ^  =  c'  sin'  ^,  „  !>'  +  /:(=-  c'  cos'  f, 

which  verify  as  they  should  do  the  equations 

— -  + J^-.i 
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ON  THE  FUNCTION  are  sin  {x  +  iy). 

viz.  these  become 

c"  cos"  VI)     —&  sm^  wj 

„.ri„j-f  +  _„.!,.{     ™'.,+sm'.,,      1. 

The  same  equations, 

or  as  we  may  also  write  them, 

/i  =  -  a=  cos'  1^-6=  sin^  |, 

determine    ?/    as    a 

function    of   \    and   |   as    a    function   of  fi; 

\   ^ 

[683 


by  what 
precedes,  given  functions  of  x,  y. 

Or  more  simply,  starting  from   the   last-mentioned   values   of  \,  fi,  and   substituting 
these  in  the  expressions 


a^=:c''  sm'  ^  cos''  iij,     J/^  =  —  c^  cos=  f  sin'  ii 
or  say 

a;  =  c  sin  ^  cos  j't?,     iy=^c  cos  |^  sin  ifj, 
whence 

the  original  relation  between  x,  y  and  |,  i?. 
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684 

ON    A    RELATION    BETWEEN    CERTAIN    PRODUCTS    OF 
DIFFERENCES. 


[From  the  Quarterly/  Journal  of  Ftt,re  and  Applied  Matliematics,  vol.  xv.  (1878), 
pp.  174,  175.] 

Consider  the  function 

3  /     aba  .  de\  —  I     ahd  .  ce  ' 

1 4-  bed  .  ea\        \+ bee  .  da 

J  +  ode  .ab\     }+  cda  .  eh 

^-  dea  .  bc\        \+  deb  .  etc 

y+  eab  .  cdj        ^+  eac  .  bd 

where 

abc  =  (a-b)(b-  c)(a  -  a), 
ab  ^(a,~b){b-a},  ^-(a~b)\ 
&c. ; 
therefore 

abc  =  bca  =  cab  —  —  bac,  &e. ; 
ab  —  ba. 
It  iH  to  be  shown  that  the  function  vanishes  if  e  =  d.     Writing  e  =  d,  the  value  is 
3  (bed .  da  +  dab .  ed)  —  abd  .  od 

—  bed .  da 

—  cda .  db 

—  dao  .  bd. 
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viz.  this  is 

3  hcd  .  ad  —    abd  .  cd 

+  3  abd .  cd  —    hcd  .  ad 

—  2acd  .  bd 

—  2  bed .  ad  —  2acd  .  bd  +  2abd .  cd 

=  2  (hcd  .  ad  +    cad  .  bd  +    abd  ,  cd), 

which  is  easily  seen  to  vanisli ;   the  value  is 

(b  -  c)  (c  -  d)  (d  -b){a-  df  =  _  (6  -  c)  (a,  -  df  (b  -d)  {c-  d) 

+  (c  -a)ia~d){d-c){b~df     -(c-a){a-d)  (h-dy(c-d) 

+  (a -  h){b  "  d)(d-  a)  (c  - dy     -{a-b){a-d)  (b~d)  {c~df: 

viz.  omitting  the  factor  (a  —  d){h  —  d)  (c  —  d),  this  is 

=  -{h-c){a~d) 

-(c-a)(h-d) 

-ia-b)(c-d). 

which  vanishes.  Hence  the  function  also  vanishes  if  e  =  a.,  or  (^  =  6  or  h  =  c,  or  c  =  d: 
and  it  is  thua  a  mere  numerical  multiple  of  (a  —  b)(b  —  c) (c  —  d)(d  —  e) (e  —  a),  or  say  it 
is  =  Mahcde. 

To  find  M  write  e  =  c,  the  equation  becomes 

3a&c  .  dc  —  cda .  cb  =  Mabcdc,  —  Mahe  .  dc, 

+  Bbcd  .ca  —  ac 

4-  3(fca ,  be 

+  3ctt6  .  cd,, 
viz.  this  is 

6aic .  dc  +  i>dbc .  ac  +  4>adc  .bc  =  M  .abc.  dc, 

giving  J/=  10.     In  fact,  we  then  have 

-  iabc  .  dc  +  'idbc .  ac  +  iadc .  6c  =  0, 

-  abc .  dc  —    bdo  .  ac  —    doc  .bc  =  0, 
which  is  right.     And  we  have  thus  the  identity 

3  /     abc  .  de\  -  I     abd  . 
\-  hcd  .  ea\        \+  bee  .  da\ 
I-  ode  .  ab\.     J+  cda  .  eb  \ 
f  dea  .bc\        \+  deb  .  ac  \ 
(-  eah .  cdj        \+  eac  . 

3  [abcde]  —  [acebd]  =  10  {abcde\. 


that  is, 


or  say 
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685. 
ON  MR  COTTERILL'S  GONIOMETRICAL  PROBLEM. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  xv.  (1878), 
pp.  196—198.] 

The  very  remarkable  formulfe  contained  in  Mr  Cotterill's  paper,  "A  goiiiometrical 
problem,  to  be  solved  analytically  in  one  move,  or  more  simply  synthetically  in  two 
moves,"  Quarterly  Mathematical  Journal,  t,  vir.  (1866),  pp.  259 — 272,  are  presented  in 
a  form  which,  to  say  the  least,  is  not  as  easily  intelligible  as  might  be ;  and  they 
have  not,  I  think,  attracted  the  attention  which  they  well  deserve. 

Using  his  notation,  except  that  I  write  for  angles  small  roman  letters,  in  order 
to  be  able  to  have  the  corresponding  italic  small  letters  and  capitals  for  the  sines 
and  cosines  respectively  of  the  same  angles,  we  consider  nine  angles 

a,     b,     c, 

d,     e,     f, 

X,     y,     z, 

which    are    such    that    the    sum    of    three    angles    in    the    same    line,   or    in    the    same 
column,   is  an   odd   multiple   of  tt.     Of  course,  any  four   angles   such   as   a,  b,  d,   e   are 
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arbitrary,  and  each  of  the  remaining  angles  is  then  determinate  save  as  to  an  even 
multiple  of  tt.  And  it  may  be  remarked  that  these  angles  a,  b,  d,  e  may  represent 
the  inclinations  of  any  four  lines  to  a  fifth  line,  and  that  the  remaining  angles  are 
then  at  once  obtained,  as  in  the  figure.  The  small  roman  letters  are  here  used  to 
denote  as  well  angles  as  points,  being  so  placed  as  to  show  what  the  angles  are 
which  they  respectively  denote ;  the  points  «,  «  are  constructed  as  the  intersections  of 
the  lines  ac,  be  by  the  circle  circumscribed  about  fsy,  and  the  angle  z  is  the  angle 
which  the  points  *,  *  subtend  at  x  or  y.  It  will  be  observed  that  the  sum  of  the 
three  angles  in  a  line  or  column  is  in  each  ease  =  tt. 

But  this  in  passing :  the  analytical  theorem  is,  first,  we  can  form  with  the  sines 
and  cosines  of  the  angles  in  any  two  lines  or  columns  a  function  S  presenting  itself 
under  two  distinct  forms,  which  are  in  fact  equal  in  value,  or  say  S  is  a  symmetrical 
function  of  the  two  lines  or  columns,  viz.  for  the  first  and  second  linos  this  is 

■^(d      e'     f)  =  '^'^^c  +  e^£c(t+/^C^a& 
=  a'  Def  +  Jf  Efd  +  <fFde, 
where,  as  already  mentioned,  a,,  A  denote  sin  a,  cos  a,  and  so  for  the  other  letters. 

Secondly,  if  to  the  S  of  any  two  hues  or  columns  we  Eidd  twice  the  product  of 
the  six  sines,  we  obtain  a  sum  M  which  has  the  same  value  from  whichever  two 
lines  or  columns  we  obtain  it;  or,  say  M  is  a  symmetrical  function  of  the  matrix  of 
the  nine  angles.     Thus 


Jl/  =  SQ'     ^'     ''^  +  ^ahcdef, 


which  is  one  of  a  system  of  six  forms  each  of  which  (on  account  of  the  two  forms 
of  the  S  contained  in  it)  may  be  regarded  as  a  double  form,  and  the  twelve  values 
are  all  of  them  equal.  There  are,  moreover,  15  other  forms,  of  M,  viz.  3  line-forms, 
such  as 

hcdx  +  caey  +  dhfz  (belongs  to  line  a,  b,  c), 

3  column-forms,  such  as 

dxho  -i-  !caef-\-  adyz  (belongs  to  column  a,  d,  x), 
and  9  term -forms,  such  aa 

e's^  +f^y^  +  2efyzA  (belongs  to  term  a), 
and  the  12+  15,  =27  values  are  all  equal. 

The   several   identities  can  of  course  be   verified  by  means  of  the  relations  between 
the  nine  angles,  or  rather  the  derived  sine-  and  cosine -relations 

C^ah  -AB, 

G  =aB+bA,  &c. 
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written 


Thus,  as   regards   the   two   forms  of  S('     '   ,),  the  identity  to  be   verified   may  be 


c  (<PAJ?+  e^Ba  -  cFde) ^/(a'De  +  b'Ed  -/Gab). 

Proceeding  to  reduce  the  fector  ci'De  +  h^Ed—fCab,  if  we  first  write  herem  f  =  eD  +  dE, 
it  becomes 

a^'De  +  b^Sd  -  (eD  +  dE)  Gab, 
which  is 

=  aDe  (a  -  6  (7)  +  hEd  (b  -  aG). 

and  then  writing  G=ab-AB,  we  have  a-bG  =  a(l~b'')  +  bAB,  =B(aB  +  bA),  =Bo; 
and,  similarly,  b  —  aG=  Ac;  whence  the  term  is  =  c (oeBD  +  bdAE) ;  or,  in  the  equation 
to  be  verified,  the  right-hand  side  is  =cf(aeBD  +  bdAE),  and  by  a  similar  reduction, 
the  left-hand  side  is  found  to  have  the  same  value. 

The  paper  contains  various  other  interesting  results. 
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ON    A    FUNCTIONAL    EQUATION. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  xv.  (1878),  pp.  315 — 
325;  Proceedings  of  the  London  Mathematical  Society,  vol.  ix.  (1878),  p.  29.] 

I   WAS  led   by   a   hydrodynamical   problem  to.  consider  a  certain  fiinctioiial  equation ; 

viz.  writing  for  shortness  x,  = '-^ ,  this  is 

^  ^      cx  +  d' 

.        .         .  .Ax  +  B 

I  find  by  a  direct  process,  which  I  will  afterwards  explain,  the  solution 
A    -^        ^[{0'-dy  +  ibc]{AB-BC)  r  sinj^fainijidi 

^x-  ^0!+  G{dG-cD)' Jo    sin^sinhTT*  ' 

where  £f  is  a  constant,  but  ^,  ri  are  complicated  logarithmic  functions  of  x  (^,  jj,  f 
depend  also  on  the  quantities  a,  b,  c,  d,  0,  B) ;  ainh  irt  denotes  as  usual  the  hyperbolic 
sine,   ^  (e"^  —  e~^'). 

The  values  of  ^,  tj,  ^  are  given  by  the  formula 
^  ^l  ^a'  +  d-'  +  2bc 
X         ad  — be      ' 
a.  =  ax  +  b,    b  =  —  dic  +  6, 
c  =  cx  +d,    d  =      ex  —a, 
W=G3.  +  Dc, 
Z=Gh  +  Dd, 
R=    \c  +  Xd, 


R'^    W  +  ^Z, 
S'  =  ~W~XZ, 
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which  determine  \,  It,  S,  R',  S'  and  then 

There   is  some   difficulty  as   to   the   definite   integral,  on  account  of  the  denominator 

factor  sin  i;'^,   which   becomes   =0   for   the   series   of   values   t=—7r,  but  this  ia  a  point 

which  I  do  not  enter  into. 

I    will    in    the    first    instance    verify   the    result.     Writing    x^   m    place   of  x,   and 
taking  ^i,  jji  to  denote  the  corresponding  values  of  |,  ij,  it  will  be  shown  that 

li  =  f.     Vi^V  +  2f,  see  post,  (1). 

Hence  in  the  difference  (jxe  —  (j>Xi  we  have  the  integral 

rsinfi{sin^f-sin(»;  +  mj}Jt 
I  sin  ^t  sinh  irt  ' 

(where  and  in  all  that  follows  the  limits  are  x ,  0  as  before) ;   here,  since 

sin  Tjt- sin  (T)  +  2^)t=-  2  sin  ?f  cos (i;  +  f) i, 

the  factor  sin  ^t  divides  out,  and  the  numerator  is 

=  -  2  sin  Ji  cos  (v  +  Ot> 
which  is 

=  sin(7?  +  ?-f)*-sin(^  +  r+|)S. 

Hence  the  integral  in  question  is 

^  f  sm{j)  +  Z-^)tdt _  f  sin(i?  +  g+g)i(?i 
J  sinh  TTt  J  sinh  7rt 

Now  we  have  in  general 


_         [smatdt  _ 
-  exp.'a  ~  *  " . 
(this  is,  in  fact,  Poisson's  formula 


^_     _  1  „  f  s™  °^  '^i . 

1  +  exp.  a  J   sinh  7rt  ' 


1  +  k^'^" 


=  1-2 


"  sin  (2n  log  §_  +  log  k)  t .  dt 


in    the    second    Memoir    on    the   distribution    of  Electricity,   &c.,  Mem.   de   VInst.,    1811, 
p.  223) ;    and  hence  the  value  is 

1  1 


1  +  exp.  {n  +  i;-  ^)     1  +  exp.  (i?  +  ?  +  ?) ' 
RS' 


g  X  +  i  log -;7ri; ,     ?  =  ilr- 


^  +  ^+f  =  logX  +  ilog|'  =logx|. 
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and  the  value  is  thus 

_  1         ,        1  (ES'-Ii'8)\ 

(\R-  +  S')(\B  +  S)' 

Hence,  from  the  assumed  value  of  <j>x,  we  obtain 
AVe  have 


ad  — bo 

MX+     S  =  {X^-l)(ca!  +  d),  see  post,  (2), 

n'X+    S'=(X~l)(a  +  d)iaa!  +  D), 


c< 

ox  +  d 

.^- 

■aji, 

Vl(»- 

-df  +  ib<!\{AD- 

-BC) 

(11  + 

d)\ 

0 

(ad- 

-fc)(X"- 

-I)(Wi 

:  +  D) 

X 

ad- 

-he 

But  from  tile  value  of  X, 

X"^l  "  (a  +  d)^l(a~df  +  ibc] ' 
and  the  equation  thus  is 

as  it  should  be. 

(1)      For    the   foregoing  values    of    ^,,   y,,   we    require    E„   S-^,   R^',   S,',  the   values 
which  R,  8,  R',  S'  assume  on  writing  therein  Wi  for  x.     We  have 

Ri=     X  (cxi  +  d)+     (ciKi  —  a), 

Sj  =  -     (ex,  +  d)-X  (c«j  -  «): 

substituting  for  ix^  its  value,  we  find 

Rj  (ex  +  d)  =  (a  +  d)X(ac  +  d)-(ad- bo) (X  + 1), 

(a  +  df  X 


or  writing  herein 

this  is 

and  similarly 


S,(c  +  d)  =  l±-{8. 
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We  have  in  like  manner 

i?/=      W,  +  ^Zj,  where   W^  =  G(    ax,  +  b}  +  D(ca;:+d), 
S^'  =  -  Tf, - XZ^,    where    Z,  =  C{- dic^  +  b)  +  D(ca:^~ a). 
Substituting  for  x^  its  value,  we  find 

W,  (cas  +  d)^C[{a+  d)  {ax  +  b)-  (ad  -  bo)  x]  +  D  [(a  +  d)  (cw  +  d)-(od-  be)], 
Z,(ca:  +  d)  =  G[  -(ad~bc)x]+D[  -  {ad  ~  be}]  : 

hence,  substituting  for  ad  — be  as  before, 

F, {e^  +  d)=  -^^^  {{\  +  lfW~(a  +  d)\ (Oc  +  D)}, 

Z, {cx  +  d}^ KTTr  ^  ~{a  +  d)\{Ca>  +  D)\. 

whence  without  difficulty 

E,  {ex  +  d)^^    -— r-    a, 

S,'{ex  +  d)=       ^^S': 
consequently 

R,'S,~     R'S' 

Ii,R,'     ^^ER'  ,      ^   ,  „^^ 

~S~S'^      S'S"      "    '  ''' = '''g ^  + '?'  =^i  +  % 

which  arc  the  formulae  in  question. 

(2)     For  the  value  of  RS'  —  R'S,  we  have 

RS' - R'S  =  {Xc  +  d){-  W -\Z)-{-'X.d-c)(w  +  ^ 

=  (-  V  +  i)  eZ+  {X  +  1)  ((d  -  c)  W-dR\ 

=  _(X-,l)j/l  +\  +  l^c^  +  (c-d)  Tf +  d^|; 
or  substituting  for  \  +  — ,  Z  and  W  their  values,  this  is 

-  ~^^_~^^  l{a'+  d'+ad  +  bc)  c  (hC+dl)) 

+  {od-  be)  [(c  -  d)  (aC  +  c-D)  +  d  (bC  +  dZ))]|. 
In  the  term  in  J     ],  the  coefficient  of  C  is 

[{a^  +  d^  +  ad  +  be)})  +  {ad  —  6c)  a]  c  —  d  (a  —  b)  {ad  —  be) 

=  {a  +  d)  {db  -  bd)  c-{a  +  d)da:  {ad  -  be), 
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and  similarly  the  coefficient  of  D  is 

[{a!'  ■^■  d?-\-ad  +  hc)A  +  (ad  -  6c)  c]  c  —  d  (c  —  d)  {ad  -  ho) 

=  («  +  <;)  (ad  -  cb)  c  -  (a  +  d)  d  ((7d  -  he). 
Hence  the  whole  term  in  {     ]  is 

=  (tt  +  d)  {[(rfb  -  6d)  c  -  d  («^  -  be)  a^]  C  +  [(ad  -  cb)  c  -  d  {ad  -  6c)]  D], 

which  is  readily  reduced  to 

{a  +  d)  (ad  -  be)  (-  clG  +  cD) ; 
also 

sA-ho  =  {a  +  d){ex^  +  {d- a)x-h]  ; 
so  that  we  have 

B8'-R'S^^^^^^^^^^{dO-cB)[cx-'  +  {d-a)x-h], 

which    is    the    required    value    of   RS'  —  R'S;    and    there    is   no   difficulty   in   obtaining 
the  other  two  formulEe, 

RX  +S  ^{V-l){cx  +  d), 

R'X  +  S'^{X  -l){a  +  d)(Ca!  +  J)); 
the  verification  is  thus  completed. 

To  show  how  the  formula  was  directly  obtained,  we  have 
Aic+B  _A      AD-BC       1 
Cx  +  D~  C  0  ""     Ca:  +  D 

=  ^  +  0x  suppose ; 
the  equation  then  is 

Hence,  if  a;,,  iCj,  ic^, ...  denote  the  successive  functions  &^,  &X  ^^c,  &c.,  we  have 


whence  adding,  and  neglecting  ipx^  and  x^,  we  have 

4^  =  ^cc+[{a>-w,)0x  +  {w,-cc,)^a!,  +  {a!,-cc,)^w,+  ...l 

where    the    term    in    [     ],   regarding   therein   Xi,   x^,   x^,...   as  given   functions  of  w, 
itself  a  given  function  of  x ;   and  it  only  remains  to  sum  the  aeries. 

Starting  from 

'  CX+  d' 

and  writing 
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then  the  nth.  fanction  is  given  by  the  formula 

_  (X'"+'  -  1)  ((tx  +  6)  +  (X»  -  X)  (-  dx  +  5) 
)c^  ~  'A^x  -    ^^„^,  _  ^^  ^^_^  +  d)+  (X."  -  X)  (ca;  -  a) 

_(X''+'-l)a  +  (X,''-X)b 
"(X"+'-l)c+(X»-\)d 

X"ii  +  S' 
if  P  =  \a  +  b,  Q  ==  -  a  -  Xb,  and  as  before  B  =  Xc  +  d,  ,?  =  -  c  -  Xd. 

I   stop   to  remark   that   X  being   real,   then   if  X  >  1   we   have   X"   very  large   for   n 

P 
very  large,  and  i»"  =  p  which  is  independent  of  n ;   the  value  in  question  is 

_  X(rag  +  b)  +  (~dx  +  b) 
"     X  (as  i- d) -\- {    c(c  —  a) ' 

which,  observing  that  the  equation  in  X  may  be  written 
Xa~d  _h(\+l) 
c{X  +  l)~   Xd  —  a  ' 

is,   in    fact,   independent    of   x,    and    is    =^ ^    or  --^ — -i;   we   have   a!,^i—Xn,   or 

'  '1-  c(X  + 1)  Xd  —  a 

calhng  each  of  these  two  equal  values  x,  we  have 

_  ax  +  b 
cx  +  d' 

which  is  the  same  equation  as  is  obtainable  by  the  elimination  of  X  from  the  equations 

_    Xa-d   _b(X  +  l) 
'^ ""  c (X  +  1) ~  \d-a  ' 

The  same  result  is  obtained  by  taking  X  <  1  and  consequently  «„  =  -^ . 

We  find 

i^n-,       «»       In-lJi+S       X»R  +  S' 


■'(X-  1)  (PS-QR) 


(X^-'R  +  8)'(X"R  +  S)" 
vherc 

PS-QR=-(X'~l)(B.d-hc)^^(}J'~l)(a  +  d)[cx'-\-id-a)x-b]; 

md  therefore 

_  (X-l)(X=-l){a  +  d){cx'  +(d-a)x~b]X'' 
'^'"-'      *"  "  X  (X»-^fi  +  S)  (X"J?  +  yS) 

^so 

AD-BC  1 
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where 

Oa>„_i  +  IJ-  ^,,_,^  _^  ^  _  ^^^^  ^  ^, , 

where 

J.,     GF     BR        ^  /  b  A       n  r  d\ 

S"  =  CQ+i)y5,    =(7(-a-b?.)  +  i>(-c-d\); 
■viz. 

B'=W  +  ^Z,    S'=-W-XZ, 
where  Z  and   W  denote  aO  +  eJ3  and  bC  +  dZ*  as  before. 
We  hence  obtain 


(«!„-,- a..) /S 


-MJ-JC) 
0 
(X  -  1)  (X-  -  1)  (a  +  <;)  (ca'  +  (li  -  a)  ai  -  i)       x»    

_  -  (j:z)  -  BC) 
c 

(X  -  1)  (X'  -  1)  (a  +  li)  {e^'  +  (li  -  ii)  8  -  t;        (ES'  -  R'S)  V 
^  \iBa'-B'S)  (JiX-  +  S)(]E'>?+S')' 

or,  substituting  for  i?,S'  -  R'S  its  value  in  the  denominator,  tliis  is 

AB-BO    (ad  -  be)  (X-  -  1)     _   (BS'~RS)X- 
C        {a  +  d)X(cD-iC)  (i!X"  +  S) (i2'X»  +  S') 

VK(»-<i)'+4fel(^J- JP)       (BS'-It'S)V 

C(cD-dC)  (BK'  +  SUB'V+S')- 

and  tlience 

,4         V|(i»-(i)'+«el(^J-iiC)^        (ii,S'-ifS)X- 
''        C"  C(»i)-dC)  '  "(BX"  +  S)(fi'X"  +  S')" 

the  sumtnation  extending  from  1  to  oo . 

Now  tile  before-mentioned  integral  formula  gives 

Tsin  (m  log  X  -1-  log  k)  t  dt 
J  sinh  Trt  ' 


(^«-.-«^.);3^n  = 


l  +  kX"' 


("sin  («.  log  \  +  log  A')  t  dt 


,ing   . 
n  f  m  log  X  +  log  g  j  i  -  sin  fra  log  X  +  log  ^,  J  (, 


Taking   the   difference,   and    then   writing   k  =  -^,    k'  =-^,   we   have    under    the   integral 
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which  is 

its  \  I    .      ,,11      -Hit  \ 


n  \  (^•^S-^s)  *  ^"^  ("log^  +i  log^ss")  *' 


which  attending  to  the  before-mentioned  values  of  ^,  ij,  f  is 

=  2siii^(cos(2m^-f +  T,)(, 
and  the  formula  thus  is 

S^_  _  __J^        _  _        (RS'  -  R'8)  X"       ^  _  [2  sin  ^t  cos  (2n^  ~  ^  +  tj)  t  dt 

RV  +  S     R'X^  +  S"  ~     (RX"  +  S) (RX""  +  S')        }'"  sinhTrf  "      ' 

We  have  here 

cos  (2<- ?  + 1?)  ( =  COS  2-«?i  cos  (^  -  ^  i  -  sin  2)ifi  sin  (i)  -  0  i, 
whence  summing  from  1  to  oo    by  means  of  the  formulse 

cos2^t  +  msi^t+  ...  =-i, 

sin  2^t  +  sin  ■tf(  +  . . .  =     ^  oot  ^t, 

(which    series    however    are    not    convergent),    the    numerator    under    the    integral    i 
becomes 

sin  ^t  {—  cos  (t)  —  f )  i  -  cot  ^t  sin  (i)  -  ^)  t], 
which  is 

_     sin  ^t  sin  ijt 

and  the  formula  thus  : 


St- 


(BS'  -  R'S)  X"       _  _  !  sin  g^  sin  yt  dt . 


"  (RX"  +  S)  {R'X"  +  8')        J  sin  ^t  sinh  Tri  ' 
and  we  therefore  find 


S)X"       _  _  /  sii 
V  +  S'^)"     J   s: 


4        ^/{(a  -  dy  +  46c]  (AD  -  BG)  fsm 
0iC-^K+  air,n-d(T\  sin 


^(  sin  iji  dt 


which  is  the  result  in  question. 

The   solution    is    a    particular    one ;    calling    it    for    a    moment    (^ic),   then,   if   the 
general   solution   be  ^w  =  ^x  +  (<pie},  it  at  once  appears  that  we  must  have  4'ic  —  "J)*,  =  0 ; 

and   as  it   has  been   shown   that   -gin  is  a   function   of   x  which    remains   unaltered   by 

the   change    of    tc    into    a:,,    this    is    satisfied    by  assuming   <J}x=f  I  „■-„)•    ^"    arbitrary 
,  R8 
R'S- 

/©■ 

Postacript     The  new  formiiia 

(V"  ~l)(m  +  b)  +  (V  -  X)  (-  (fa  +  i) 
(X"+>-l)(ca;  +  ii)  +  (X»-X)(     «-«)' 
,   ,  1      o"  +  #  +  26c 

C.   X. 
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for    the    nth    repetition    of    '^x,    =    '^   -,,    is    a    very    interesting    one.      It    is    to    be 

remembered  that,  when  n  is  even  the  numerator  and  denominator  each  divide  by 
X  -  1 ,  but  when  n  is  odd  they  each  divide  by  V  —  1 ;   after  such  division,  then   further 

dividing  by   a   power   of  X,   they   each   consist   of    terms   of    the    form   X"  +  -  ,  that   is, 

they  are  each  of  them  a  rational  function  of  ?^  +  ^.  Substituting  and  multiplying 
by  the  proper  power  of  ad  —  be,  the  numerator  and  denominator  become  each  of 
them  a  rational  and  integral  function  of  a,  h,  c,  d  of  the  order  n  +  1  when  n  is  even, 
but  of  the  order  n  when  n  is  odd ;  in  the  former  case,  however,  the  numerator  and 
denominator  each  divide  by  a+rf,  so  that  ultimately,  whether  «  be  even  or  odd,  the 
order  is  =«  as  it  should  be. 

For  example,  when  n  —  2,  the  value  is 

!\    _l___Ll\r,_l_}. 

(X°  -  1)  a  +  (X'  -  X)  b      ^(X'  +  X  +  I)a  +  Xb 
(X=  -  1)  c  +  (X=  -  X)  d '        (X^  +  \  +  1)  c  +  Xd ' 

or,  as  this  may  be  written, 

fx  +  -  +  2)  a  -  a  +  b 

s+d' 


(x4.l)c 


(..i..). 


where,  observing  that 


X  +  l  +  2  =  ^^-}\     -a  +  b  =  -(a  +  d)^',     -c  +  d  =  -ia  +  d), 
X  ad  —  be 

the  numerator  and  denominator  each  divide  by  a  +  d,  and  the  iinal  value  is 

_  {a  +  d)  {aas  4  h)  -  (ad  -  be)  x      ^  {a^ +  hc)x-^h{a->rd) 
~  (a+d)(cx  +  d)--(ad~hc)  '  c{a  +  d)a)  +  bc  +  d^  ' 

which  is  the  proper  value  f>i 'ii'^x.     But,  when  n  =  'i,  the  value  is 

(X^-l)a  +  (X^-X)b       ^(XM^I)a  +  Xb       J^'^^^^_^. 

(^4  _  1)0  -+ (V  _  X)  d '      (V  +  i)"c  +  Xd  ■      r~_^  vr^  ^ ' 

and  this  is 

_  (ffi^  +  d'-\-  26c)  (oa:  +  6)  +  {ad  ~  he)  (-  dx  +  h) 
^  (a?  +  d^-¥  26c)  {ex  +  d)  +  {ad  -hc){    ex -a)' 

or  finally 

_  {a^  +  2a&c  +  bed)  x  +  h  {a^  +  ad  +  bo  -{-  d') 
^  c  (ra^  +  arf  +  6c  +  rfO  ic  +  {aba  4-  '2bed  +  d^) ' 

which  is  the  proper  value  of  'A^x. 
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NOTE   OF  THE   FUNCTION  te  =  rf(c-a;) +  {c(c-3!)-6'}. 


[From    the    Quarterlt/    Journal    of  Pure    and    Applied    Mathematics,    vol.    XV,    (1878), 
pp,  338—340,] 


Starting  from  the  general  form 


(x-«  -  1)  (a»  +  )3)  +  (X-  -  X)  (-  8ir  +  ff) 
(X-+'-l)(7a!  +  S)  +  (X"-\)(7a;-a)    ' 


where 

For  the  function  in  question 


(a   form   which   presents   itself   in    the  problem   of   the    distribution   of  electricity   upon 
two  spheres),  the  values  of  a,  0,  7,  B  are 


the  equation  for  X  therefore  is 
or,  what  is  the  same  thing. 


J^  +  T  -  , , , 
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Suppose   that   a,  h,  c   are   the   aides   of  a  triangle  the   angles  whereof  are  A,  B,  C; 
then  c^  =  ffl'  +  6"  —  2ab  cos  G,  or  we  have 


or,  writing  this  under  the  form 

VW  +  ^^j  =  2cosO, 

the   value    of   X    is   at    once    seen    to   be   =e'''';    and    it    is    interesting   to    obtain    the 
expression  of  the  nth  function  in  terms  of  the  sides  and  angles  of  the  triangle. 

The  numerator  and  the  denominator  are 

X»P  +  Q. 

X"R  +  S, 
where 

P  =     \{ax  +  ff)+     (-BX  +  &),     R=     X{'yx-\-Z)+      7«  -  a  , 

Q  =  -     {aa:-\-^)~\(-hx  +  &),    S  =-     {r^!>!  +  h)-\{jx -a). 

Hence,  writing  the  numerator  and  the  denominator  in  the  forms 

Xi^P  +  X-i-'Q, 

these  are 

(P  +  Q)  cos  nG  +  {P  ~Q)  i  sin  nG, 

(R  +  S)  cos  nG+  (R  -  S)  i  sin  nG; 
viz.  they  are 

{X-V)(a  +  B)xcosnG+(X+l){(ci-B)w+2^]ismnG, 

{X~l){a  +  B).cosnG+(K+l){2yai~'(a~B)}isinnG, 

or,  observing  that  ^    -    =*tan(7  and   removing   the   common   factor  i(\  +  l),   they   may 

be  written 

tan  G{a  +  B)w  cos  nC  +  {(a-B)a:+  2/3}  sin  nG, 

tan  G(oL  +  B).  cos  nG  +  [2ja:  -  (a  -  «)    )  sin  nG. 
Substituting  for  a,  ^,  y,  B  their  values,  these  are 

tan  C  {{(!'  -  a=  -  &=)  x  cos  nG]  +  {(b^  -a^  —  c^)a:+  ■2a=cj  sin  nG, 

tan  C  {(d'  -a? -If),  cos  nC]  +  {-  2c«  -  (6^  -  «=  -  c^))  sin  nG, 

=  tan  G  {—  ah  cos  Gx  cos  nC     }  +  (—  ac  cos  B .  a;  +  a-c    }  sin  nG, 

tan  (7  (—  (li  cos  Gx  cos  wC     )  +  {—  Cic  +  oe  cos  B  \  sin  ?iC, 

=  (C  [-  (i&  sin  G  cos  ?iC  -  ac  cos  B  sin  nC}  +  a'o  sin  nO, 

—  ex  sin  n(7  +  {ac  cos  B  sin  wC  —  ah  sin  (7cos  nG) ; 
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or,  writing  heroin  bsinG  =  c sin B,  these  are 

—  acx  (sin  B  cos  nC  +  cos  B  sin  nC]  +  a'c  sin  7iC, 

—  ex  sin  nC  4-  «c  [cos  jB  sin  nG  —  sin  B  cos  «(7], 
whence  finally 

_(i'sin»g-qg^sin(»g  +  ^) 
^       asin(K0-B)-icsin!i(7  ■ 

As  a  verification,  writing  n  =  1,  we  have 

a^ainC-Msin^ 


Sra:  = 


a  sin  (C  —  5)  —  x  ain  C 


siii{a-B) 

ac V-7S — -  -Cic 

sm  0 

or  observing  that 

sin(C-m       ,     ,, 
sm  U 

(for  this  is  sin  J.  sin  (C  — i?)  =  sin^(7— sin'^5),  we  have 

(^  —  6^  —  ca; 

as  it  should  be.  If  in  the  formula  for  ^"ic  we  write  a;=0,  we  have  a  formula  given 
in  the  Senate-House  Problems,  January  14,  1878 :  it  was  thus  that  I  was  led  to 
investigate  the  general  expression. 
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[From  the  Quarterly  Journal  of  Pure  and  Ajyptied  Mathematics,  vol.  xv,  (1878), 
pp.  340—347.] 

I  CONSIDER,  from  a  geometrical  point  of  view,  the  phenomena  of  a  aolar 
over  the  earth  generally ;  attending  at  present  only  to  the  penumibral  cone,  the 
vertex  of  which  I  denote  by  V.  It  is  convenient  to  regard  the  earth  as  fixed,  and 
the  sun  and  moon  as  moving  each  of  them  with  its  proper  motion,  and  also  with 
the  diurnal  motion.  The  penumbral  cone  meets  the  earth's  sui'face  in  a  curve  which 
may  be  called  the  penumbral  curve;  viz.  when  the  cone  is  not  completely  traversed 
by  the  earth's  surface,  (that  is,  when  only  some  of  the  generating  lines  of  the  cone 
meet  the  earth's  surfeee),  the  penumbral  curve  is  a  single  (convex  or  hour-glass- 
shaped)  oval ;  separated,  as  afterwards  mentioned,  into  two  parts,  one  of  them  lying 
away  from  the  sun,  and  having  no  astronomical  significance ;  but  when  the  cone  is 
completely  traversed  by  the  earth's  surface,  then  the  penumbral  curve  consists  of  two 
separate  (convex)  ovals;  one  of  them  lying  away  from  the  sun  and  having  no 
astronomical  significance,  the  other  lying  towards  the  sun.  The  intermediate  case  is 
when  the  cone  just  traverses  the  earth's  surface,  or  is  touched  internally  by  the 
earth's  surface ;  the  penumbral  curve  is  then  a  figure  of  eight,  one  portion  of  which 
lies  away  from  the  sun,  and  has  no  astronomical  significance  i  there  is  another  limiting 
case  when  the  cone  is  touched  externally  by  the  earth's  surface,  the  penumbral  curve 
being  then  a  mere  point. 

It  is  necessary  to  consider  on  the  earth's  surface  a  curve  which  may  for  shortness 
be  termed  the  horizon ;  viz.  this  is  the  curve  of  contact  of  the  cone,  vertex  F, 
circumscribed  about  the  earth ;  it  is  a  small  circle  nearly  coincident  with  the  great 
circle,  which  is  the  intersection  by  a  plane  through  the  centre  of  the  earth  at  right 
angles  to  the  line  from  this  point  to  the  centre  of  the  sun. 

"Regarding  F  as  a  point  in  the  heavens,  capable  of  being  viewed  notwithstanding 
the   interposition   of  the   moon ;    the   horizon,   as   above   defined,  is   the  curve  separating 
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the  portions  of  the  earth's  siii-face  for  which  V  ia  visible  and  invisible  respectively. 
The  horizon  does  or  does  not  meet  the  penumbral  curve,  according  as  this  last 
consists  of  a  single  oval  or  of  two  distinct  ovals;  viz.  in  the  latter  ease  the  horizon 
lies  between  the  two  ovals,  in  the  former  case  the  horizon  traverses  the  area  of  the 
oval  (separating  this  area  into  two  parts),  thus  meeting  the  oval,  or  penumbral  curve, 
in  two  points,  or  say  these  points  separate  the  oval  into  two  parts;  from  any  point 
of  the  one  part  V  is  visible,  from  any  point  of  the  other  part  V  is  invisible ;  and 
from  each  of  the  two  points  themselves  V  is  visible  as  a  point  on  the  horizon  in 
the  ordinary  sense  of  the  word ;  that  ia,  there  is  an  exterior  contact  of  the  sun 
and  moon  visible  on  the  horizon.  It  is  to  be  observed  that,  in  the  limiting  cases 
where  the  penumbral  curve  is  a  mere  point  and  a  figure  of  eight  respectively,  the 
horizon  passes  through  the  mere  point  and  through  the  node  of  the  figure  of  eight 
respectively. 

The  two  points  of  intersection  of  the  penumbral  curve  with  the  horizon  may 
for  shortness  be  termed  critic  points.  The  lines  which  present  themselves  in  a  diagram 
of  a  solar  eclipse,  {see  Nautical  Almanac)  are  the  "northern  and  south  lines  of  simple 
contact,"  say  for  shortness  the  "  iimits " ;  viz,  these  are  the  envelope  or,  geometrically. 
a  portion  of  the  envelope  of  the  penumbral  curve ;  and  the  lines  of  "  eclipse  begins 
or  ends  at  sunrise  or  sunset,"  say  for  shortness  the  critic  lines ;  viz.  these  are  the 
locus  of  the  critic  points. 

The  point  V  considered  as  a  point  in  the  heavens  is  a  point  occupying  a  position 
intermediate  between  those  of  the  centres  of  the  sun  and  moon;  hence  referring  it 
to  the  surface  of  the  earth  by  means  of  a  line  drawn  from  the  centre,  its  position 
on  the  earth's  surface  is  nearly  coincident  with  that  point  to  which  the  sun  is  then 
vertical ;  and  its  motion  on  the  earth's  surface  is  from  east  to  west  approximately 
along  the  parallel  of  latitude  =  sun's  declination,  and  with  a  velocity  of  approximately 
15"  per  hour.  For  any  given  position  of  V  on  the  earth's  surface,  describing  with 
a  given  angular  radius  nearly  =  90°  a  small  circle  (nearly  a  great  circle),  this  is  the 
horizon;  as  V  moves  upon  the  surface  of  the  earth,  the  horizon  envelopes  a  curve 
which  is  very  nearly  a  parallel,  angular  radius  =  sun's  declination  (there  are  two  such 
curves  in  the  northern  and  southern  hemispheres  respectively,  but  I  attend  only  to  one 
of  them  in  the  proper  hemisphere,  as  will  be  explained),  say  this  is  the  horizon  -  en  velop  e ; 
the  horizon  in  each  of  its  successive  positions  is  thus  a  curvilinear  tangent  (nearly 
a  gi-eat  circle)  to  this  horizon- envelope.  If  for  a  given  position  of  V,  and  also  tor 
the  consecutive  position  we  consider  the  corresponding  horizons,  these  intersect  in  a 
point  K  on  the  horizon -envelope,  and  the  horizon  for  V  is  the  circle  centre  V  and 
angular  radius  VK ;  K  is  a,  point  which  is  very  nearly  upon,  and  which  may  be 
taken  to  be  upon,  the  meridian  through  V;  the  horizon  may  be  regarded  as  a 
tangent  which  sweeps  round  the  horizon-envelope;  to  each  position  thereof  there 
corresponds  a  position  of  V,  and  consequently  also  a  penumbral  curve ;  and  (when 
this  is  a  single  oval)  the  horizon  meets  it  in  two  points,  which  are  the  critic  points. 
It  is  to  be  added  that,  if  for  a  given  position  of  the  horizon  we  consider  as  well 
K  as  the  opposite  point  Ki,  (viz.,  K,  lies  on  the  great  circle  KV),  then  the  points 
K  and  K^  divide  the  horizon  into  two  portions ;   for  any  point  on  one  of  these  portions 
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V  (considered  as  a  point  in  the  heavens)  is  rising,  for  a  point  on  the  other  of  them 
it  is  setting ;  and  for  the  points  K  and  K^  respectively  it  is  moving  horizontally ; 
that  is,  first  rising  and  then  setting,  or  vice  versd. 

A  solar  eclipse  is  of  one  of  two  classes ;  viz.  either  the  penumbral  cone  completely 
traverses  the  eai-th,  so  that  towards  the  middle  of  the  eclipse  the  penumbral  curve 
consists  of  two  separate  ovals :  or  the  penumbral  cone  does  not  completely  traverse 
the  earth,  so  that  throughout  the  eclipse  the  penumbral  curve  consists  of  a  single 
oval  only.  In  the  former  case,  we  have  to  consider  the  commencement,  during  which 
the  penumbral  curve  passes  from  a  mere  point  to  a  figure  of  eight :  the  middle, 
during  which  it  passes  from  a  figure  of  eight  through  two  ovals  to  a  figure  of  eight : 
and  the  termination,  during  which  it  passes  from  a  figure  of  eight  to  a  mere  point. 
In  the  latter  case,  we  consider  the  whole  eclipse  during  which  the  penumbral  curve 
passes  from  a  mere  point  through  a  single  oval  to  a  mere  point. 

In  an  eclipse  of  the  first  class:  for  the  commencement,  the  penumbral  curve  is 
at  fii-st  a  mere  point  (point  of  first  contact) ;  it  then  becomes  a  convex  oval,  each 
oval  in  the  first  instance  inclosing  the  preceding  ones,  so  that  there  is  not  any 
intersection  of  two  consecutive  ovals.  We  come  at  last  to  an  oval  which  is  touched 
north  by  its  consecutive  oval,  and  to  an  oval  which  is  touched  south  by  its  consecutive 
oval  (I  presume  that  the  contacts  north  and  south  do  not  take  place  on  the  same 
oval,  but  I  am  not  sure) ;  and  after  this,  the  ovals  assume  the  hour-glaas  form,  each 
oval  intersecting  the  consecutive  oval  in  two  points  north  and  two  points  south ;  the 
ovals  thus  beginning  to  form  an  envelope  or  limit.  There  are  on  each  of  the  ovals 
two  critic  points,  and  we  have  thus  a  critic  curve  commencing  at  the  mere  point 
(point  of  first  contact)  and  extending  in  each  direction  from  this  point.  The  point, 
where  an  oval  is  touched  by  the  consecutive  oval,  is  not  so  far  as  appears  a  critic 
point;  that  is,  the  critic  curve  does  not  at  this  point  unite  itself  with  the  envelope 
or  limit.  But  the  critic  curve  comes  subsequently  to  unite  itself  each  way  with  the 
limit;  and,  since  clearly  it  cannot  intersect  the  limit,  it  will  at  each  of  these  points 
touch  the  limit,  thit  is  we  have  a,  critic  cuivp  extending  each  way  from  the  point 
of  first  contact  until  it  touchLs  th  noithem  limit  md  until  it  touches  the  southern 
limit.  Observe  that  the  penumbral  curve  as  bemg  at  first  a  mere  point  or  an 
indefinitely  small  t^il  does  not  at  fir'it  contain  withm  itself  the  point  K  or  K^: 
it  can  only  come  to  do  this  by  pai'smg  thi  ugh  a  position  where  the  curve  passes 
through  K  or  Ki  viz  K  m  K  wiuld  then  be  a  cntic  point;  and  I  assume  for 
the  present  that  this  d)es  not  take  place  The  critic  curve  at  the  point  of  first 
contact  is  a  curve  eclipse  begins  at  sunii^e  and  as  not  coming  to  pass  through 
a  point  or  K^,  it  cmnut  liter  its  chtractei  that  i**  the  critic  curve,  as  extending 
each  way  from  the  point  )f  first  contact  until  it  comes  to  touch  the  northern  and 
southern  Hmits  lespectively  is  a  curve  eclipse  be^fins  \t  sunrise";  at  the  terminal 
points  in  question,  there  is  a  mere  contact  of  the  sun  and  moon,  so  that  they  are 
points,  where  the  eclipse  begins  and  simultaneously  ends  at  sunrise.  Continuing  the 
series  of  ovals  until  we  arrive  at  the  figure  of  eight,  there  are  on  each  of  them 
two  critic  points,  which  ultimately  unite  in  the  node  of  the  figure  of  eight ;  these 
constitute   a  critic  curve,  extending  each   way  from   the   node   of  the   figure   of  eight  to 
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the  contacts  with  the  northern  and  southern  liuiita  respectively.  There  is,  as  before, 
no  passage  through  a  point  K  or  ^,,  the  curve  in  question  thus  retains  throughout 
the  same  character ;  and  by  consideration  of  the  two  terminal  points  it  at  once  appears 
that  it  is  a  curve  "  eclipse  ends  at  sunrise."  The  above-mentioned  critic  curves  form 
together  an  oval  touching  the  northern  and  southern  limits  respectively ;  say  this  is 
!  oval. 


The  termination  of  the  eclipse  is  similar  to  this,  only  the  events  happen  in  the 
reverse  order;  we  have  a  critic  line  starting  from  the  node  of  the  figure  of  eight 
and  extending  each  way  until  it  comes  to  touch  the  northern  and  southern  limits 
respectively,  viz.  this  la  the  line  "  eclipse  begins  at  sunset " ;  and  then,  extending  each 
way  from  the  points  of  contact  to  reunite  itself  at  the  point  of  last  contact,  this 
being  the  line  "eclipse  ends  at  sunset,"  and  the  two  portions  together  form  an  oval 
touching  the  northern  and  southern  limits  respectively;  say  this  is  the  sunset  oval. 
It  is  to  be  noticed  that  certain  portions  of  the  two  limits  are  generated  as  the 
envelope  of  the  peiiumbral  curve  during  the  commencement  and  during  the  termination 
of  the  eclipse. 

For  the  middle  of  the  eclipse ;  the  penumbral  curve,  in  the  first  instance  a 
figure  of  eight,  breaks  up  into  two  ovals,  but  only  one  of  these  is  attended  to ; 
and  ultimately  the  oval  unites  itself  with  another  oval  so  as  to  give  rise  to  a  new 
figure  of  eight.  There  is  thus  throughout  the  middle  of  the  eclipse  a  single  oval ; 
this  has,  north  and  south,  an  envelope  which  joins  itself  on  to  the  portions  enveloped 
during  the  latter  part  of  the  commencement  and  the  former  part  of  the  termination 
of  the  eclipse,  and  constitutes  therewith  the  northern  and  southern  limits  respectively, 
viz.  each  of  these  is  considered  as  extending  from  a  point  of  contact  with  the  sunrise 
oval  to  a  point  of  contact  with  the  sunset  oval. 

The  line  K^VK,  or  say  the  meridian  line  through  V,  travels  westwardly,  while 
the  penumbral  curve  travels  eastwardly ;  the  two  come  to  touch  each  other,  and  there 
ai'e  then  two  intersections  which  ultimately  come  to  the  northern  and  southern  limits 
respectively :  the  locus  of  these  is  a  line  of  "  eclipse  commences  at  midday " ;  as  the 
motion  continues,  the  points  of  intersection  move  away  from  the  two  limits  respectively 
and  ultimately  unite  at  the  point  where  the  line  KVKj  again  touches  the  penumbral 
curve ;  the  locus  is  the  line  of  "  eclipse  terminates  at  midday,"  the  two  lines  together 
forming  an  oval  which  touches  the  northern  and  southern  limits  respectively  and  which 
may  be  termed  the  midday  oval.  In  all  that  precedes,  no  distinction  has  been  made 
between  the  two  portions  of  the  horizon- envelope,  or  the  points  K  and  K,,  and  either 
curve  and  point  indifferently  may  be  alone  attended  to. 

Considering  now  an  eclipse  of  the  second  kind,  the  penumbral  curve  is  at  first 
a  mere  poiiit  (the  point  of  first  contact)  and  it  then  becomes  an  oval,  the  successive 
ovals  not  at  first  intersecting  each  other,  but  each  oval  inclosing  within  itself  the 
preceding  ones.  Any  oval  is  met  by  the  corresponding  horizon  in  two  points  P  and  P', 
at  first  coinciding  with  each  other  at  the  point  of  first  contact,  and  then  separating 
from  each  other,  one  of  them,  say  P,  moving  down  towards  and  ultimately  arriving 
at  one  of  the  horizon -envelopes,  say  to  fix  the  ideas  the  southern  one  (which  curve 
c.  X.  40 
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is  henceforth  selected  as  being,  and  is  called,  the  horizon- envelope,  and  the  points  on 
this  curve  arc  taken  to  be  the  points  K),  viz.  P  is  then  a  point  K  on  the 
penumbral  curve,  I  call  it  K^.  The  successive  ovals  will  in  the  meantime  have 
begun  to  intersect  each  other  so  as  to  give  rise  to  a  northern  limit;  this  will  touch 
the  critic  line  (locus  of  P,  P"),  and  we  have  a  portion  of  the  critic  line  extending 
from  the  point  of  first  contact,  in  one  direction  to  the  point  of  contact  with  the 
northern  limit,  and  in  the  other  direction  to  the  point  Ki  on  the  horizon  -  envelope ; 
this  is  the  line  "  eclipse  begins  at  sunrise."  As  the  horizon  continues  to  sweep  on, 
the  other  point  P',  which  has  not  yet  reached  the  horizon -envelope,  will  gradually 
approach  and  ultimately  arrive  at  the  horizon- envelope,  say  at  the  point  K^i ;  we 
have  thus  a  second  portion  of  the  critic  line  extending  from  the  contact  with  the 
northern  envelope  to  the  point  K^;  this  is  the  line  "eclipse  ends  at  sunrise"  The 
horizon  continuing  to  sweep  on,  the  point  P  beginning  with  the  position  K^,  which  is 
now  on  the  other  side  of  the  point  of  contact  of  the  horizon  with  the  horizon-envelope, 
will  trace  out  a  portion  of  the  critic  curve  extending  from  K^  to  a  second  point  of 
contact  with  the  northern  limit ;  this  will  he  the  line  of  "  eclipse  begins  at  sunset." 
And,  finally,  the  point  P  from  the  last-mentioned  point  of  contact,  and  the  point  P" 
from  its  position  K^,  which  is  now  on  the  other  side  of  the  point  of  contact  of 
the  horizon  with  the  horizon-envelope,  (that  is,  P,  P"  have  now  each  passed  through 
the  point  of  contact  of  the  horizon  with  the  horizon-envelope,  and  are  both  of  them 
on  the  same  side  thereof,  viz,  the  side  opposite  to  their  original  side),  will  come  to 
imite  at  the  point  of  the  last  contact ;  we  have  thus  a  fourth  portion  of  the  critic 
curve  extending  from  K.^  to  the  second  point  of  contact  with  the  northern  limit,  viz. 
this  is  the  line  "eclipse  ends  at  sunset."  The  description  will  be  more  intelligible 
by   means  of  the  figure,  in  which  1,  1',  2,  2',..., 8,  8'  represent  successive  corresponding 


positions  of  the  points  P,   P',   the   successive   positions   of  the   horizon  being  given   by 

the  right  lines  11',  22',  &c.,  all  of  them  tangents  to  the  dotted  circle  or  horizon-envelope. 

The   entire   critic   line   is  thus  a  figure  of  eight,  twice  touching  the  horizon -envelope 
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and  also  twice  touching  the  limit.  If  we  consider,  as  before,  the  intersections  of  KV 
with  the  coiTesponding  penumbral  curve,  this  will  be  a  curve  extending  from  Ki  so 
as  to  touch  the  limit,  and  thence  onward  to  K^,  the  portion  from  K^  to  the  contact 
with  the  limit  being  the  line  "  eclipse  begins  at  transit,"  and  the  portion  from  the 
limit  to  Ks  the  line  "  eclipse  ends  at  transit."  I  say  "  transit "  instead  of  midday, 
since  for  a  circumpolar  place  the  phenomenon  may  happen  at  one  or  the  other  transit 
of  the  sun  over  the  meridian.  It  is  to  be  remarked,  that  the  node  of  the  figure  of 
eight  is  a  point,  such  that  the  eclipse  thei'e  begins  at  sunrise  and  ends  at  sunset ; 
this  point  does  not  appear  to  be  an  important  one  in  the  geometrical  theory. 

The  two  loops  of  the  critic  line  may  be  of  very  unequal  magnitudes,  and  in 
particular  one  of  them  may  actually  vanish ;  via.  the  points  K,  and  K^  then  coincide 
together,  and  the  critic  curve  is  a  closed  cuspidal  curve  touching  the  horizon-envelope 
at  the  cusp;  moreover,  instead  of  two  contacts  with  the  limit  there  is  one  proper 
contact,  and  an  improper  contact  at  the  cusp,  that  is,  the  limit  simply  passes  through 
the  cusp.  And  through  this  special  separating  case,  we  pass  to  the  case  where, 
instead  of  the  figure  of  eight,  we  have  a  single  oval,  not  touching  the  horizon- envelope 
(viz,  the  points  .ffj,  K;,  have  become  imaginary),  but  still  touching  the  limit  twice  ; 
this  is  a  distinct  type  for  an  eclipse  of  the  second  class. 

And,  similarly,  in  an  eclipse  of  the  fii-st  class,  where  the  points  K^,  K^  do  not 
in  general  exist  (viz.  geometrically  they  are  imaginary),  these  points  may  present 
themselves  in  the  first  instance  as  two  coincident  points,  viz.  instead  of  the  sunrise 
oval  or  the  sunset  oval  (as  the  case  may  be),  we  have  then  a  cuspidal  curve;  or 
they  may  be  two  real  points,  viz.  instead  of  the  same  oval,  we  have  then  a  figure 
of  eight  touching  the  horizon-envelope  twice,  and  also  touching  each  of  the  two  limits. 
These  are  thus  the  several  cases. 

When  the  Earth  traverses  the  penumbral  cone,  the  critic  curve  is 

1.  A  pair  of  ovals: 

2.  An  oval  and  a  cuspidate  oval: 

3.  An  ovaJ  and  a  figure  of  eight. 

And  when  the  Earth  does  not  traverse  the  penumbral  cone,  the  critic  curve  is 

4.  A  figure  of  eight ; 

5.  A  cuspidate  oval : 

6.  An  oval. 

To  which  may  be  added  the  transition  case  which  separates  1  and  4,  viz,  here  the 
Earth  just  has  an  internal  contact  with  the  penumbral  cone,  and  the  critic  curve  is 

7.  Two  ovals  touching  each  other. 

But  of  course  2,  5,  and  7  are  so  special  that  they  may  be  disregarded  altogether ; 
and  3  and  6  are  of  rare  occurrence.  I  have  not  sufficiently  examined  the  conditions 
for  the  occurrence  of  these  forms  3  and  6 ;  my  attention  was  called  to  them,  and 
indeed  to  the  whole  theory,  by  a  question  proposed  by  Prof.  Adams  in  the  Cambridge 
Smith's  Prize  Examination  for  1869. 

40—2 
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ON     THE     GEOMETBICAL     REPRESENTATION     OF     IMAGINARY 
VARIABLES   BY  A   REAL   CORRESPONDENCE   OF   TWO   PLANES. 


[From  thu  Proceedii^gs  of  the  Lo7idon  Mathematical  Society,  vol.  ix.  (1878),  pp.  31 — 3D. 
Read  December  13,  1877.] 

In  my  i-ecently  published  paper,  "Geometrical  Illustiiti  n  f  a  rheoiem  relating 
to  an  Irrational  Function  of  an  Imaginary  Variable,"  Proceedw  /s  of  tht  London 
Mathe^iatical  Society,  t.  vni.  (1877),  pp.  212—214,  [627]  I  lemaik  at*  fllow^—  If 
we  have  v  a  function  of  ii  determined  by  an  equation  f(u  ^)  =  0  then  tt  any  given 
imaginary  value  x  +  iy  of  u  there  belong  tviJo  or  more  values  in  gcner'il  imagmaiv, 
of  v;  and  for  the  complete  understanding  of  the  relation  between  the  ti^o  imaginwy 
variables  we  require  to  know  the  series  of  values  x' +  iy  which  correspond  to  a  given 
series  of  values  a>-^iy  of  v,  u  respectively.  We  must,  foi  this  puipose  take  r  (/  as 
the  coordinates  of  a  point  P  in  a  plane  H,  and  of,  y  \s  the  cooidmates  ot  a 
corresponding  point  P'  in  another  plane  11' " ; — and  I  then  piocecd  to  tonfidei  the 
particular  case  where  the  equation  between  ^l,  v  is  u-+t^  =  a     that  is   wheie 

{x  +  iyf-\-{af+il/y=a:'. 

The  general  case  is  that  of  an  equation  (*)(«,  1}  {i  1)  =  0  whpic  t  e=ich 
given  value,  real  or  imaginary,  of  u,  there  correspond  n  leal  oi  im\ginaiy  values  of 
v\  and  to  each  given  value,  real  or  imaginary,  of  v,  there  coirespond  m  leal  oi 
imaginary  values  of  u.  And  then,  writing  u  —  x  +  iy  and  v  =  af  +  iy',  and  regarding 
{x,  y),  {of,  ij)  as  the  coordinates  of  the  points  P,  P'  in  the  two  planes  11,  11' 
respectively,  we  have  a  i-eal  (m,  n)  correspondence  between  the  two  planes ;  viz.  to 
each  real  point  P  in  the  first  plane  there  correspond  n  real  points  P"  in  the  second 
plane,  and  to  each  real  point  P'  in  the  second  plane  there  correspond  m  real  points 
P  in  the  first  plane.  But  such  real  correspondence  of  two  planes  does  not  of 
arise   from   an   equation   between   the   two   imaginary   variables   u,   v;    and   the 
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question  oi  the  leal  coiiespindtnee  f  two  planes  miv  he  con^idtied  m  itself,  without 
inj   refeience  to  such  ongm 

I  was  nndei  the  impiessun  that  the  theoiy  wa=!  a  kn  wn  one  but  I  have  not 
found  it  aijywheie  set  out  m  detad  It  is  to  be  noticed  thit  ilthough  intimately 
connected  with  it  is  quite  distinct  fum  (and  seems  to  me  to  „o  beyond)  that  of  a 
Raemanns  surface  Eiemanii  repiesents  the  value  "  =i:  +  ii/  b^  a  point  P  whose 
coordinates  aie  t  y  but  he  eonsidcis  ii,  =.% -\-iy  a->  a  given  imaginary  value 
attached  to  tht  point  P  without  repiesentiug  this  value  by  t  point  P',  coordinates 
•'     >J 

I  i>i(ceed  to  consider  the  geneial  theoiy  of  the  leil  {m  n)  correspondence. 
Fonts  m  tie  hist  plane  are  denoted  h^  the  unaccented  letters  P  Q,..;  and  the 
corresponding  pointt.  in  the  second  flme  aie  in  geneial  denoted  by  the  same  letters 
accented  but  there  aie  t,s  will  be  expluned  special  points  V  Tf  where  the  letters 
aie  mterchaiiged  viz  tj  the  ptiots  V  n  11  in  the  first  piano  correspond  points 
W  or   V  in  the  second  plane. 

1.  To  a  point  P  then,  correspond  m  geneial  n  distmrt  pjints  P  md  is  P 
varies  continuously,  each  of  the  points  P   also  \anes  continujush 

2.  There  are  certain  points  V  called  branch  points  (Veizweigungspunktc)  sui^h 
that  to  each  point  V  there  coiitsp  nd  two  united  points  lepresenttd  b^  (TF)  and 
ra  -  2  other  distinct  points  W  The  points  (If )  are  called  cross  points  i,nd  tht 
number  of  them  is  of  course  equal  to  that  of  the  branch  points    V 

It  is  throughout  assumed  that  a  point  denoted  b>  i  kttei  ithei  th^n  F  is  n  f 
a  point   V. 

3.  If  the  point  P,  moving  contmujuslj  dcscnbL  i  cl  sed  cui\e  so  ^s  ti  letuin 
to  its  original  position,  then  if  this  curve  nicludes  withm  it  no  point  V  (or  all  the 
points  F)*,  each  of  the  conespcnding  points  P  will  desciibe  contmuoush  a  cbsed 
curve  returning  into  its  original  position  Supposing  that  the  cur\e  desciibed  b\  i' 
is  an  oval  (non-autotomic  cirsed  cuive)  and  taking  this  to  be  in  the  hrst  instance 
an  indefinitely  small  oval,  then  the  cuives  desciibed  bj  the  points  F  will  m  the 
first  instance  be  each  of  them  an  indefinitely  small  oval  but  it  ls  woith  while  to 
notice  how,  as  the  oval  described  by  P  increases  an)  one  of  the  ovals  desunbed  by 
a  point  P'  may  become  autotoraic  viz  if  the  oval  described  by  P  passes  thiough 
two  points  Q,  Q  of  the  m  points  Q  which  coiiesprnd  m  the  fiist  pHne  to  the  simn 
Q'  in  the  second  plane,  then  Qf  will  be  a  node  m  the  closed  cui^e  desciibed  by 
that  point  P'  which  in  the  course  of  its  motun  comes  tt  pass  thrmgh  Q  Thi=! 
curve  is  in  general  an  inlojp  curve  composed  of  twf  loops  one  wholly  within  the 
other  (united  at  the  point  Q )  and  such  that  thej  ea^^h  include  one  and  the  same 
point  V  (viz.  V  is  included  withm  the  inner  loop)  is  to  this  see  post  Nos  9 
and  10.  It  will  be  observed  that  this  node  (/  is  n  t  i  ptmt  {TCI  noi  in^  othei 
special  point  of  the  second  plane 

*   The  two   cases  of   the  closed   om.'ve  in  ludin"   no   point   I      isi  J   ui  1  idmg   ■ill   the  j  d  ntt   T      i  e  leallj 
iaentieal,   as  the  disooHtmuity  at  iMnty  may  fac  di-Jiepidel 
follows  that  the  number  of  the  points  T   mi=t  le  eveu 
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4.  Consider,  as  before,  I'  as  describiog  a  closed  uiirve  which  does  not  include 
within  it  any  point  V,  and  the  corresponding  points  P"  as  describing  ea«h  of  them 
a  closed  curve.  As  the  curve  described  by  P  approaches  a  point  V,  the  curves 
described  by  two  of  the*  points  P'  will  approach  the  corresponding  point  {W);  and 
when  the  curve  described  by  P  passes  through  V,  the  curves  described  by  the  two 
points  P'  will  unite  together  at  this  point  (TT')  as  a  node;  viz.  they  will  form  a 
figure  of  eight*,  the  crossing  being  at  the  cross-point  {W),  which  corresponds  to  the 
branch -point  V.  And,  corresponding  to  the  closed  curve  described  by  P,  we  have 
this  figure  of  eight  (replacing  two  of  the  original  n  closed  curves),  and  n  —  %  closed 
cuiTes  described  by  the  other  points  P'. 

5.  Supposing,  next,  that  the  closed  curve  described  by  P  (instead  of  passing 
through  the  point  F)  includes  within  it  the  point  Y,  then  the  figure  of  eight 
transforms  itself  into  a  twice-indented  oval*.  There  are  on  this  curve  two  of  the 
points  P'  which  correspond  to  the  given  point  P;  and  as  P,  moving  continuously 
in  its  closed  curve,  returns  to  its  original  position,  the  first  of  these  points  P', 
moving  continuously  along  a  portion  of  the  curve,  comes  to  coincide  with  the  original 
position  of  the  second  point  P' ;  while  the  second  point  P',  moving  continuously  along 
the  remaining  portion  of  the  curve,  cornea  to  coincide  with  the  original  position  of 
the  first  point  P';  viz.  the  two  portions  of  the  curve  are  described  by  the  two  points 
P'  respectively.  The  curve  may  thus  be  regarded  as  a  bifid  curve,  belonging  to  these 
two  points  P'.  And,  corresponding  to  the  closed  curve  described  by  P,  we  have  this 
bifid  curve  belonging  to  the  two  points  P',  and  n  —  2  single  closed  curves  belonging 
to  the  other  jt  —  2  points  F  respectively. 

6.  If  the  closed  curve  described  by  P  (including  within  it  a  point  V)  comes 
to  pass  through  a  second  point  Y,  the  effect  will  be  a  new  node  at  the  corre- 
sponding point  {W);  viz.  at  this  point  {W)  either  the  bifid  curve  unites  itself 
with  one  of  the  single  curves,  or  two  of  the  single  curves  unite  together,  or  the 
bifid  curve  there  cuts  itself  And,  if  the  curve  described  by  P  comes  to  include 
within  it  this  second  point  V,  then  in  the  three  cases  respectively : — the  bifid  curve 
takes  to  itself  the  single  curve,  so  that  the  system  then  is  a  trifid  curve  and  m  — 3 
single  curves;  or  the  two  single  curves  give  rise  to  a  bifid  curve,  so  that  the 
system  is  two  bifid  curves  and  )i  —  4  single  curves ;  or,  lastly,  the  bifid  curve  breaks 
up  into  two  single  curves,  so  that  the  system  resumes  its  original  form  of  n  single 
curves. 

7.  We  thus  see  how  the  closed  curve  described  by  P,  including  within  it 
certain  of  the  points  Y,  may  be  such  as  to  have  corresponding  to  it  an  a-fid  curve, 
a  /3-fid  curve,  &c.,  (a  +  ^ -)- .,.  =  «);  viz.  an  a-fid  curve  contains  upon  it  a  of  the 
points   P'   which   correspond   to   the    original   position   of  P;    and   then,   as   P   describes 

*  The  name  figm-e  of  eight  refera  to  the  case  where  the  two  curves  which  come  to  unite  at  {H")  are 
proper  ovals  (non-autotomio  oloBed  curves).  They  might  have  one  or  both  of  them  a  node  or  nodes,  as 
explained  in  No.  3;  and  the  term  viould  then  be  inappropriEite.  And  90,  lower  down,  the  name  twice- 
indented  oval  is  used  to  express  the  form  into  whioh  a  proper  figure  ot  e^ht  is  changed  by  the  disappearance 
of  the  node. 
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continuously  its  closed  cur^^e,  returning  to  its  original  position,  each  of  these  points 
P'  describes  a  portion  of  the  a-iid  curve,  passing  from  its  original  position  to  the 
original  position  of  a  point  P"  next  to  it  upon  the  a-fid  curve ;  and  the  like  as  to 
a  /3-fid  curve,  &e.  The  numbers  a,  ^, ...  are  not  of  necessity  unequal,  and  we  may 
have  sets  of  equal  numbers  in  any  manner.  It  is  hardly  necessary  to  remark  that, 
if  the  curve  described  by  P  passes  through  any  point  or  points  V,  then  two  of  the 
curves  described  by  the  points  P'  will  unite  together,  or  it  may  be  that  one  of  these 
will  cut  itself  at  the  con-esponding  point  or  points  (W^')i  ^"^^  further  that,  as  in 
No.  3,  if  the  curve  described  by  P  passes  through  two  or  more  of  the  points  Q 
which  correspond  to  the  same  point  Q!,  then  any  such  point  Q  will  present  itself 
as  a  node  upon  the  curve  belonging  to  some  point,  or  set  of  points,  P".  But  the 
order  of  succession  in  which  the  original  n  single  curves  unite  themselves  together 
into  multifid  curves,  or  again  break  up  into  single  cujves,  cannot,  it  would  appear, 
be  explained  in  any  general  manner,  and  would  in  each  case  depend  on  the  nature 
of  the  particular  correspondence. 

8.  "We  may  consider  the  case  where  the  closed  curve  described  by  P  cuts 
itself.  The  curve  may  here  be  considered  as  made  up  of  two  or  more  ovals,  or,  to 
use  a  more  appropriate  term,  say  loops,  each  such  loop  being  a  curve  not  cutting 
itself;  and  the  case  is  thus  reducible  to  that  before  considered,  where  the  curve 
does  not  cut  itself.  Thus,  to  fix  the  ideas,  let  the  curve  be  a  figure  of  eight,  the 
initial  position  of  P  being  at  the  crossing,  and  let  neither  of  the  loops  contain 
within  it  a  point  V.  Then,  as  P  passes  continuously  along  one  of  the  loops,  re- 
turning to  its  original  position,  each  of  the  con-esponding  points  P"  describes  a  closed 
curve,  which  will  be  in  the  nature  of  a  loop,  viz,  the  initial  and  final  directions  of 
the  motion  of  P  not  being  continuous  with  each  other,  the  initial  and  final  directions 
of  the  motions  of  each  point  P'  will  not  be  continuous  \vith  each  other,  or  there 
will  be  at  the  point  P'  an  abrupt  change  in  the  direction  of  the  curve.  Similarly, 
as  P  describes  the  other  loop  of  the  figure  of  eight,  each  of  the  points  P'  will 
describe  another  loop;  and  the  two  loops  belonging  to  the  same  point  P'  will  unite 
together  so  as  to  fonn  a  figure  of  eight ;  viz.  to  the  figure  of  eight  descfibed  by  P 
there  will  correspond  figures  of  eight  described  by  the  n  points  P'  respectively, 

9.  But  consider  next  the  case  where  the  two  loops  of  the  curve  described  by  P 
include  each  of  them  one  and  the  same  point  V.  This  implies  that  one  of  the  two 
loops  lies  inside  the  other,  or  that  the  curve  is  what  has  been  called  an  inloop 
curve.  As  P,  which  is  in  the  first  instance  taken  to  be  at  the  node,  passes  con- 
tinuously along  one  of  the  loops  and  returns  to  its  original  position,  there  are  two  of 
the  points  P"  such  that  the  first  of  these  passes  from  its  original  position  to  the 
original  position  of  the  second,  and  the  second  of  tbem  passes ,  from  its  original 
position  to  the  original  position  of  the  first  of  them.  We  have  thus  two  arcs  between 
these  two  points  P' ;  but  inasmuch  as  the  initial  and  the  final  directions  of  motion  of 
the  point  P  are  not  continuous  with  each  other,  these  two  arcs  are  not  continuous 
in  direction  at  the  two  points  P',  but  at  each  of  these  points  P'  the  two  arcs  meet 
at  an  angle.  As  P  describes  the  other  loop,  we  have  in  like  manner  two  arcs 
between   the   same   two   points  P",   these   arcs   at   each   of  the  points  P"  meeting   at  an 
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angle ;  but  thoy  join  on  to  the  first-mentioned  two  arcs  in  such  manner  aa  to  form 
two  ovala  intersecting  each  other  in  the  two  points  P'.  Corresponding  to  the  inloop 
curve  described  by  P,  wc  have  this  pair  of  intersecting  ovals  described  by  two  of 
the  points  P',  and  n—1  other  curves  described  by  the  other  points  P',  and  being 
each  of  them  (I  assume)  an  inloop  curve, 

10.  If  we  attend  only  to  one  of  the  two  intersecting  ovals,  we  have  in  the 
first  plane  an  inloop  curve,  and  corresponding  thereto  in  the  second  plane  an  oval 
passing  through  two  of  the  points  P'  which  correspond  to  the  node  P  of  the  inloop 
ciu^e.  Interchanging  the  two  planes,  and  writing  Q  instead  of  P,  we  have  in  the 
first  plane  an  oval  passing  through  two  of  the  points  Q  which  correspond  to  a  point 
Q' ;  and  con-esponding  to  this  oval  we  have  in  the  second  plane  an  inloop  curve 
having  this  point  Q  for  its  node,  viz.  these  are  the  corresponding  figures  mentioned 
in  No.  3. 

11.  Consider  a  given  point  Q;  and  let  the  corresponding  points  Q'  be  called 
(selecting  the  suffixes  at  pleasure)  ft',  Q^, . . ,  Qn.  Taking  then  a  point  0  indefinitely 
near  to  Q,  the  con'esponding  points  0'  will  be  indefinitely  near  to  Q,',  ft', . . ,  Q^ 
respectively,  and  they  will  be  called  0/,  0/, . . ,  0«'  accordingly.  It  is  to  be  observed 
that  by  the  indefinitely  near  point  0  is  meant  a  point  such  that  the  distance  from 
0  to  Q  is  indefinitely  small  in  comparison  with  the  distance  of  either  of  these  points 
from  any  point  V;  so  that  we  cannot  have  from  Q  to  0  two  indefinitely  short  paths 
including  between  them  a  point  F;  or  say  so  that  the  indefinitely  shoi't  path  from 
Q  to  0  is  determinate. 

Proceeding  in  this  manner  from  Q  to  0,  and  so  through  a  succession  of  indefinitely 
near  points  to  a  distant  point  S,  we  seem  to  determine  the  suflixes  of  the  corre- 
sponding points  jS';  but,  by  what  precedes,  it  appears  that  such  determination  for  a 
point  S  is  dependent  on  the  path  from  Q  to  S;  and  consequently  that  we  do  not 
thus  obtain  a  proper  determination  of  the  suffixes  of  the  points  8'.  In  fact,  if  we 
were  to  pass  from  Q  by  a  path  including  one  or  more  of  the  points  V  back  to  ft 
we  should  obtain  for  the  several  points  ft  respectively  suffixes  which  arc  in  general 
different  from  the  suffixes  originally  given  to  these  points  respectively. 

12.  The  difficulty  is  got  over  as  follows: — Considering  as  before  the  given  point 
Q,  and  calling  the  corresponding  points  ft',  ft', . . ,  $„'  at  pleasure,  we  pass  irom  Q  to 
the  indefinitely  near  point  0,  and  thence,  by  so  many  paths  chosen  at  pleasure,  to 
the  several  branch-points  V;  these  paths  from  0  to  the  several  points  V  are  called 
ban-iers.  To  fix  the  ideas,  wc  may  consider  these  as  non-autot.omic  n  on -intersecting 
lines  drawn  from  0  to  the  several  points  Y.  Consider  the  barrier  from  0  to  one  of 
these  points  V";  as  P  passes  along  this  barrier  from  0  to  Y,  two  of  the  corre- 
sponding points  F"  will  pass  from  two  of  the  corresponding  points  0'  to  the  con-e- 
sponding cross-point  {W);  the  paths  of  these  two  points  are  called  the  counter-harrier 
corresponding  to  the  barrier  in  question;  and  we  have  thus  in  the  second  plane  a 
system  of  counter- barriers,  eaeh  drawn  from  two  points  0'  to  meet  in  a  point  {W). 
By  what  precedes,  the  points  0'  have  each  of  them  a  determinate  suffix;  a  counter- 
ban-ier    is    thus    drawn    from    two    points    with    given    suffixes,    suppose    0,'    and    0/,    to    a 
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point  (W).  ^iid  ''fiis  ™^y  te  distinguished  accordingly  as  a  counter-barrier  12;  and 
in  like  manner  the  cross-point  (W)  through  which  it  passes  will  be  called  a  cross- 
point  (Wi/);  and  the  barrier  corresponding  hereto,  and  the  branch-point  V  at  which 
it  tenninates,  will  in  like  manner  be  called  a  barrier  12,  and  a  branch-point  F,., 
Each  barrier  and  branch-point  will  thus  have  a  pair  of  suffixes;  and  the  corresponding 
counter-barrier  and  cross-point  will  have  the  same  pair  of  suffixes.  It  is  to  be  observed 
that  two  or  more  of  these  corresponding  figures  may  very  well  have  the  same  pair 
of  suffixes ;  but  that  such  corresponding  figures  must  be  distinguished  from  each 
other;  thus,  if  there  are  two  branch-points  Vjs,  these  may  be  distinguished  as  the 
branch-points  a.Va  and  ^V^^,  and  the  barriers,  counter-barriers,  and  cross-points  by 
means  of  these  same  letters  a  and  /3,  (or  otherwise),  as  may  be  convenient.  It  would 
seem  that  not  only  the  number  of  the  points  V  must  be  even,  but  the  number  of 
each  set  of  points   F^  must  also  be  even  (see  post,  No.  15). 

IS.  It  is  also  to  be  noticed  that  the  determination  of  the  suffixes  of  the  several 
points  V,  &c,,  depends  first  upon  the  arbitrary  choice  of  the  suffixes  of  the  points 
Q',  and  next  on  the  choice  of  the  system  of  barriers;  but  that,  these  b&ing  assumed, 
the  suffixes  of  the  several  points  V,  &c,  are  completely  determinate. 

14.  Taking  now  any  point  S  whatever,  and  supposing  that  P  moves  from  Q 
continuously  to  iS  by  a  path  which  does  not  meet  a  barrier,  the  points  P'  will  move 
from  the  several  points  Q  to  the  several  points  S'  by  paths  not  meeting  the  counter- 
bamers ;  viz.  to  each  point  S'  there  will  he  a  path  irom  some  point  Q' ;  and  giving 
to  such  point  S'  the  suffix  of  the  point  Q',  the  suffixes  of  the  several  points  jS' 
which  correspond  to  any  point  whatever,  8,  will  be  completely  determined.  The 
determination  depends  of  course  on  the  assumptions  referred  to  No.  13,  but  not  in 
anywise  on  the  position  of  the  point  S. 

It    will  be    noticed    that,    as    all    the    points    V    are    connected    together    by  the 

barriers,   the  only   closed   paths   fi-om   a  point    to    itself    are    paths    not    including  any, 

or  including  all,  of  the  points  V;  and  that  between  such  paths  there  is  no  real 
distinction. 

15.  Consider  a  point  P  moving  continuously  in  any  manner.  The  several  corre- 
sponding points  P/,  P-l, . . ,  Pn  will  each  of  them  move  continuously,  but  the  suffixes 
interchange ;  viz.  when  P  arrives  at  and  then  passes  over  a  barrier  a^,  the  corre- 
sponding points  P„'  and  Pp'  will  each  arrive  at  the  corresponding  counter-ban-ier  <x^, 
and,  on  passing  over  this,  P,'  will  be  changed  into  P^'  and  P^'  into  P^',  the  other 
points  F"  remaining  unchanged ;  and  the  like  in  other  cases.  This  in  fact  includes 
the  whole  or  the  greater  part  of  the  foregoing  theory.  Thus,  if  P  describe  a  closed 
curve  not  cutting  any  barrier,  there  will  be  no  change  of  suffix;  and  when  P  returns 
to  its  original  position  each  of  the  corresponding  points  P,',  P/, . . ,  P„'  will  describe 
a  closed  curve,  returning  to  its  original  position.  But  suppose  that  P  describes  a 
closed  curve,  cutting  once  only  a  barrier  12 ;  suppose  that  the  path  is  from  P  to 
Q,  and  then  crossing  the  barrier  to  R,  and  thence  again  to  P;  P/  passes  to  Qt, 
and  then  crossing  the  counter-barrier  it  passes  from  P/  to  P^';  while  at  the  same 
time  P/  passes   to  Q^,  and   then   crossing   the   counter-barrier  it  passes   from  R^'  to  P,'; 
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viz.  we  have  P{,  P^  describing  the  two  portions  of  a  bifid  curve.  If  there  were  only 
a  single  branch-point  V-^^,  and  therefore  only  a  single  barrier  OF^,  then  we  might 
have  through  P  a  closed  curve  cutting  OV-y^  once  only,  and  including  within  it  the 
point  0,  but  not  including  within  it  the  point  V^^;  and  here  there  ought  not  to  be 
a  bifid  curve,  but  the  points  P/,  i*/  ought  to  describe  each  of  them  a  single  curve. 
But  suppose  there  are  two  points  F32,  and  consequently  two  barriers  OYi^i  (meeting 
iu  0);  then  the  closed  curve,  meeting  once  only  a  bamer  12,  (viz.  it  meets  only  one 
such  barrier,  and  that  once  only),  must  include  within  one  and  only  one  of  the  two 
points  y,2;  and  in  this  case  there  ought  to  be  a  bifid  curve.  It  ia  by  such  reasoning 
as  this  that  I  infer  the  foregoing  theorem  (No.  12),  that  the  number  of  each  set  of 
points  Vii  is  even. 

16.  We  may  consider  how  the  suffises  are  affected  when,  instead  of  the  original 
system  of  barriers,  we  have  a  new  system  of  barriers.  I  suppose  that  we  have  in 
the  two  cases  respectively  the  same  point  Q,  and  the  same  suffixes  for  the  points 
Qi7  Qi,  ■  ■  <  Qn  which  correspond  thereto.  In  the  first  case,  passing  from  Q  to  an 
indefinitely  near  point  0,  say  the  red  0,  we  draw  from  this  point  to  the  several 
points  V  a  set  of  barriers,  say  the  red  barriers ;  while  in  the  second  ease,  passing 
fi-ora  Q  to  an  indefinitely  near  point  0,  say  the  blue  0,  we  draw  from  this  point 
to  the  several  points  V  a  set  of  barriers,  say  the  blue  barriers ;  and  we  then  proceed 
as  before,  viz.  in  the  first  case,  drawing  from  Q  to  the  point  S  a  curve  which  does 
not  meet  any  of  the  red  baiTiers,  we  determine  accordingly  the  suffixes  (say  the  red 
suffises)  of  the  several  corresponding  points  jS';  and  in  the  second  case,  drawing  in 
like  manner  from  Q  to  S  a  curve  which  does  not  meet  any  of  the  blue  barriers, 
we  determine  accordingly  the  suffixes  (say  the  blue  suffixes)  of  the  same  points  S'. 
Now  the  curve  drawn  fi-om  Q  to  S"  so  as  not  to  cut  any  of  the  red  barriers,  and 
which  is  used  for  the  determination  of  the  red  suffises  of  the  several  points  8',  will 
in  general  cut  certain  of  the  blue  barriere ;  and,  by  examining  the  suffixes  of  the 
blue  barriers  which  are  thus  cut,  we  determine  the  blue  suffises  of  the  same  points 
S' ;  the  result  of  course  depending  only  on  the  situation  of  S  in  one  or  other  of 
the  regions  formed  by  the  red  barriers  and  the  blue  barriers  conjointly.  In  particular, 
the  point  S  may  be  so  situate  that  we  can  from  Q  to  S  draw  a  curve  not  meeting 
any  red  barrier  or  any  blue  barrier ;  and  in  this  case  the  red  suffis&s  and  the  blue 
suffixes  are  identical. 

17.  We  may  imagine  the  first  plane  as  consisting  of  n  superimposed  planes  or 
sheets,  say  the  sheets  1,  2, . . ,  n.  Each  barrier  12  is  considered  as  a  lino  drawn  in 
the  two  sheets  1  and  2;  and  so  on  in  other  cases.  The  point  P  is  considered  as  a 
set  of  superimposed  points  P^,  P2,..,Pn  moving  in  the  several  sheets  respectively;  under 
the  convention  that  Pj  moving  in  the  sheet  1,  and  coming  to  cross  a  barrier  12,  passes 
into  the  sheet  2  and  becomes  P^ ;  and  the  like  in  other  cases.  And  this  being  so,  we 
say  that  to  a  point  P,  considered  as  a  point  P„  in  the  sheet  a,  there  corresponds  in  the 
second  plane  one  and  only  one  point  P„' ;  and  that  P  moving  continuously  in  any 
manner  (subject  to  the  change  of  sheet  as  just  explained),  each  of  the  n  corresponding 
points   P'  will  also   move   continuously,   and   so    that    each    such   point   P^'   will    return 
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to  its  original  position,  upon  the  corresponding  point  P.  returning  to  its  original 
position  and  sheet.  This  is,  in  fact,  Eieniann's  theory,  only  instead  of  the  points  P' 
we  must  speak  of  the  values  x'  +  {■)/  of  the  irrational  function  of  jc  4-  iy. 

18.  Everything  is  of  course  symmetrical  as  regards  the  two  planea ;  we  have 
therefore,  in  the  second  plane,  a  system  of  points  V"  and  of  barriers,  and  in  the  first 
plane  a  system  of  points  (W)  and  of  counter-barriers.  To  a  given  point  P"  in  the 
second  plane  there  correspond  m  points  P  in  the  first  plane ;  and  we  can  (the 
determination  depending  on  the  system  of  barriers  iu  the  second  plane)  assign  to  the 
in  points  suifixes,  thereby  distinguishing  them  as  the  corresponding  points  Pi,  P2,..,P™. 
And  we  may  imagine  the  second  plane  as  consisting  of  m  superimposed  planes  or 
sheets,  say  the  sheets  1,  2,  3, . . ,  m ;  the  general  theorem  then  is  that  to  a  point  P 
or  P'  in  either  plane,  considered  as  a  point  P„  or  PJ  in  the  sheet  a  or  a',  there 
corresponds  in  the  other  plane  one  and  only  one  point  P,'  or  P^-;  and  that  the  first- 
mentioned  point  in  either  plane  moving  continuously  in  any  manner  (subject  to  the 
proper  change  of  sheet),  the  corresponding  point  in  the  other  plane  will  also  move 
continuously,  and  will  return  to  its  original  position  and  sheet,  upon  the  first- 
mentioned  point  returning  to  its  original  position  and  sheet. 

19.  In  all  that  precedes  it  has  been  assumed  that,  to  a  branch -point  V,  there 
correspond  two  united  points  represented  by  {W)  and  9i-2  distinct  points  W ;  the 
cases  of  a  point  {W)  composed  of  three  or  more  united  points,  or  of  the  points  W 
uniting  themselves  in  sets  in  any  other  manner,  would  give  rise  to  further  specialities. 
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690. 

ON   THE   THEORY   OF   GROUPS. 


[From  the  Proceedings  of  the  London  Mathematical  Society,  t.  ix.  (187S),  pp.  126 — ]33. 
Read  May  9,  1878.] 

I  RECAPITULATE  the  general  theoiy  so  far  as  is  necessary  in  order  to  render 
intelligible  the  quasi-geometrical  representation  of  it  which  will  be  given. 

Let  a,  ^, . .  be  functional  symbols  each  operating  upon  one  and  the  same  number 
of  letters,  and  producing  as  its  result  the  same  number  of  functions  of  these  letters. 
For  instance,  a{cc,  y,  z)  =  {X,  Y,  Z),  where  the  capitals  denote  each  of  them  a  given 
function  of  {x,  y,  z). 

Such  symbols  are  susceptible  of  repetition  and  combination ; 

^•{^,y,^)-a{X,  Y.Z), 
or 

»a(x.y,z)-fi{X.  Y.Z), 

in  each  case  equal  to  three  given  functions  of  (x,  y,  z) ;   and  similarly  for  a',  a'|9,  etc 

The  symbols  are  not  in  general  commutative,  BjS  not  =)8a;  but  they  are  associative, 
O/S .  7  =  a .  ^7,  each  =  Q/9y,  which  has  thus  a  determinate  meaning. 

Unity  as  a  functional  symbol  denotes  that  the  letters  are  unaltered, 

1  («,  y,  z)  =  {x,  y,  z) ; 
whence 

la=al  =  a. 

The   functional   symbols  may  be  substitutions;   a.{x,  y,  z)  =  {y,  z,  x),  the  same  letters 

in    a    different    order.      Substitutions    can    be    represented    by    the    notation   %-  '-^ ,    the 

substitution    which     changes    xyz    into    yzx,    or,    as    products    of    cyclical   substitutions, 

{a)yz){uvj),   the   product   of  the   cyclical   substitutions   x  into  y,  y  into  z. 


I  xyzuvw 
z  into  X,  and  n  into  w,  ia  into  u,  the  letter  v  being  unaltered. 
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A  set  of  symbols  a,  0,  y,.. ,  such  that  the  product  a^  of  each  two  of  them 
(in  each  order,  a/3  and  00)  is  a  symbol  of  the  set,  is  a  group.  It  is  easily  seen 
that  1  is  a  symbol  of  every  group,  and  we  may  therefore  give  the  definition  in  the 
form  that  a  set  of  symbols  1,  a,  ^,  y,..  satisfying  the  foregoing  condition  is  a  group. 
When  the  number  of  symbols  (or  terms)  is  =n,  then  the  group  is  of  the  order  n; 
and  each  symbol  a  is  such  that  a"  =  1,  so  that  a  group  of  the  order  n  is  in  fa^t  a 
group  of  symbolical  ?jth  roots  of  unity. 

A  group  is  defined  by  means  of  the  laws  of  combinations  of  its  symbols.  For 
the  statement  of  these  we  may  either  (by  the  introduction  of  powers  and  products) 
diminish  as  much  as  may  be  the  number  of  distinct  functional  symbols;  or  else, 
using  distinct  letters  for  the  several  terms  of  the  group,  employ  a  square  diagram,  as 
presently  mentioned. 

Thus,  in  the  first  mode,  a  gi'oup  is  1,  A  0\  a,  aft  a/3^(a^  =  l,  /3=  =  1,  a/3=/3-^a), 
where  observe  that  these  conditions  imply  also  a8'  =  0'^- 

Or  in  the  second  mode,  calling  the  symbols  (1,  a,  8,  aft  Z^",  «^')  of  the  same 
group  (1,  a,  y3,  7,  S,  e),  or,  if  we  please,  {a,  b,  c.  d.  e,  /),  the  laws  of  combination 
are  given  by  one  or  other  of  the  square  diagrams : 


1  a  /J  y  S  . 

1  1  <x  ;3  y  8  ( 

a  a  1  y  ^  .  S 

J3  ;8  €  8  a  1  y 

y  y  8  «  1  a  /3 

S  8  y  1  «  j8  a 

.  .  ^  a  8  y  1 
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where,  taking  for  greater  symmetry  the  second  form  of  the  square,  observe  that  the 
square  is  such  that  no  letter  occurs  twice  in  the  same  line,  or  in  the  same  column  (or 
what  is  the  same  thing,  each  of  the  lines  and  of  the  columns  contains  all  the  lettere). 
But  this  is  not  sufficient  in  order  that  the  square  may  represent  a  group ;  the  square 
must  be  such  that  the  substitutions  by  means  of  which  its  several  lines  are  derived 
from  any  line  thereof  are  (in  a  different  order)  the  same  substitutions  by  which  the 
lines  ai'e  derived  from  a  particular  line,  or  say  from  the  top  line.     These,  in  fact,  are : 


oi 

ai.ef. 

ace 

.  hfd. 

ad 

be.  of. 

aec 

■  Hf. 

<»/ 

ho .  de. 
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where,  for  shoutoess,  ab,  ace,  &c.,  are  written  instead  of  iph),  (ace),  &c.,  to  denote  the 
cyclical  substitutions  a  into  6,  &  into  a;  and  a  into  c,  c  into  e,  e  into  a,  &c. ;  and 
it  is  at  once  seen  that  by  the  same  substitutions  the  lines  may  be  derived  from  any 
other  line. 

It  will  be  noticed  that  in  the  foregoing  aubstitution-group  each  substitution  is 
regular,  that  is,  composed  of  cyclical  substitutions  each  of  the  same  number  of  letters; 
and  it  is  easy  to  see  that  this  property  is  a  general  one ;  each  substitution  of  the 
substitution-group  must  be  regular. 

By  what  precedes,  the  group  of  any  order  composed  of  the  functional  symbols  is 
replaced  by  a  substitution-group  upon  a  set  of  letters  the  number  of  which  is  equal 
to  the  order  of  the  group,  and  wherein  all  the  substitutions  are  regular. 

The  general  theory  being  thus  explained,  I  endeavour  to  form  a  substitution- 
group  with  the  twelve  letters  abcdefghijkl ;  and  I  assume  that  there  is  one  substitution, 
such  as  abc.def.gki.jkl,  and  another  substitution,  such  as  agj .hfi.cek.dhl.  Observe 
that,  if  the  twelve  letters  are  to  be  thus  arranged  in  two  different  ways  as  a  set 
of  four  triads,  without  repetition  of  any  duad^  all  the  ways  in  which  this  can  be 
done  are  essentially  similar,  and  there  is  no  loss  of  generality  in  taking  the  two  sets 
of  triads  to  be  those  just  written  down.  But  the  substitution  to  be  formed  with  either 
set  of  triads  will  be  different  according  as  any  triad  thereof,  for  instance  agj,  is  written 
in  this  form  or  in  the  reversed  form  ajg.  There  are  thus  in  all  sixteen  substitutions 
which  can  be  formed  with  the  first  set  of  triads,  and  sixteen  substitutions  which  can 
be  formed  with  the  second  set  of  triads;  and  the  relation  of  a  triad  of  the  first  set 
to  a  triad  of  the  second  set  is  by  no  means  independent  of  the  selection  of  the 
triads  out  of  the  two  sets  respectively.  To  show  this,  take  the  two  substitutions  quite 
at  random ;   suppose  they  are  those  written  down  above,  say 

a  =  abc .  def .  ghi .  jM,    0  =  agj .  hfi .  cek .  dhl ; 

and  perform  these  in  succession  on  the  primitive  arrangement  fi  =  ahcdefghijkl.  The 
operation  stands  thus: 

0aSl  =fegkihlhjcda, 

«Ii  =  hcaefdhigklj, 

n  =  abcdefghijkl, 
whence 

0IX,  =  afhbeijcgl .  dk, 

is  not  a  regular  substitution ;   and,  by  what  precedes,  a,  y3  cannot  belong  to  a  gi-oup. 

But  take  the  substitutions  to  bo 

a  (as  he{oTe)=  abc.def.gki.jkl,    0  =  ajg ,bif . cek . dhl, 
then  we  have 

^ail  =  iejkbhlfacdg, 

aH  —  bcaefdhigklj, 
ii  =  abcdefghijkl, 
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whence 

ffct'^  ai.be.  cj  .dk.fh.  gl, 

■A  regular  substitution;  and,  for  anything  that  appears  to  the  contrary,  a,  ^  may 
belong  to  a  group.  It  is  convenient  to  mention  at  once  that  these  two  substitutions 
do,  in  fact,  give  rise  to  a  group ;   viz.  the  sc^uare  diagram  is 
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and   the   substitutions,   obtained   therefrom   by   writing    successively   each    Une    over    the 
top  line,  are 


oho 

def.ghi.jU 

s. 

acb 

&fe  .  ffih  .jlk 

a; 

ad 

11.  ch.  eg  .fj .  ill 

fifi'. 

net 

bjd  .  oil  .  fkg 

Ho.'. 

afl 

hkh  .  cgd  .  elj 

ff% 

«ffl 

bfi  .  ete  .  dth 

ff: 

ajie 

hdj  .  cU  .fgh 

/3«'/3«', 

ai 

he.cj.dk.fh.gl 

ffo, 

039 

Uf  .  oek  .  dhl 

fl. 

at 

hg.cf.di.d.hj 

/3W, 

alf 

hkh .  cdg  .  eji 

/3"i</9^. 
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To  explain  the  theory,  I  introduce  the  notion  of  a  hemipolyhedron,  or  say  a 
hemihedron,  viz.  this  is  a  figure  obtained  from  a  polyhedron  by  the  removal  of 
certain  faces.  In  a  polyhedron  each  edge  occurs  twice  (more  properly  it  occure  in 
the  two  forms  ab  and  ia),  Bs  belonging  to  two  faces;  but  in  a  hemihedron  one  of 
these  faces  must  always  be  removed,  so  that  the  edge  may  occur  once  only;  and 
again  (what  is  apparently,  although  not  really,  a  different  thing),  we  may  remove  two 
intersecting  faces,  leaving  their  edge  of  intersection ;  this  edge  is,  in  fact,  then  considered 
as  a  bilateral  face  ab  =  ab. ha,  just  as  aha  is  a  trilateral  face  ahc  =  ab.bG.ca.  Thus,  if 
in  a  prism  we  remove  the  lateral  faces,  leaving  the  lateral  edges,  and  leaving  also  the 
terminal  faces,  we  have  a  hemihedron  r  thus,  the  prism  being  trilateral,  say  the  faces 
of  the  hemihedron  are  abc,  def,  ad,  be,  cf,  where  ad,  be,  cf  are  the  edges  regarded  as 
bilateral  faces.  And,  for  the  present  purpose,  abc  denotes  the  cyclical  substitution  a 
into  b,  b  into  c,  c  into  a ;  and  ad  denotes  in  like  manner  the  cyclical  substitution 
(or  interchange)  a  into  d,  d  into  a. 

But  the  hemihedron  about  to  be  considered  baa  no  bilateral  faces ;  it  is,  in  fact, 
the  figure  composed  of  the  8  triangular  faces  of  the  octo- hexahedron  or  figure  obtained 
by  truncating  the  summits  of  a  hexahedron  (or  of  an  octahedron)  so  as  to  obtain  a 
polyhedron  of  8  triangular  fat 
octahedron  and  the  hcxahedroi 
be  taken  to  be 

abc. 


and    6    square    faces,    representing    the    faces    of   the 
respectively.       The    faces    of    the     octo- hexahedron    may 


def,      gfd,     jkl. 


0-39' 


Uf, 
fihd. 


hffjl,    jack,     agib,    klde, 


(where  I  observe  in  passing  that  the  symbols  are  written  in  such  manner  that  each 
edge  ah  occurs  under  the  two  opposite  forma  ab  in  abc  and  ba  in  agib).  And  then, 
omitting  the  square  faces,  represented  by  the  third  line,  we  have  the  hemihedron, 
wherein  as  before  abc  denotes  the  cyclical  substitution  a  into  b,  b  into  c,  c  into  a ; 
and  so  for  the  other  faces. 

I   represent   this  by   a   diagram,   the   lines   of  which   were   red   and   black,  and  thoy 


will  be  thus  spoken  of,  bnt  the  black  lines  are  in  the  woodcut  continuous  lines,  and 
the  red  lines  broken  lines :  each  face  indicates  a  cyclical  substitution,  as  shown  by 
the  arrows.  The  figure  should  be  in  the  first  instance  drawn  with  the  arrows,  but 
without  the  letters,  and  these  may  then  be  affixed  to  the  several  points  in  a  perfectly 
arbitrary   manner;    but   I   have   in   fact  affixed   them   in   such  wise  that  the  group  given 
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by   the   diagi-ara,  as   presently  appearing,   may   (instead    of   being    any   other    equivalent 
group)  be  that  group  which  contains  the  before- mentioned  substitution 

a  =  abc .  def.  ghi  .jkl,  and  fi  =  ajg .  Mf.  cek .  dht. 

Observe  that  in  the  diagram,  considering  the  lines  to  be  drawn  as  shown  by  the 
arrows,  there  is  from  any  given  point  whatever  only  one  black  line,  and  only  one  red 
Hne.  Let  B  denote  motion  along  a  black  line,  R  motion  along  a  red  line  (always 
fi-om  a  point  to  the  next  point) ;  then  B'  will  denote  motion  along  two  black  lines 
successively.  Bit  (any  such  symbol  being  read  always  from  right  to  left)  will  denote 
motion  first  along  a  red  lino,  and  then  along  a  bla<;k  line,  and  so  in  other  cases;  a 
symbol  or  "route"  ...B^B'^  has  thus  a  perfectly  definite  signification,  determining  the 
path  when  the  initial  point  is  given. 

The  diagram  has  the  property  that  every  route,  leading  from  any  one  letter  to 
itself,  leads  also  from  every  other  letter  to  itself;  or  say  a  route  leading  from  a,  to 
a,  leads  also  from  b  to  b,  from  c  to  c, .,.,  from  I  to  I;  and  we  can  thus  in  the 
diagram  speak  absolutely  (that  is,  without  restriction  as  to  the  initial  point)  of  a 
route  as  leading  from  a  point  to  itself,  or  say  as  being  equal  to  unity ;  it  is  in  virtue 
of  this  property  that  the  diagram  gives  a  group. 


For,  assuming  the  property,  it  at  once  follows  (1)  that  two  rout^,  each 
say  from  the  point  a  to  the  same  point  f,  lead  also  from  any  other  point  b  to 
one  and  the  same  point  g.  Such  routes  are  said  to  be  equivalent,  or  equal  to  each 
other;  and  the  number  of  distinct  routes  (including  the  route  unity)  is  thus  equal 
to  the  numbers  of  the  letters,  viz.  we  have  only  the  routes  from  a  to  a,  to  b, ,..,  to  I, 
respectively;  (2)  a  route,  leading  from  a  point  a  to  a  point  f  leads  from  any  other  point 
6  to  a  different  point  g;  and  (3)  two  routes,  leading  from  the  same  point  a  to  different 
points  b  and  c,  lead  also  from  any  other  point  /  to  different  points  k  and  I.  Hence  a 
given  route  leads  from  the  several  points  abc... I  successively  to  the  same  series  of  points 
taken  in  a  different  order,  or  we  thus  obtain  a  new  arrangement  of  the  points ;  and 
dealing  in  this  manner  successively  with  the  routes  from  a  to  a,  to  b,...,  to  I,  we 
obtain  so  many  distinct  arrangements,  beginning  with  the  lettera  a,  b,  o,..,l  respectively, 
such  that  in  no  two  of  them  does  the  same  letter  occupy  the  same  place ;  we  thus 
obtain  a  square  of  12  such  as  that  already  written  down,  and  which  is,  in  fact,  the 
same  square,  the  several  routes  of  course  corresponding  to  the  substitutions  of  the 
square.     The  hemihedron  thus  gives  the  foregoing  group  of  12. 

Observe  that  the  diagi-am  is  composed  of  the  four  black  tiiangles  representing 
the  substitution  abc .  def .  ghi .  jkl,  and  of  the  four  red  triangles  representing  the  sub- 
stitution ajg .  hif.  cek ,  dhl ;  viz.  these  are  independent  substitutions  which  by  their  powers 
and  products  serve  to  express  all  the  substitutions  of  the  group;  that  they  are  sufficient 
appears  by  the  diagram  itself,  in  that  every  point  thereof  is  (by  black  and  red  lines) 
connected  with  every  other  point  thereof.  The  group  might  have  contained  three  or 
more  independent  substitutions,  and  the  diagram  would  then  have  contained  the  Uke 
number  of  differently  coloured  sets  of  lines.  The  essential  characters  are  that  the  lines 
of  any  given   colour   shall  form  polygons  of  the  same  number  of  sides  (but  for  different 
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colours  the  polygons  may  have  different  numbers  of  aides;  in  particular,  for  any  given 
colour  or  colours,  the  polygons  may  be  bilaterals,  represented  each  by  a  line  with  a 
double  arrow  pointing  opposite  ways) ;  that  there  shall  be  from,  each  point  only  one 
line  of  the  same  colour;  that  every  point  shall  be  connected  with  every  other  point; 
and  finally,  that  every  route  leading  from  one  point  to  itself  shall  lead  also  from 
every  other  point  to  itself.  When  these  conditions  are  satisfied  the  foregoing 
investigation  in  fact  shows  that  the  diagram,  or  say  the  hemihedron,  gives  rise  to  a 
group. 

It  may  be  remarked  that  we  can,  if  we  please,  introduce  into  the  diagram  a  set 
of  lines  of  a  new  colour  to  represent  any  dependent  substitution  of  the  group ;  thus, 
in  the  example  considered,  a  substitution  is  aeh.l^d.Gil.fkg,  and  if  we  draw  these 
ti-iangles  in  green  (the  arrows  being  from  «  to  e,  e  to  /*,  /*  to  a,  &c.),  then  there 
will  be  from  each  point  one  black  line,  one  red  line,  and  one  green  line ;  any  route 
...GfEPB"  will  thus  be  perfectly  definite,  and  will  have  the  same  properties  as  a  route 
composed  of  black  and  red  lines  only ;   and  the  theory  thus  subsists  without  alteration. 

I  remark,  in  conclusion,  that  the  group  of  12  considered  above  is,  in  fact,  the 
group  of  12  positive  substitutions  upon  4  letters  abed;  viz.  the  substitutions  are  1, 
abc,  ach,  old,  adb,  acd,  adc,  bed,  hdc,  ab.cd,  ac.bd,  ad. bo;  the  groups  each  contain 
unity,  three  substitutions  of  the  order  (or  index)  2,  and  8  substitutions  of  the  order 
{or  index)  3,  and  their  identity  can  be  easily  verified. 


Hosted  by 


Google 


691, 

NOTE   ON   MR   MONRO'S   PAPER   "ON   FLEXURE   OF   SPACES." 


[From  the  Proceedings  of  the  London  Mathematical  Sooiety,  vol.  ix.  (1878),  pp.  171,  172. 
Read  June  13,  1878.] 

Consider  an  element  of  surface,  suiTounding  a  point  P ;  the  flexure  of  the 
element  may  be  interfered  with  by  the  continuity  round  P,  and  it  is  on  this  account 
proper  to  regard  the  element  as  cut  or  slit  along  a  radius  drawn  from  P  to  the 
periphery  of  the  element.  This  being  understood,  we  have  the  well-known  theorem 
that,  considering  in  the  neighbourhood  of  the  origin  elements  of  the  surfaces 

z  —  ^  {as?  +  Ihxy  +  hy%     and     s'  =  i  {a'x'^  +  2/iVy  +  h'y'% 

these   will    be    applicable    the   one    on   the   other,   provided   only  ah  —  hf=  a'h'  —  h"^.     But 
in  connexion  with  Mr  Monro's  paper  it  is  worth  while  to  give  the  proof  in  detail. 

It  is  to  be  shown  that  z,  z'  denoting  the  above-mentioned  functions  of  {a:,  y)  and 
(ic',  y')  respectively,  it  is  possible  to  find  (for  small  values)  ic',  y'  functions  of  x,  y 
such  that  identically 

dic'^  +  dy"'  +  dd'^  =dii?-\-  dy^  +  dzK 

The   solution   is   taken   to  be   x' =  x  +  ^,  y' ^y  +  ij,  where   J,  jj  denote  cubic  functions  of 
X,  y.     We  have  then,  attending  only  to  the  terms  of  an  order  not  exceeding  3  in  cv,  y, 

dx^  +  (^^5  +  2  (dxd^  +  dydii)  +  [{a'x  +  h'y)  dio  +  Qi'x  +  h'y)  dyY 

=  dx'^  +  df+  {{ax  +  hy)  dx  +  {ha:  +  by)  dy}\ 
so  that  the  terms  dx''  +  dy-  disappear ;   and  then  writing 
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the  equation  will  be  satisfied  identically  aa  regards  dx,  dy  if  only 

Calling  the  terms  on  the  right-hand  side  291,  ^,  2S  respectively,  we  have 

that  is, 

{h^  -  7('=)  +  (],?  _  /i'=)  _  |(a6  +  ]^^)  _  (a'6'  +  h'^)]  =  0, 

or,  what  is  the  same  thing, 

a'h'  —  h'''  =  ah  —  h^, 

a  relation  which  must  exist  between  the  constants  (a,  b,  k)  and  (a',  b',  h'). 
It  is  easy  to  find  the  actual  values  of  |,  ij;   viz,  these  are 

I  =  1  (fflii  -a'''  )a?  +  \{ah- a'h') x^  +  l  {h^  -h'^)a?y  +  ^ (bh - b'h') if, 
^  =  ^(ak-  a'h')  x^  +  ^  {¥  -h'^  )  ic^  +  ^  (bh  -  b'h')  xhj  +  ^6=  -  h""  )  f, 

■or,  what  is  the  same  thing,  we  have 

'^' 
where 

n  =  ((t»  -  a'')  a*  +  4  (oA.  ~  a'h')  x^y  +  6  (A^  -  h'^)  a^y  +  4  (M  -  h'k')  xf  +  (6=  -  6'=)  f, 
—  (fxa?  +  2^  +  hfy  -  (aV  +  2A%  +  &'^=)''  =  4  (s^  -  s"^), 

in  virtue  of  the  relation  ah  —  h?  =  a'b'  —  h'\  The  resulting  values  as'  = «  +  ^,  y'  =  y  ■{■■^ 
are  obviously  the  first  terms  of  two  series  which,  if  continued,  would  contain  higher 
powers  of  {a>,  y). 
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692. 


ADDITION   TO   THE   MEMOIR   ON   THE   TRANSEORMATION   OE 
ELLIPTIC   FUNCTIONS. 


[From    the    Philosophical    Transactions    of   ike    Jtoyal    Society    of    London,    vol.    cLxix. 
Part  n.  (1878),  pp.  419—424.     Received  February  6 —Read  Mai-ch  7,  1878.] 

I  HAVE  recently  succeeded  in  completing  a  theory  considered  in  my  "Memoir  on 
the  Transformation  of  Elliptic  Functions,"  PM.  Trans.,  vol.  CLXIV.  (1874),  pp.  397 — 4.56, 
[578], — that  of  the  septic  transformation,  n  =  7.     We  have  here 


1  -y  _l--x_  fa.~^x,  +  ya!'  -  B 
l+y~  1"+^  \a  +  0x  +  ya?  +  B. 

Mdy 


f.\  -iff-      ^l-a?.\-  i(W ' 
where   ^ 
determined  by  the  equations 

«»«=  =  1)^5^ 

it«  (2a7  +  2«^  +  ^^)  =  V-'  (rf  +  2tS  +  2^8), 

7^  +  20y  +  2aS  +  2;9S  =  vHi?  (207  +  2^7  +  2o:S  +  /S^), 

§3  +  27S  =  vhi}"  (a^  +  2a^) ; 

or,   what   is   the    same    thing,   writing    a  =  1,   the    first    equation    may  be    replaced    by 

S  =  — ,    and   then,   a,   S   having  these   values,    the   last   three    equations   determine   yS,   7 

and   the   modular   equation.     If  instead   of  ^  we  introduce  M,  by  means   of  the  relation 
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^=1  +  2^,  that   is,  2j3=-jjj— 1,   then   the    last    equation    gives   2y  =  uV(-jri- — ^|;    and 
a,  /3,  y,  S  having  these  values,  we  have  the  residua!  two  equations 
M^{2a7  +  2a/3  +  ^^)=     11^(7''+ 2yS+ 2/38), 
7'  +  20y  +  2aS  +  ;88  =  vht^  (207  +  2^7  +  2aS  +  ^l 

viz.   each   of  these   is   a    quadric    equation   in    j^;    heuce    eliminating   j^,    we   have   the 

modular    equation ;    and    also    (linearly)    the    value    of    =>,   and    thence    the    values    of 

a,  &,  y,  B  in  terms  of  u,  v. 

Before    going    further    it   is   proper   to   remark    that,   writing   as   above   « =  1,   then 
if  S  =  /37,  we  have 

l-0a:  +  yi^-  ga;^  =  (1  -  fix)  (1  +  7^;=), 

1  +  ^a;  +  7^;=  +  Sa^  =  (1  +  jSw)  (1  +  7«=), 

and  the  equation  of  transformation  becomes 

1+y     l  +  x\l-i-fixj  ' 
viz.  this  belongs  to  the  cubic  transformation      The   value   of  y3  in  the  cubic  transforma- 
tion  was   taken    to    be   /3  =  — ,   but    for    the    present    purpose    it    is    necessary   to    pay 
attention   to   an   omitted    double    sign,   and   write   ;S  =  ±  — ;    this   being   so,    B  =  0y,   and 
giving    to   y   the   value    +  w",   B    will    have    its    foregoing    value    =  — .      And    from    the 

theory    of    the    cubic    equation,    according    as    /3  =  -     or   = — --,   the   modular   equation 

must  be 

n^  -v^  +  Im  (1  -  «V)  =  0,   or   u'^-v*-  1m  (1  -  mV)  =  0. 

We   thus   see   d  pnori,   and   it   is   easy   to   verify   that   the  equations   of  the  septic 
trans fonnation  are  satisfied  by  the  values 

a  =  1,  /3  =     - ,  y—     M^  S  =  - ,  and  it' - j/*  +  2m (1  - u'h?)  =  0 ; 
a  =  1,  ^  =  _  -.. ,  7  =  -  «',  g  =  - ,  and  w^  -  w"  -  2wy  (1  ~  mV)  =  0 ; 

and  it  hence  follows  that  in  obtaining  the  modular  equation  for  the  septic  transform- 
ation, we  shall  meet  with  the  factors  w"  -  ti^  +  Im  (1  -  wV),  Writing  for  shoi-tness 
tiv  =  d,  these  factors  are  W  —  if  ±  26  (1  ^  0')  \  the  factor  for  the  proper  modular  equation 
is  u^  +  v^—®,  where 

0  =  8(9  -  28t"  +  56^'  -  706'  +  560'  -  280"+ 80', 
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viz.  the  equation  (1  - u") (1  -)>*)- (1  - uvf  =  0  is  7.i'+if-&^0:  and  the  modular 
equation,  as  obtained  by  the  elimination  from  the  two  quadric  equations,  preaents 
itself  in  the  form 

{if  "V'  +  ^O-  Wy  (u'  -if-W+  2$')-  (u'  +  v'-<d)  =  0. 

Proceeding  to  the  investigation,  we  substitute  the  values 
in  the  residual  two  equations,  which  thus  become 

+  |(l_„.)_4(l-»)(l+l')|  =  0, 

y_  |_  rt.  (1  -  ,„).  (1  +  ,„)J  +  1|„.„.  (1  _  „.)  +  'I  (1  +  UV)  (if  ~  >.')| 

+  {'4'  +  6  -  (1  -  «V)  -  uv\       =  0, 

the  first  of  which  is  given  p.  432  of  the  "  Memoir."  \_Gdl  Math.  Papers,  vol.  IX..  p.  150]. 
Calling  them 

(,,  b,  eg,  l)-.0.    (a'.b-.o'g.iy  =  0. 
we  have 

Ma  ■    M  '  ^  ~^'^'  ~^'''  ■  ^^'  ~  '^'^  '■  ^b' ""  ^'^' 
and  the  result  of  the  elimination  therefore  is 

(ca'  -  c'stf  —  4  (be'  -  b'e)  (ah'  -  a'b)  =  0. 

Write  as  before  uv  =  9.     In   forming  the  expressions  ca'  —  c'a,  &e.,  to  avoid  fractions 
we  must  in  the  first  instance  introduce  the  factor  v^:   thus 

»■  (ca-  -  c'.)  -  .  {» (1  -  «•)  -  l  (1  -  9)  (»  +  «'))  (-  »■  (1  +  9)  (1  -  «)■) 

-  |«»  +  6o'fl  (1  -  «■)  -  »'e-l  (I  -  .'l. 

-  -  «■  (1  +  9)  (1  -  «)■  (»"  (-  3  +  *>)  +  «'  C- 1"+  se-)! 

-  |it"  +  6i»'  {e-ff-)-  vV]  (1  -  »■) ; 

but  instead  of  9V  writing  mV,  the  expression  on  the  right-hand  side  becomes  divisible 
by  u^ ;   and  we  find 

-^  (ca'  -  c'a)  =  -  (1  +  «)  (1  -  «)"  (f  (-  S  +  49)  +  vf  (-  46-  +  .3«')1 
-  (il"  +  6ii<  («-  «■)  -»•]  (1  -tf), 
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and  thence 

-  -^  (ca'  -  c'a)  =  u'"-  +  ii'  {%e  -  lae^  +  llf^  -  %e--  -  8^^  +  lOt"  -  46») 

+v'{-i^+\oe-%8''-m'+iie'-  io^  +  e^)  +  v'\ 

Similarly  we  have 

-]  (be'  -  b'c)  =  M'^  (5  ~  5f  +  4^^  -  55=  _^  2^)  +  vf  (9i9  _  I6fi^  + 1^^  +  106^  + 1"  -  16^^  +  9i90 

+  ?;*  (2  -  5i9  +  4i9^  -  5^  +  5^), 
"^  (aV  -  a'b)  =  M^^  +  ^' -  ^)  +  ^' (2  -  5^  +  4f=  +  3^' - 10^  +  30' +  4.£^  -  5f  +  2f") 

say  these  values  are 

The  required  equation  is  thus 

0  =  {ii}^  +pv?  +  qv*  +  v^'^'f  —  4  (X!('^  +  iftW  +  ^j/")  (/3W^  +  <rv*  +  tji'0> 
viz.  the  function  is 

+  m'^  {tp  ~  iXp) 

+  u^  (2qe*  +p^  -  4,-Ka-e^  -  4^p) 

+       {29"  +  2pqe*  -  4Xt^=  -  4/io-^*  -  ^vpO") 

+  tf   (2pe^  +  q^-  ifirff^  -  ivrr) 

+  v'"  (2q  —  ii-T) 

+  v'\ 
or  say  it  is 

=  {1,  b,  c,  d,  e,/,  \\n^,  u'\  u\  1,  v\  v'\  j)=0- 

Supposing  that  this  has  a  factor  w'  —  0  +  v^,  the  form  is 

{v>'-\-Bu''+G  +  Ih^->rv''){w^-®+v^); 

and  comparing  coefficients  we  have 

B-%    =h, 

C-%B  +  ^    =G, 

Dd^~€>C  +  B&'=d, 

-0    +I>    =/, 
where  @  has  the  before-mentioned  value 

=  (8,  -28,  +56,  -70,  +56,  -28,  +S^B,  6\  e\  e\  e\  6",  6'). 
Fi'ora    the   first,  second,  and   fifth   equations,   if  =  6  +  @,    0  =  c  +  @B~6\   D—f+®;   and 
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the   third   and   fourth   equations   should   then   be 
coefficients  of  the  different  powers  of  0,  we  find 


arified  identically.     Writing  down  the 


2p  =  0  +  12       0  -  20  +  22  -  12  -  16  +  20  -  S  (I 
-  4V  =  0  -  20  +  20  -  3e  +  60  -  44  +  36  ~  28  +  8 

b  =  0-    8  +  20-56  +  82-56  +  20-    8     0 
©  =  0+    8-28  +  56-70  +  56-28+    8     0 


.-.  5  =  0 


0  +  12 


0- 


that  is. 


S  = -8^  +  12^- St"'; 

and  in  precisely  the  same  way  the  fifth  equation  gives 

i)  =  _85^+12e^-8f=. 

We  find  similarly  C  from  the  second  equation:  writing  down  first  the  coefiicients  of 
p^,  2q8^,  —  4\(r^,  and  —isfLp,  the  sum  of  these  gives  the  coefficients  of  c;  and  then 
writing  underneath  these  the  coefficieuts  of  B%  and  of  —  6^,  the  final  sum  gives  the 
coefiicients  of  G :   the  coefficients  of  each  line  belong  to  {&",  6^,.., fl"). 

0   0   36        0-120  +  132+    28-316  +  361-    20-340  +  396-144-112  +  164-80  +  16 

-  8+20-16-12+22-20         0+12 

-  40+140-212  +  140+    80-188  +  168-    92-    64+176-164  +  80-16 
-36+64-   40+    60-    72+    28         0+    68-100+    36 


0  0     0  +  64  -  208  +  352  -  272  - 160  +  463  -  160  -  272  +  S52  ~  208  4 
0   0     0  -  64  +  224  -  352  +  224  +  J60  -  392  +  160  +  224  -  352  +  224  - 


0 


0       0 
0       0 


0   0.0 
that  is, 


0-48 


0+70         0-48  0+16 


0 


0       0, 


0  =  lef  -  48£'«  +  705"  -  48^"  +  16^'= ; 

and  in  precisely  the  same  way  this  value  of  G  would  be  found  from  the  fourth 
equation.  There  remains  to  be  verified  only  the  fourth  equation  (i)  +  5)  ^  —  ®G  =  d, 
that  is, 

2^  (- 8f  ^  + 12^  -  85")  -  0C  =  (2  -  4Xt)  ^'^  +  (2^5  -  4Ai(r  -  41-^)  I?', 

and  this  can  be  effected  without  difficulty. 

The  factor  of  the  modular  equation  thus  is 

M.6  +  i,ie  +  (_8fl=+i25'-85=)(M*  +  «»)+ 16^-485=  + 70t"-4S6""+ 165", 
C  X.  43 
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viz.  this  is 

that  is, 

[u'- 1/^-2$  (I  -  0')Y  (m'-  B^+  2^(1  -  ^^)j'; 
01'  the  modular  equation  is 

{iC-v'-2d(l-ff')\''{n'-v'  +  2e(l-e')l^{u'  +  i^-®)  =  0; 
viz.    the    first    and    second    factors    belong   to    the   cubic   transformation ;    and   we   have 
for  the  proper  modular   equation    in   the    septic   transformation   u^  +  ifi  —  ®  =  0,   or   what 
is    the    same    thing    (1 -«')(! -u*')-(l -^)'  =  0,   that    is,    (1 -i>!^)(l -v') -(i -uv)' =  0, 
the  known  result;    or,  as  it  may  also  be  written, 

(e-u^)  (0  - !)') + 7^(1  -  eyii  -  ^  +  ^)== o. 

The  value  of  M  is  given  by  the  foregoing  relations 

M-'  ■  M  " 


^  :  1  =  Xti'^  +  fj.u' +  i/v^  :  —  (u''' +  pu' +  qv*  +  v'-)  :  pa*  +  ero^  +  tv''' ; 


but   these   can   be,   by   virtue   of    the    proper   modular    equation   tfi  + «'  —  @  =  0,   reduced 
into  the  form 

viz,  the  equality  of  these  two  sets  of  ratios  depends  upon  the  following  identities, 
(-0  +  V')  (m'=  +pu'  +  '-I'D'  +  ii'O  +  14  (^  -  2^  +  W-e^)  (pit*  +  ffv*  +  rv'^) 

=  {-0u*  +  {l-e)(~i-e  +  58'-0'-4<0*)v'  +  v''']{u'-<d  +  v'), 
-1{0- 1<?)  (pu^  +  av*  +  Tii'^)  -(0-  v")  {\u"'  +  nu'  +  vv*) 

=  {{20  +  5fl=  +  3^ - 2^  -  2fl') u*  +  (2  +  26 ~  36=  -  60'  -  26') v']  (u'  -®+v^), 
-2(0-20'  +  2(9'  -  0*)  (XW'  +  fiu"  +  vv*)  +  (M*  -  0)  (w'=  +  jm'  +  qV+  v''') 

=  (ti'=  +  6  (1  -  i9)  {3  +  56  +  36^)  w*  -  ^i;^}  (m«  -  @  +  j)^, 

which   can   be   verified   without    difficulty:    from    the    last -mentioned    system    of    values, 
replacing  0  by  its  value  uv,  we  then  have 

i  =  B  '■  l=7i((^-'0  ■■  liuv{l-uv){l-uv  +  u^¥)  :  -v{u-v'), 

which  agree   with  the  values  given  p.  482   of  the   "Memoir";   and  the  analytical  theory 
is  thus  completed. 
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A    TENTH    MEMOIR    ON    QUANTICS. 


[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol.  clxix.,  Part  ii. 
(1878),  pp.  603—661.     Received  June  12,— Read  June  20,  1878.] 

The  present  Memoir,  which  relates  to  the  binary  quintic  (sjic,  yf,  has  been  in 
hand  for  a  considerable  time:  the  chief  subject-matter  was  intended  to  be  the  theory 
of  a  canonical  form  which  was  discovered  by  myself  and  is  briefly  noticed  in  Sahnon's 
Higher  Algebra,  3rd  Ed.  (1876),  pp.  217,  218;  writing  a,  b,  c,  d,  e,  f,  g,..,u,v.w  to 
denote  the  23  covariants  of  the  quintic,  then  a,  b,  c,  d,  f  are  connected  by  the  relation 

y=  =  —  a'd  +  a'bc  —  4c' ; 

and  the  form  contains  these  covariants  thus  connected  together,  and  also  e;  it,  in  fact,  is 

(1,  0,  c,/,  a'b-Stf,  a^e-2cf^x,  y)\ 

But  the  whole  plan  of  the  Memoir  was  changed  by  Sylvester's  discovery  of  what 
I  teiin  the  Numerical  Generating  Function  (N.G.F.)  of  the  covariants  of  the  quintic, 
and  my  own  subsequent  establishment  of  the  Real  Generating  Function  (R.G.F.)  of 
the  same  covariants.  The  effect  of  this  was  to  enable  me  to  establish  for  any  given 
degree  in  the  coefficients  and  order  in  the  variables,  or  as  it  is  convenient  to  express 
it,  for  any  given  deg-order  whatever,  a  selected  system  of  powers  and  products  of  the 
covariants,  say  a  system  of  "segregates":  these  are  asyzygetic,  that  is,  not  connected 
together  by  any  hnear  equation  with  numerical  coefficients ;  and  they  are  also  such 
that  every  other  combination  of  covariants  of  the  same  deg-order,  say  every  "congregate" 
of  the  same  deg-order,  can  be  expressed  (and  that,  obviously,  in  one  way  only)  as  a 
linear  function,  with  numerical  coefficients,  of  the  segregates  of  that  deg-order.  The 
number  of  congregates  of  a  given  deg-order  is  precisely  equal  to  the  number  of  the 
independent  syzygies  of  the  same  deg-order,  so  that  these  syzygies  give  in  effect  the 
congregates  in   terms   of  the   segregates:    and   the   proper   form   in   which  to  exhibit  the 

43—2 
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syzygies  is  thus  to  make  each  of  them  give  a  single  congregate  in  terms  of  the 
segregates:  viz.  the  left-hand  side  can  always  be  taken  to  be  a  monomial  congregate 
a'b^...  or,  to  avoid  fractions,  a  numerical  multiple  of  such  form;  and  the  right-hand 
side  will  then  he  a  linear  function,  with  numerical  coefficients,  of  the  segregates  of 
the  same  deg-order.  Supposing  such  a  system  of  syzygies  obtained  for  a  given  deg- 
order,  any  co variant  function  (rational  and  integral  function  of  co variants)  is  at  once 
expressible  as  a  linear  function  of  the  segregates  of  that  deg-order:  it  is,  in  fact, 
only  necessary  to  substitute  therein  for  every  monomial  congregate  its  value  as  a  linear 
function  of  the  segregates.  Using  the  word  covariant  in  its  most  general  sense,  the 
conclusion  thus  is  that  every  covariant  can  be  expressed,  and  that  in  one  way  only, 
as  a  linear  function  of  segregates,  or  say  in  the  segregate  form. 

Reverting  to  the  theory  of  the  canonical  form,  and  attending  to  the  relation 
/"  =  —  aH  +  a^bc  ~  4c', 

it  thereby  appears  that  every  covariant  multiplied  by  a  power  of  the  quintie  itself  a, 
can  be  expressed,  and  that  in  one  way  only,  aa  a  rational  and  integral  function  of 
the  covariants  a,  b,  c,  d,  e,  f,  linear  as  regards  /:  say  every  covariant  multiplied  by 
a  power  of  a  can  be  expressed,  and  that  in  one  way  only,  in  the  "  standard "  form : 
as  an  illustration,  take 

a^h  =  6acd  +  ibc^  +  ef. 
Conversely,  an  expression  of  the  standard  form,  that  is,  a  rational  and  integral  function 
of  a,  b,  G,  d,  e,  f,  linear  as  regards  /,  not  explicitly  divisible  by  a,  may  very  well 
be  really  divisible  by  a  power  of  a  (the  expression  of  the  quotient  of  course  containing 
one  or  more  of  the  higher  covariants  g,  h,  &c.),  and  we  say  that  in  this  case  the 
expression  is  divisible,  and  has  for  its  divided  form  the  quotient  expressed  as  a 
rational  and  integral  function  of  covariants.  Observe  that  in  general  the  divided  form 
is  not  perfectly  definite,  only  becoming  so  when  expressed  in  the  before-mentioned 
segregate  form,  and  that  this  further  reduction  ought  to  be  made.  There  is  occasion, 
however,  to  consider  these  divided  forms,  whether  or  not  thus  further  reduced ;  and 
moreover  it  sometimes  happens  that  the  non-segregate  form  presents  itself,  or  can  be 
expressed,  with  integer  numerical  coefficients,  while  the  coefficients  of  the  corresponding 
segregate  form  are  fractional. 

The  canonical  form  is  peculiarly  convenient  for  obtaining  the  expressions  of  the 
several  derivatives  (Gordan's  Uebereinandersdiiebiingeii)  {a,  b)\  (a,  by,  fee,  (or  as  I 
propose  to  write  them  ahl,  ab2,  &c.),  which  can  be  formed  with  two  covariants,  the 
same  or  different,  as  rational  and  integral  functions  ot  the  several  covariants.  It 
will  be  recollected  that  in  Gordan's  theorj  these  deiivatives  are  used  in  order  to 
establish  the  system  of  the  23  covariants:  but  it  seems  preferable  to  have  the  system 
of  covariants,  and  by  means  of  them  to  obtain  the  theory  of  the  derivatives. 

I  mention  at  the  end  of  the  Memoir  two  expressions  (one  or  both  of  them  due 
to  Sylvester)  for  the  N.G.F.  of  a  binary  sextic. 

The   several  points  above  adverted  to  are  considered  in  the  Memoir;   the 
are  numbered  consecutively  with  those  of  the  former  Memoirs  upon  Quantics. 
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The  Nii/m&ncaX  and  Real  Generating  Ftmctions.    Art.  Nos.  366  to  374, 
and  Table  No.  96. 

366,     I   have,   in   my   Ninth   Memoir   (1871)   [462],   given   what   may   be   called  the 
Niimerical  Generating  Function  (N.G.F.)  of  the  covariants  of  a  quartic ;  this  "was 

A  /„■)  ^ 1  -  ^^"■^^ 

''  •'     1  -  aa;' .  1  -  aV .  1  -  (iM  -  aM  -  aV 

the  meaning  being  that  the  number  of  asyzygetic  covariants  a^af-,  of  the  degree  0 
in  the  coefficients  and  order  /t  in  the  variables,  or  say  of  the  deg-order  d.fi,  is  equal 
to  the  coefficient  of  u?3f-  in  the  development  of  this  function.  And  I  remarked  that 
the  foiTnula  indicated  that  the  covai"iants  were  made  up  of  (aai^,  aW,  a',  a',  aW),  the 
quartic  itself,  the  Hessian,  the  quadr  in  variant,  the  cubinvariant,  and  the  eubicovariant, 
these  being  connected  by  a  syzygy  aW  of  the  degree  6  and  order  12.  Calling  these 
covarianta  a,  b,  c,  d,  e,  so  that  these  italic  small  letters  stand  for  covariants, 

Deg-order. 

1.4  a, 


then   it  is  natural    to    consider    what    may    be    called    the    Real    Generating    Function 
(R.G.F.):   this  is 


l-a..l-&.l-c.l~rf.l~e' 

the  development  of  this  contains,  as  it  is  easy  to  see,  only  terms  of  the  form  a^b^cyd^ 
and  a'b^Cd^e,  each  with  the  coefficient  + 1,  so  that  the  number  of  terms  of  a  given 
deg-order  d.fi  is  equal  to  the  coefficient  of  a^a^  in  the  first-mentioned  function ;  and 
these  terms  of  a  given  deg-order  represent  the  asyzygetic  covaaiants  of  that  deg-order: 
any  other  covariant  of  the  same  deg-order  is  expressible  as  a  linear  function  of  them. 
For  instance,  deg-order  6.12,  the  terms  of  the  RG.F.  are  a'd,  a'bc,  c=:  there  is  one 
more  term  e^  of  the  same  deg-order ;  hence  e^  must  be  a  linear  function  of  these  : 
and  in  fact 

e^  =  -  aH  +  a^bc  -  4!C^ 
viz.  this  is  the  equation 
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367.     Sylvester  obtained  an  expression  for  the  N.G.F.  of  the  quintie :   tiiis  is 
a'  .     1 
+  a'  .     «^  +  iE=  +  3^' 
+  a^  .     a^  +  m^ 

+  u»  .  x^  +  x' 

+  a7  .  a;  +a,^-af 

+  a^  .  JB^  +  3^ 

+  a^  .  a?  -^  ^  —  ^ 

+  o^" .  a;^  +  a^  —  a;'" 

+  «" .  X  +0?-  i& 

+  £('■'.     X  —x^  —  a? 
+  0.^^ .     a!*  —  x"  —  a? 
-i-  a'^ .  ~  x'  —  D? 
-i-a'".     ie^  —  af  —  a?" 
+  a" .  —  x'  —  afi 

+  a" .  -  ic=  -  X' 

+  d"  .-~af  —  x^  —  a? 


1  —  aa^ .  1  —  a^a:^ .  1  —  aV  .1  —  a"^  .1  ~  a^  .1  —  a'^ ; 

viz.   expanding   this   function  in  aecending  powers  of  a,  x,  then,  if  a  term  is  Na?xi',  this 
means  that  there  are  precisely  iV"  asyzygetic  covaiiants  of  the  deg-order  6.(i. 

368.  It  is  known  that  the  number  of  the  irreducible  covariiints  of  the  binary 
quintie  is  =  23 ;  representing  these  by  the  letters  a,  b,  o,  d,  e,  f,  g,  h,  i,  j,  k,  I,  m, 
n,  o,  p,  q,  r,  s,  t,  u,  V,  w,  {a  the  quintie  itself),  the  deg-orders  of  these,  and  the 
references*  to  the  tables  which  give  them  are 

[*   See  also  the  paper,  143,  in  tlie  second  volume  of  this  collection,] 
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Tab.  Mein. 
13      2 


3.3 

d 

,,.5 

e 

„.9 

f 

4.0 

!J 

S3     S 
84     „ 


8.0  q 

,,.2  r 

9.3  sf 

11.1  ( 

12 . 0  ■!(. 

13.1  V 
18.0  w 

Starting  from  the  foregoing  expression  of  the  N,G.F.  of  the  quintie,  we  can,  instead 
of  each  term  a^a^,  introduce  a  covariant  or  product  of  covariants  of  the  proper  deg-order 
d./ii  the  mode  of  doing  this  depends  of  course  on  the  different  admiasible  partitions 
of  ff,  ft,  and  it  is  for  some  of  the  terms  very  indeterminate :  for  instance,  aW  is  ai, 
hf,  or  ce.  I  found  it  possible  to  perform  the  whole  process  so  as  to  satisfy  a  condition 
which  will  be  presently  referred  to ;   and  I  found 

[*  See  vol.  vn.  of.  this  oolleotion,  p.  348.] 

+  See  eod  of  Memoii-.  The  S  of  Table  ys  has  tlie  value  ~96(D,  M)  +  lf>BO -IGK,  but  it  is  better  to 
use  the  simple  ralue   -(U,  il);   and  the  S  of  the  present  Memoir  has  this  value,  say  i'—  -(d,  in). 


25     2 

[See  also  paper  143] 

92     9 

94     S 

29     3 

9.5     9 

29a  5. 
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E.G.r.  of  qaictic^ 

Dcg-orders. 

1     .1-6= 

0.0-10.10 

+  d 

l-«5' 

3.3-12.    8 

+  e 

l-i)> 

3. .5-    7.    9 

+f 

1-6 

3.9-   5.11 

+  h 

1-ag' 

4.4-13.    9 

+  i 

l-h'g 

4.6-12.10 

+3 

l-af 

.^.1-14.    6 

+  k 

I-f 

e,.s-  9.  7 

+  1 

1-i.J, 

,5.7-11.    9 

+  m 

1-ag' 

6.2-1.5.    7 

+  n 

1-l-g 

6.4-14.    S 

+  0 

l-4> 

7.1-13.    7 

+  P 

l-fj, 

7.5-15.    9 

+  r 

1-6V 

8.2-16.    6 

+dj 

1-oj" 

8.4-17.    9 

+  s 

1-ahg 

9.3-16.10 

+hj 

1-af 

9.5-18.10 

+i' 

!-«»• 

10.2-19.    7 

+jk 

!-{=<, 

10.4-18.    8 

+  t 

l-i" 

11.1-17.    7 

+jm 

1-af 

11.3-20.    8 

+jo 

1-bg 

12.2-18.    4 

-i-V 

1-V 

13.1-23.11 

+  > 

1-bg 

14.4-20.    6 

+it 

1-y 

16.2-20.    2 

+  W 

i-» 

18.0-19.    6 

[693 


l-a.l-h.l-c.l- 


.1- 


,1- 


where  observe  that  each  negative  term  of  the  numerator  is  equal  to  a  positive  term 
multiplied  by  a  power  or  product  of  terms  a,  h,  g,  contained  in  the  denominator ; 
this  is  the  condition  above  referred  to.  The  expansion  thus  consists  only  of  terms 
each  with  the  coefficient  + 1 ;   for  instance,  a  part  of  the  function  is 


s(l 


-  ohff) 


1-5. l-«' 


1  -  "ly 


.T-^n'l-a.l-b7l- 
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where  the  first  factor  is  the  entire  series  of  terms  sc^q'ii.^,  and  the  second  factor  is 
the  series  of  terms  a'ft^^r  omitting  only  those  terms  which  are  divisible  hy  ahg :  and 
in  the  product  of  the  two  factors  the  terms  are  all  distinct,  so  that  the  coefficients 
are  still  each  =  1.  The  same  thing  is  true  for  every  other  pair  of  numerator  terms : 
and  since  the  terms  arising  from  each  such  pair  are  distinct  from  each  other,  in 
the  expansion  of  the  entire  function  the  coefficients  are  each  =  +  1.  Hence  (as  in 
the  case  of  the  quartic)  for  any  given  deg-order,  the  terms  in  the  expansion  of  the 
R.G.F.  may  be  taken  for  the  asyzygetic  covariants  of  that  deg-onler;  and  if  there 
are  any  other  terms  of  the  same  deg-order,  each  of  these  must  be  a  linear  function, 
with,  numerical  coefficients,  of  these  asyzygetic  covariants:  thus  deg-order  6,14,  the 
expansion  contains  only  the  terms  a%  acd,  6c';  there  is  besides  a  term  of  the  same 
deg-order,  ef,  which  is  not  a  term  of  the  expansion,  and  hence  ef  must  be  a  linear 
function  of  a^h,  acd,  bc^;   we  in  feet  have  ef  =  d'h  —  Qacd  —  ibc^. 

The  terms  in  the  expansion  of  the  R.G.F.  may  be  called  "segregates,"  and  the 
terms  not  in  the  expansion  "  congregates " ;  the  theorem  thus  is :  every  congregate  is 
a  linear  function,  with  detenninate  numerical  coefficients,  of  the  segregates  of  the  same 
deg-order. 

369.  I  stop  to  remark  that  the  numerator  of  the  R.G.F.  may  be  written  in  the 
more  compendious  form 

(l-1^)(l-^)+(l-[^)(o  +  t)  +  (l-b')(e+k)  +  0.-b)f 
+  (]  -  ag''){d  H-  h  +j  +  m  +  dj -{-  hj  +f  -\-jm} 
+  (l-bg)(l+jo+js) 
+  (l-h'0(i  +  n+p+jk) 
+  (l-abg)s 

+  {-l-a)w; 
but  the  first- mentioned  form  is,  I  think,  the  more  convenient  one. 

370.  It  is  to  be  noticed  that  the  positive  terms  of  the  numerator  are  unity,  the 
seventeen  covariants  d,  e,  f,  k,  i,  j,  k,  I,  m,  n,  o,  p,  r,  s,  t,  v,  w,  and  the  products  of  j  by 
(d,  k,  j,  h,  m,  0,  s,  t),  where  j^  is  reckoned  as  a  product;  in  all,  26  terms.  Disregarding 
the  negative  terms  of  the  numerator  the  expansion  would  consist  of  these  26  terms, 
each  multiplied  by  every  combination  whatever  a'^b^c''g^q'ti^  of  the  denominator  terms 
((,  b,  c,  g,  q,  u  (which  for  this  reason  might  be  called  "  reiterative ") :  the  effect  of  the 
negative  terms  of  the  numerator  is  to  remove  from  the  expansion  certain  of  the  terms 
in  question,  thereby  diminishing  the  number  of  the  segregates :  thus  as  regards  the 
terms  belonging  to  unity,  any  one  of  these  which  contains  the  factor  ¥  is  not  a 
segregate  but  a  congregate :  and  so  as  regards  the  terms  belonging  to  d,  any  one  of 
these  which  contains  the  factor  ag'  is  a  congregate;   and  the  like  in  other  cases. 

For  a  given   deg-order  we   have    a    certain    number    of   segi-egates    and    a    certain 
number   of  congregates:    and   the   number   of  independent   syzygies   of  that   deg-order  is 
C.   X.  44 
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precisely  equal  to  the  number  of  congregates:  viz.  each  such  syzygy  may  be  regarded 
as  giving  a  congregate  in  terms  of  the  segregates :  we  have  on  the  left-haod  aide  a 
congregate,  or,  to  avoid  fiacfcions,  a  numerical  multiple  of  the  congregate,  and  on  the 
right-hand  side  a  linear  function,  ivith  numerical  coefficients,  of  the  i 


371.  The  syzygy  is  irreducible  or  reducible;  and  in  the  latter  case  it  is,  or  is  not, 
simply  divisible :  viz.  if  the  congregate  on  the  left-hand  side  contains  any  congregate 
factor  (the  other  fector  being  literal),  then  the  syzygy  is  reducible :  it  is,  in  fact, 
obtainable  from  the  syzygy  (of  a  lower  deg-order)  which  gives  the  value  of  such 
congregate  factor.  But  there  are  here  two  cases ;  multiplying  the  lower  syzygy  by 
the  proper  factor,  the  right-hand  side  may  still  contain  segregates  only,  and  then  no 
farther  step  is  required :  the  original  syzygy  is  nothing  else  than  this  lower  syzygy, 
each  side  multiplied  by  the  factor  in  question,  and  it  is  accordingly  said  to  be  simply 
divisible  (S.D.).  But  contrariwise,  the  right-hand  aide,  as  multiplied,  may  contain  con- 
gregates which  have  to  be  replaced  by  their  values  in  tenns  of  the  segregates  of  the 
same  deg-order :  the  resulting  expression  is  then  no  longer  explicitly  divisible  by  the 
inti'oduced  factor:  and  the  original  syzygy,  although  arising  as  above  from  a  lower 
syzygy,  is  not  this  lower  syzygy  each  side  multiplied  by  a  factor:  viz,  it  is  in  this 
case  not  simply  divisible. 

For  example  (see  the  subsequent  Table  No,  96,  under  the  indicated  deg-oi-dere) 
(6.6),  from  the  syzygy 

Qd?  =  aj  -b'  +  2bk  -  eg, 
we  deduce  (7.11)  the  syzygy 

i)ad-  =  a^  —  a¥  -f-  'iahh  —  acg, 

which  (ail  the  terms  on  the  right-hand  being  segregates)  requires  no  further  reduction ; 
it  is  a  reducible  and  simply  divisible  syzygy.  But  we  have  (6.8)  a  syzygy  giving 
de,  and  also  (6 .  10)  a  syzygy  giving  «' ;  multiplying  the  former  of  these  by  e  or  the 
latter  of  them  by  d,  we  obtain  values  of  d^,  but  in  each  case  the  right-hand  sides 
contain  terms  which  are  not  segregates,  and  have  thus  to  be  further  reduced ;  the 
final  formula  (9 .  13)  is 

Zde^  =  -  ^a^bj  +  ZcMg  +  4ttt*  —  ^al?k  +  iabcg  -  l^¥cd, 

which  is  not  divisible  by  any  factor:  the  syzygy  is  thus  I'educible,  but  not  simply 
divisible. 

A  syzygy,  which  is  not  in  the  sense  explained  reducible;  is  said  to  be  irreducible. 

372.  The  number  of  irreducible  syzygies  is  obviously  finite:  it  has,  however,  the 
large  value  179  as  appears  from  the  annexed  diagram,  showing  the  congregates 
determined   by   these   several   syzygies,   and   the   deg-orders   of  the  syzygies : — 
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■ds   the   foregoing   diagram,  that  df  is   irreducible   (since   neither  dj 
be),    and    similarly  j'A,  j',    &c.,    are    irreducible:     we    have    thus    the    last 
or  j'^  column  of  the  diagram. 

The  simply  divisible  syzygies  are  iniiiiite  in  number,  as  are  also  the  reducible 
ayzygies  not  simply  divisible.  There  is  obviously  no  use  in  writing  down  a  simply 
divisible  syzygy;  but  aa  regards  the  reducible  syzygies  not  simply  divisible,  these 
require  a  calculation,  and  it  is  proper  to  give  them  as  far  as  they  have  been  obtained. 

373.  The  following  Table,  No.  96,  replaces  Tables  88  and  89  of  my  Ninth  Memoir. 
The  arrangement  is  according  to  deg-orders,  and  the  table  is  complete  up  to  the 
deg-order  8 .  40 :  it  shows  for  each  deg-order  the  segregate  covariants,  and  also  the 
congregate  covariants  (if  any),  and  the  syzygies  which  are  the  expressions  of  these 
in  terms  of  the  segregates.  When  there  are  only  segregates  these  are  given  in  the 
same  horizontal  line  with  the  deg-order ;  for  instance,  |  5 . 9  |  ah\  ah,  cd,  shows  that  for 
the  deg-order  5 . 9  the  only  covariants  are  the  segregates  ai=,  ah,  cd ;  but  when  there 
are  also  congregates,  the  segregates  are  arranged  in  the  same  horizontal  line  with  the 
deg-order,  and  the  congregates,  each  in  its  own  horizontal  line  together  with  its  ex- 
pression as  a  linear  function  of  the  segregates:  thus  "  ,„ — f "  "i '  *^^  segregates 
are  at,  ce,  and  there  is  a  congregate  bf  which  is  a  linear  function  of  these,  =  ~ai  +  ce. 
The  table  gives  the  irreducible  syzygies  and  also  the  reducible  syzygies  which  are  not 
simply  divisible,  but  the  simply  divisible  syzygies  arc  indicated  each  by  a  reference 
to  the  divided  syzygy  which  occurs  previously  in  the  table. 

374,  Any  syzygy  might  of  course  be  directly  verified  by  substituting  for  the 
several  covai'iants  contained  therein  their  expressions  in  terms  of  the  coefficients  and 
facients  of  the  quintic.  But  it  is  to  be  remarked  that  among  the  syzygies,  or  easily 
deducible  from  them,  we  have  (6.18)  the  belbre-mentioned  equation /^  =  — a'd -|- a'ic  —  40^, 
and  also  a  set  of  17  syzygies,  the  left-hand  sides  of  which  are  the  covaiiants 
g,  k,..,u,  V,  w,  each  multiplied  by  a  or  «^,  and  which  lead  ultimately  to  the  standard 
expressions  of  these  covariants  respectively,  viz,  each  covariant  multiplied  by  a  proper 
power  of  a  can  be  expressed  as  a  rational  and  integral  function  of  a,  b,  c,  d,  e,  /, 
linear  as  regards  f.  Supposing  them  thus  expressed,  a  far  more  simple  verification  of 
any  syzygy  would  consist  in  substituting  therein  for  the  several  covariants  their  ex- 
pressions in  the  standard  form,  reducing  if  necessary  by  the  equation  f^=—a'd-i-a^bc—4e': 
but  of  course,  as  to  the  syzygies  used  for  obtaining  the  standai-d  forms,  this  is  only 
a  verification  if  the  standai^d  forms  have  been  otherwise  obtained,  or  are  assumed  to 
be  correct. 
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The  17  Hyzygies  above  referred  to  t 
Dog-ord. 


6.10 

<e<j  = 

12aJrf  +  46%  +  e=. 

6.14 

a%  = 

daal  +  'UK'  +  ef, 

5.11 

ai  =  - 

bf+oe, 

6.6 

»j- 

t=  -  2bh  +  cg  +  W, 

6,8 

ak  =  - 

26i  +  8*, 

6.12 

<il- 

2d-adf, 

7.7 

am  =  - 

•2h^d-Cj+Mk, 

7.0 

an- 

b-e-m-2ek-fg, 

S.6 

m- 

26b  +  ej. 

8.10 

ap  =  - 

im-fj. 

9.. 5 

04-- 

ib'j  +  bdg-Udm  +  hj, 

0.7 

ar- 

b^k  +  bp-co  +  kk, 

10. S 

(tS  = 

3hdk  +  3dp  +  2im, 

12.6 

at  = 

bjk+ip-2mn. 

13.. 5 

lHan  = 

2agq  +  I'gj  +  66m;  -  edf  -  ghj  +  no. 

14.6 

3fii.= 

2lf'q  -  Sb^  -  ib^gm  +  Gbdgj  -  126m=  +  Set, 

19.5 

I8aw  = 

Sb'gt  +  b'qo  -  46/^0  -  bgmo  +  186m(  +  Mgjo  -  IMjt 

-  '^gjit  -  Hvi'o, 

the   laj3t   four 

of  these 

being,  however,  beyond  the  limits   of  the   table: 

the  expressions 

of  g,  h,  i  are 

here   in 

the  standard  foi'm :    the  standard  forms  of  the 

other  covariants 

j.k,..,u.,,u 

,  mil  be 

given  further  on. 

)  (Segregates,  Congregates,  and  Syzygies). 


Deg-ord. 

Congs. 

Segregates. 

3.     1 
3 

1 

2.    0 

2 

/, 

6 

y 

8 

10 

>r 

3.    1 

3 

d 

5 

e 

7 

ab 

9 

f 

IL 

13 

15 

«" 
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Table  No.  96  (continued). 


Deg-ord. 

Congs. 

4.     0 

y 

4 

i>% 

h 

6 

i 

S 

ad. 

he 

10 

ae 

12 

d% 

IT 

14 
16 

af 

18 

30 

«■' 

5.    1 
3 

i 

5 

7 

he, 

bd 

I 

11 
13 

ab\ 

ah,     ed 

¥ 

ai, 

„ 

_1 

+  1 

«,V 

abc 

15 
17 

™%', 

19 
21 

«y 

23 

25 

«» 

6.    0 

4 
6 

8 

10 

12 

^?, 

m 

d'.& 

ti, 

h;      Si,      I 

+  1 

-1     +2    -1 

de.S 

«A, 

U 

+ 1 

+  2 

* 

«'?, 

abd,     b^c,    c/* 

+  1 

-12    -4    . 

rf/.3 

abe. 

oi,     » 

-1+2 

14 
18 

ef 

a?b\ 

o'S,     »«<*,     6o- 

SD  5  11   S/ 

+1     -6    -4 

ah/ 

a'i. 

oo. 
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A  TISNTH   MEMOiE  ON   QUANTICS, 
Taui,e  No.  96  {continued). 


Deg-Drd. 

Coiigs. 

6.  la 

20 
22 
24 
26 
28 
30 

f 

a?d,     a'bc,     c' 

SD.  6.6,    1^ 

-  1     +1     -  4 

ay,     acf 
a' 

7.    1 
3 
5 

9 

11 
13 

15 

17 

19 
21 
23 

dh.Z 

aby,     am,     bhl,     cj 

0        +1     +2     +1 

ell 

an,      hi,      ck,     fy 

+1     +6     +2     +1 
0     +1     +1 
0     +4     +2     +1 

ad' 
"A 

ode 
/h.3 

d^j,     ab',     abh,     Ml/,     bed 

-1       +6-6 

8.D.  S.8  ,  de 

...          .     S.D    5.11,  bf 

a-k,     abi,    bee,      d 

~l     -2      +3    -6 

fi 

n-V,     "-M     '-''1'%     ach,     c'd 

+1       -1       +1     -6 

adf 
bcf 

o?he,     d%     ad,     <?e 

s  D  .')  n   hf  1 

.     .     .     .     S.D    6.14    >•/ 

^f 

«^6=,     a%     d'cd,     abc' 

^■'bf 

a%     a^ce,     <?/ 

S.D.   G.18,/^ 

<^r 

c^d,    o?bc,    ac^ 
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Table  No.  96  {contimwd). 

Deg-ord. 

CongB. 

Segr^ates. 

7.  25 
27 
29 
31 
33 
35 

a' 

S  D    6  6     rf- 

8.    0 
2 
4 

6 

8 

10 
12 

14 
16 

9\ 

6m,     dy,     (?A 

dk.Z 

«o, 

hn,     ffi 

+  1 

-3     -1 

-2 

b(i' 

A^3 

abj, 

aiJj,     h*,     b-h,     beg,       cm 

-4 

+  4 

+  3    +4    -6     4-2 

-3    -4    +8     -1      H-12 

.     .     .     S.D.  6.8,    de 

Mr 
dl.9 
fj 
hi.S 

abk, 

*eS-,     ap,     b%     en 

+  3 
+  1 

.       H-  3    +1     +3 

.       -1       .       -2 

.        +2     -3 

.     .     .     S.D.  7.7,    dk 
.     .    .     8.D.  6.10,  e= 

adh 

cd? 

d 

a%9 

a=m,     «6V,     «e;,     fi'c,     /*(^A,     cV 

-1      -2       +1     -2     -1-2 
+1        .          -1+4-6+2 
-1          .        +1     -2     +1 

.     .     ,     S.I>.  7.9,    b'^e 
.     .     .     S.D.  7.9,    di 
.     .     .     S.D.  7.9,    eh 
.     .     .     8,D.  6.12,  df 
.     .     S.D.  6.8,    ds 

adi 
aeh 
hdf 
cde 

aFn, 

abl,     aek,     afg,     bd 

.     .     .     S.D.  6.6,    d' 
.     .     .     S.D.  7.11,  ei 
,      .      .      S.D.   6.14,  e/ 
.     .     .     S.D.  6.10,6= 

a'cP 

yv.3 

«'i, 

aW,     a'hh,     d',:y,     itbod,     6V,      c% 

+  1 

~\      +2       -  1       -3      -6+6 
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Table  No.  96  {continued). 


Dfig-otd. 

Conga. 

Segregates. 

8.18 

20 

22 
24 

26 

28 

30 
32 
34 
36 
38 
40 

a?k,     a'bi,     abce,     acl,     c\ 

.     .     .     S.D.  6.8,    de 
.     .     .     S.D.  5.11,  6/ 
.     .     .     S.D.   7.13,/A 

.     .     .     S.D.  6.10,  e 

.     .     .     S.D.  7.15,/i 

.     .     .     S.D.  6.18,/^ 

S  D    6.14,  ef 

a^g,     a'bd,     a^^     a\h,     aa'd,     bc^ 

«v/ 

a=be,     a%     a\i,     abef,     ao\ 

SD   e,M.  pf 

a'b\     a%     a?cd,     aWe\     c* 

<»?bf 

a%     o?ce,     acY 

.    .         S.D.  6.18,/^ 

* 

a'd,     a^bc,     aV 

9.    1 
3 

7 
9 

S3 

bo,     gk,     s 

<?m.l3 

.       -1    -2     +1     +1 

rf)i.3 
Mis 

ar,     beg,     bp,      co,       gl 

+1       .       _g     _i     +1 
-1      .       -1     -1 
+2      .       +2     +1     -1 
+2      .       +2     +4     -1 
.       +1     +1 

6(ffi.3 
rf=.27 

ah^g,     ahia,     adj,     agh,     ¥d,     bcj,     edg 

+1        .          .         +2     +1 
+2      +3        .         +1+2' -3 
+1        +6        .       -1          .       +2 

-1        .          .           .       -3     +3 
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Table  No.  96  (cont-mued). 


D(«-ord. 

Conga. 

SegregateB. 

9.11 

13 

adk 

7, 

hdi 

hek 

Vl 

(Pe.S 

fm.3 

U  .3 

a=o, 

„6n,     a,i, 

bH,     boh,     ceg,     ep 

.     S.D. 

8.6,     dk    ■ 

+  1     -1 

+6     +2     +1 

SD. 

7.9,    U 

.        -1 

+4     +2     +1 

SB 

5  11,  bf 

+  1 
+  1 

+  1 

-3     -1 

+  3     +1 
-3     -  1 

+  2     +2 
.       -3       .       -3 
+  2+5       .       -6 

^cd, 

d'j 

.     .     S.D. 

.    .    s.r>. 

.     .     S.D. 

.     .     S.D. 

SD 

6.6,    d^ 
8.8,    ek 
8.8,    A= 
7.11,  ei 

1 7,     dh 

ahtP 
aek 
ah' 
« 

de'.S 

/» 
il 

«'6j, 

a?dg,     ab' 

ahVi,     abog,     aom, 

-4 
-2 
-1 

+  3       +  ^ 
+  1 

-8+4 

-3       +1       -2 

-2       +1       -3 

-12 
-■  3 

+  2 
+  3 

10.    0 
3 

4 
6 

8 
10 

s/, 

hq,     gm, 

■2 

bdj,     bgk,     eg\     cq 

do.S 

65", 

gn,     jk 

+  2 

-1 

cPc, 
Am. 3 

«a?. 

&V,     hSa, 

+  1 
-1 

+  1 

-1-2+12 
+  1-1-6 
-1-4 

-12    -2 

+  12    ~  2     +1    -  3 

-12     +2     -1 

+ 

hdk 

*.9 
i».S 
«» .  3 
ji   .3 

aho. 

agh,       a,, 

6%,      6i/i,      cr 

.     .     S.D 

S.D 

8,6,    ej 
6  8,    (^e 

-5 
-6 
+  1 
-5 

.       -h3 

'.       +3 

+  15     +5-6 
+  18     +5     -12 
-3-1     +3 
+  15     +5     -12 

bum. 

.<Zi, 

cgh 

95     dm 

adm 
b'.S 
6W.72 

<Ph.27 
^9 
ep 

fo.2 
in.i 
hi  .4 

ay, 

a^q,    ab% 

raSt^y,    (tAj,    5^A,    ?>'cy, 

SD 

+  1     +10 
-1     -    2 
+  1+2 
^1-2 
-1-2 

-9      +3     +12      . 
+  9      -3+4    -8 
-3      +3        .        +4 
+3      -3+4    -2 
+3        .       +1-2 

+  32 
-32 
+  32 

-  8 

-  8 

-12 
+  12 
-12 
+  12 
+  12 

+  1 

+  1     +'  2 
+  1     +    2 

-1        .        -2 
-3      +7        .        +4 
+  3      -5        . 
-1       -1        . 

-12 
+  24 

+'l6 

+    6 

-24 
+  13 
+  12 

+  2 
-4 
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Table  No.  96  (eoncluded). 


D^-ord. 

Conga. 

Segregates, 

11.     1 
3 

5 

go,      t 

f>9J,     ^f^     ^,     > 

S.D    10.4,  do 

rfr.18 
ho.    3 
jn 
km.  6 

}p-o,     hgh,      bs,      eg'',     eg,      gp 

-2+5-6      .      -3+3 
-2    +11     -24      .      ~3     +6 
+1-3+6.       +1-2 
-2+5-12      .      -3     +3 

12.    0 

2 

4 

mM2 

6y,     b%     bgm,     bf,     dyj,     g%     hg 

.        -3      _2      -4     +3 

+2      +1      +4     -3       .       -3 

13.    1 
3 

ff'i.  y?.  '^ 

t-x 

6?o,     bt,     g%     gs,     kg 

-2      .       +1-1 
.       -4      .       +1    -1 

14.    0 
2 

4 

bg%     hgq,     bu,     fm,     ^\     mq,     o" 

dgo 

dt  .18 
rar.12 

bgr,     Igo,     g^,     gjk,     js,      nq 

+1+2       .        -1+6+3 
+1     +2       ,        -1       .       +3 

of  the  Canonical  Form.     Art.  Nos.  375  to  381,  and  Tables  Nos.  97  and  98. 

375.  As  the  small  italic  letters  have  been  used  to  represent  the  covariants, 
different  letters  are  required  for  the  coefficients  of  the  quintic :  using  also  new 
letters   for   the   facients,   I   take   the   quintic   to   be   (a,  b,  e,  d,  e,  fj^,   17)*. 

a  linear  transformation  of  -  (a,  b,  c,  d,  e,  f  l£f ,  ij)',  viz. 

-(a,  b,  c,  d,  e,  f$^  — bi?,  atjf. 
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this  is 

f 

5f, 

lOp,- 

lOJ-,' 

5{,' 

•f 

1 

-b 

+   b- 

-    b- 

+   b' 

-     b' 

+  h    ( 

1 

-2b 

+  3b" 

-4b» 

+    5b') 

+  ac   ( 

1 

-Sb 

+  6b= 

-  lOW) 

+  a"d( 

1 

-lb 

+  10b') 

+  a'e( 

1 

-    6b) 

+  a'f( 

1), 

[698 


1 

0 

ac  +  I 

....1 

a'e     +  1 

a*£     +    1 

b--l 

abc-3 

a^bd  ^  4 

a'be  -    5 

i>'     +  2 

ab=c  +  6 
b*      -  3 

a^'b'd  + 10 
aVc  -10 
b^      +    4 

i(,  1)'. 


The  values  of  a,  h,  c,  d,  e,  f,  considered  for  a  moment  as  denoting  the  leading 
coefficients  of  the  several  co variants  ultimately  represented  by  these  letters  respect- 
ively, are 

abed  e  / 


a+  1 

ae  +1 

ac+  1 

ace  +  1 

a=f    +     1 

a=d  +1 

bd-4 

b^-  1 

ad=  -1 

abe  +    5 

abc-3 

c=    +  3 

Ve  -  1 
bed +  2 

a*d  +     2 
b^d  +     8 

W     -2 

c=     -  1 

bc^  ~  10 

satisfying,  as  they  should  do,  the  relation 

f'-^-aH  +  u'bc 

Hence   forming  the   values   of  a^b  -  Sc^  and 
the  last-mentioned  quintic  function  is 


-  2cf,   it  appears   that   the   value   of 


(1,  0,  c,  /  a^b  - 


a^e-2cfl^,^y. 


Writing  herein  ai,  y  in  place  of  f,  ij,  and  now  using  a,  b,  c,  d,  e,  f  to  denote,  not 
the  leading  coefficients  but  the  eovariants  themselves  {a  denoting  the  original  quintic, 
with  ^,  ij  as  facients),  we  have  the  fonn 

^  =  (1,  0,  c,/,  a'&-3c=,  a^e~2cf\x,  yf, 
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a  new  quintic,  which  is  the  canonical  form  in  question:  the  covariants  hereof 
(reckoning  the  quintic  itself  as  a  covariant)  will  be  written  A,  B,  G,..,  V,  W,  and 
will  be  spoken  of  as  capital  covariants. 

376.  The  fundamental  property  is :  Every  capital  covariant,  say  I,  has  for  its 
leading  coefficient  the  corresponding  covariant  *  multiplied  by  a  power  of  a:  and 
this  follows  as  an  immediate  consequence  of  the  foregoing  genesis  of  A. 
covariant  i   of  the   form 


The 


has  a   leading   coefficient 


(a,  b,  c,  d,  e,  f5|^,  i]f 


^(a=cf-a=de  +  &c.), 


which,  when  a,  b,  c,  d,  e,  f, ..,%  denote  leading  coefficients,  is  =  i  multiplied  by  a  power 
of  a:    and  upon  substituting  for  the  quintic  the  linear  transformation  thereof 

(1,  0,  c,f,  a-'b-'^c\  a^e-lcf^t  vY, 
(observing  that,  in  the  transformation  ^,  t)  into  ^  —  hi],  b-t},  the  determinant  of  sub- 
stitution is  =a),  the  value  is  still  =i  multiplied  by  a  power  of  a;  or  using  the 
relation  a  =  a,  say  the  value  is  =*  multiplied  by  a  power  of  a.  Now  the  covariant 
i  is  the  same  function  of  the  covariants  a,  b,  c,  d,  e,  f  that  the  leading  coefficient 
i  is  of  the  leading  coefficients  a,  b,  c,  d,  e,  f;  hence,  the  italic  letters  now  denoting 
covariants,  the  leading  coefficient  still  is  =i  multiplied  by  a  power  of  a:  which 
is   the   above-mentioned   theorem, 

377.     To  show  how  the  transformation  is  carried  out,  consider,  for  example,  the  covariant 
B.    This  is  obtained  from  the  corresponding  covariant  of  (a,  b,  c,  d,  e,  fj^,  j))^,  that  is. 


K  in 


m       1 

af      1 

M      1 

hd-4 

be  ^3 

ce  -4 

c"    +  1 

cd  +  1 

d^  +  3 

changing  the  variables,  and  for  the  coefficients 

a, 

\ 

0,    d,           e, 

f 

iting 

0, 

c.    /,     d'S-So", 

a?e  -  2cf; 

us  the  coefficients  are 

FilBt. 

Second. 

Third. 

I(tt=&-3c0 

l(o'e-2c/) 

-icld'h-Sif) 

+  3c' 

+  2c/ 

+  if' 

=         0* 

a't 

+  3(-a^rf  +  a=6c-4c=) 
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and  we  have  thus  the  expression  of  B  (see  the  Table  No.  97);  and  aimiiai'ly  for  the 
other  capital  covariants  G,  D, . . ,  V,  W:  in  every  case  the  coefiicienta  are  obtained 
in  the  standard  form,  that  is,  as  rational  and  integral  functions  of  a,  b,  c,  d,  e,  f, 
linear  as  regards  / 

378.  It  will  be  observed  that  there  is  in  each  case  a  certain  power  of  a  which 
explicitly  divides  all  the  coefficients  and  is  consequently  written  as  an  exterior  factor: 
disregarding  these  exterior  factors,  the  leading  coefficients  for  B,  C,  J),  E,  F  are 
h,  c,  ad,  e,  f  respectively ;  that  for  G  is  \2ahd  4-  4&°o  +  e^,  which  must  \iq  =  g  multi- 
plied by  a  power  of  a,  and  (in  Table  97)  is  given  as  =a?g;  similarly,  that  for  H  is 
Qacd  +  i-hc^ -\- ef,  which  must  be  =A  multiplied  by  a  power  of  a,  and  is  given  as  =a%: 
and  so  in  the  other  eases.  The  index  of  a  is  at  once  obtained  by  means  of  the 
deg-order,  which  is  in  each  case  inserted  at  the  foot  of  the  coefficient. 

For  A,  B,  C,  E,  F  there  is  no  power  of  a  as  an  interior  factor :  and  for  the 
invariants  G,  Q,  U  we  may  imagine  the  interior  faetor  thrown  together  with  the 
exterior  factor,  (G  =  a'g,  &c) :  whence  disregarding  the  exterior  factors,  we  may  say 
that  for  A,  B,  C,  E,  F,  6,  Q,  U  the  standard  forms  are  also  "divided"  forms. 
But  take  any  other  covariant — for  instance,  D:  the  leading  coefficient  is  ad,  having 
the  interior  factor  a;  and  this  being  so  it  is  found  that  all  the  following  coefficients 
will  divide  by  a  (the  quotients  being  of  course  expressible  only  in  terms  of  the 
covariants  subsequent  to  /):  thus  the  second  coefficient  of  D  is  —bf+ce,  and  (5,11) 
we  have  —bf+ce  =  ai,  or  the  coefficient  divided  by  a  is  =t';  and  so  for  the  other 
coefficients  of  D;  or  throwing  out  the  factor  a,  we  obtain  for  Z)  an  expression  of 
the  form  {d,  i,...\iv,  yf,  see  the  Table  98:  this  is  the  "divided"  form  of  D:  and 
we  have  similarly  a  divided  form  for  every  other  capita!  covariant.  All  that  has 
been  required  is  that  each  coefficient  of  the  divided  form  shall  be  expressed  as  a 
rational  and  integral  function  of  the  covariants  a,  b,  c, .. ,v,  w:  and  the  form  is  not 
hereby  made  definite :  to  render  it  so,  the  coefficient  must  be  expressed  in  the 
segregate  form.  But  there  is  frequently  the  disadvantage  that  we  thus  introduce 
fractions ;  for  instance,  the  last  coefficient  of  D  is  ^  —  ct  +  df,  where  to  get  rid  of 
the  congregate  term  df  we  have  (6.12),  Sdf—  —  al  +  2ci,  and  the  segregate  form  of 
the  coefficient  is  =  —  ^al  + 1«. 

379.  We  have  in  regard  to  the  canonical  form,  a  differential  operator  which  is 
analogous  to  the  two  differentia!  operators  xdy  —  [xdy],  yd^  —  {yd^  considered  in  the 
Introductory  Memoir  (1854),  [139].  Let  8  denote  a  differentiation  in  regard  to  the 
constants  under  the  conditions 

Sa=      0, 

S5=     e, 
Sc=     3/ 

Se  ^-&ad-\Qbo, 
8/=     2a=6-18c=, 
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which  (as  is  at  once  verified)  are  consistent  with  the  fundamental  relation 

/=  =  -  a\l  +  a^bc  -  4(7' ; 
then  it  is  easy  to  verify  that 

d 


idj-^'yi-^""' 


and   this  being   so,  any  other   covariant   whatever,  expressed   in   the   like   standard  form, 

is  reduced  to  zero  by  the  operator 

d .      ——Ti- 
dy dx        ' 

and  we  have  thus  the  means  of  calculating  the  covariant  when  the  leading  coefficient 
is  known, 

Thua,   considering   the  covariant  B,  the  expression  of  which  has  just  been  obtained, 
=  (Ba,  Bi,  B.i\x,  yf,  suppose  :  the  equation  to  be  satisfied  is 

x{B,x  +  2B,y  ) 

-4oy(  2B„x  +  B,y) 

-x'SB,   -xpSB^-y=m,     =0, 
viz.  we  have 

B,  -  BB,  =  0, 

2A  -  8gB„  -  SB,  =  0, 

which  (omitting,  as  we  may  do,  the  outside  factor  a^)  are  satisfied  by  the  foregoing 
values  Bg,  B^,  B^,  =  h,  e,  -Sad  — ho.  And  if  we  assume  only  B^  =  h,  then  the  first 
equation  gives  at  once  the  value  Bi=^e,  the  second  equation  then  gives  B^=—3ad—SbG; 
and  the  third  equation  is  satisfied  identically,  viz.  the  equation  is 

-ice  +  B  (Sad  +  he)  =  0, 
that  is, 

-  4ce     --  4ce  =  0, 

+  cSb        +  c  .  e 

+  bSe        +b  .Sf 

+  SaSd     -vZi-hf+ce) 
which  is  right. 

Of  course   every   invariant   must  be  reduced   to  zero  by  the   operation   h:    thus  we 
have,  see  the  Table  No.   97, 

u:'g=     12ahd 
+    4fi=c 
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aiid  thence 

crfe    sy  fa 

a%-     (12ad+Shc)Sb  = 

=     {liad  +  8fc) « 

.  +  12          +8 

+  «• 

.So 

+  «•              .3/ 

+  12 

+  I2ab 

.Sd 

+  126(-6/+ce) 

-12  +  12 

+  2e 

.Ze 

+  2e  (-  6at?  -  lO&c) 

- 12          -  20, 

which  is  =0,  as  it  should  be. 

380.  As  already  remarked,  the  leading  coefficients  of  H,  /,  J,  &c,,  are  each  of 
them  equal  to  a  power  of  a  multiplied  by  the  corresponding  eovariant  h,  i,  j, ..;  hence, 
supposing  these  leading  coefficients,  or,  what  is  the  same  thing,  the  standard  ex- 
pressions of  the  covariants  h,  i,  j,  ..  ,V,  W  to  be  known,  we  can  calculate  the  values 
of  hk,  Bi,  S;', , . ,  Bv,  Bw  (=  0,  since  w  is  an  invariant) :  and  the  operation  S,  instead 
of  being  applicable  only  to  the  forms  containing  a,  b,  o,  d,  e,  f,  becomes  applicable  to 
forms  containing  any  of  the  covariants.  The  values  of  Za,  Sb, .. ,  Bv,  Bw  can,  it  is 
clear,  be  expressed  in  terms  of  segregates ;  and  this  is  obviously  the  proper  form : 
but  for  Br,  Bt,  and  Bv,  for  which  the  segregate  forms  are  fractional,  I  have  given 
also  forms  with  integer  coefficients.     The  entire  series  is 


3.9 

So  - 

¥. 

4.6 

Sd  - 

i, 

4.8 

Se  =- 

-  &id  -  lOte, 

4.12 

s/  = 

2a=?»  -  18c^ 

B.S 

Sg. 

0, 

5.1 

Sh  = 

•ile-il. 

5.9 

Si  =. 

-2o6'  +  2o4-18rf, 

6.4 

Sf  =. 

-n. 

6.6 

Sk  =. 

-^j  +  eh'-Shh  +  Scg, 

6.10 

Si  =. 

-S<M-n'c  +  7ch, 

1.5 

Sm  =  . 

-a.-p, 

7.7 

Sn  - 

icj, 

8.4 

So  = 

b^g  +  GI)m-6dj-(rh, 

8.8 

Sy  = 

8abj  -  oadg  -  106^  +  15&V(  -  5hcg  +  10cm, 

9.3 

8,. 

0, 

9.5 

Sr  - 

Haq+etfj-  Sldg  -jh),          -  265  -  2%  -  Um, 

10.6 

8s  -. 

-  2oa)  +  Wg  +  36"m  +  21Mj  -  Hgk  +  2c/  -  3c}, 

12.4 

81   = 

i  {bgm  +  46/  -  Mgj  ~hq),       ^-lfq  +  hq+  6m^ 

13.3 

Sa  - 

0, 

14.4 

Sv  - 

J  (-  5bgr  -  lObjo  +  bgjk  - 12>  -  9«3),  =  -  6(if  -  6™ 

r-^nq. 

19.3 

Sw  = 

0. 
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It  is  obvious  that  for  every  covariant  whatever  written  in  the  denumerate  form 
{la,  Ii,...%x,  J/Y,  the  second  ooefScient  is  equal  to  the  first  coeiidcient  operated  upon 
by  8;  so  that  the  foregoing  formulae  give,  in  fact,  the  second  coefficients  of  the 
several  covariants. 

381.  It  is  worth  noticing  how  very  much  the  formulje  of  Table  No.  97  simplify 
themselves,  if  one  of  the  covariants  b,  c,  d,  e  vanishes,  in  particular,  if  b  vanishes. 
Suppose  6  =  0;   writing  also  (although  this  makes  but  little  difference)  a  =  l,  we  have 

a  =     1, 


/'  =  - 
9  = 
h  = 


J    =     })a'  +  ce', 

k  =     3(^e, 

I    =  _  3d/+  2c\ 

m  =     9c(f  +  ^def~  cV, 

»i  =  —  Qcde  —  ey, 

0  =      M^e  +  c^, 

p  =-9tf/+12tf'(^e  +  cey, 

5  =  _  5icd'  ~  27rfV+  ISc^t^e^  +  c^f, 

r   =     9ccPe  +  Sde^—  c^e^ 

s    =-27dy+54c=d=e  +  9crfey-2c'e=, 

t   =  -  81dy-  6dV  +  216c''d=e  +  54c(^V/-  2 Vrfe^  -  cV/, 

V  =-  Slrf'e/-  6(Pe'  +  216cWe=  +  54cd=e=/-  240=^6*  -  Ic^e'f, 
w  (not  calculated). 

These  values  are  very  convenient  for  the  veiiflcation  of  syzygies,  &c.     Take,  for  instance, 

the   before-mentioned   relation   hv  =  —  Qdt  —  Qmr  +  nq,  that   is,   if   F'=(T^o.  ^\^^<   V)'  then 

Vi  =  —  Qdt—Qmr  +  nq:    calculating  the   three  products   on  the  right-hand   side,  observing 

c.  X.  46 
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by  its  value  —  d  -  4c^  and   taking  their  sum, 


+     486 

+    486 

+       36 

+    54 

-    27 

+       63 

-  1296 

-486 

+  324 

-1458 

-    324 

-324 

+  216 

-    432 

+       1 

+         1 

+     144 

+  324 

-216 

+     252 

+         8 

+     36 

-    24 

+       18 

-      6 

-1-       4 

-        3 

where  the  last  column  is,  in  fact,  what  V^  becomes  on  writing  therein  n  =  1,  ?i  =  0,  The 
verification  would  not  of  course  apply  to  terms  which  contain  h;  thus,  (13.3),  a 
derived  syzygj  is  ^V  =  6(  +  mo;  and  the  foregoing  values  give,  as  they  should  do, 
jr  =  tno :  we  might  for  the  verification  of  most  of  the  terms  in  h  use  values  a,  b,  c,  d, 
e,f^=\,  b,  0,  d,  e,  —d:   the  only  failure  would  be  for  terms  containing  be. 

Table  No.  E)7  (Oovai-iants  of  A,  in  the  a/-  or  standard  forms:    W  is  not  given). 
The  several  eovariants  are— 


5-.  sY 


1 

0 

c  +  10 

/+  10 

(4=6  +    5 
c^     -  15 

a^c  +  I 
C/-2 

1 

C.I 

/+! 

re=6+   3 

a=e+    1 

«.6 

aV-3 

a'b'  -1 

c=  -15 

«/-10 

c'      +15 

„ce+3 

ft W  +  2 
B=Sc'  +  4 
nef+1 

afic*    -1 

?«.  J')' 
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B,,'( 


ftrf+  1 

bf-l 

B'^fi^   -  1 

w/  + : 

ce  +  1 

aed    +  3 

o-is/  +  1 

<.*■  +  4 

„»'«  -  1 

„«/■+! 

5»'.  »)■ 


e  +  1 

^t? 

~    6 

ft/- 12 

»=6^  -    8 

«=6e  -    5 

a'fit?  -    6 

a^ho 

-  10 

oe+    2 

acd  -  36 

«(?/■  -24 
a'-Sc/-    4 
„o^e  +    2 

„e'    -    1 
a,<?d  +  18 

„c./+    2 

U;a^, ;/)' 


S.U  6.14 


/+1 

a%+   2 

«=rf+   34 

ffi^6/-  40 

a^i^  -   16 

a^be  -    7 

a^bd+   6 

a'de  -12 

««6'    -   2 

aV-18 

aV-36 

a=6c-  42 

„  cs  +     5 

aW+     6 

a»rf/+    8 

«'6'c-22 

»*6<;e+ll 

a»6crf+   6 

aV+168 

OV/-126 

a'hd'+lU 

a'hcf+    8 

„e=  -  1 

.,^/-   9 

a'6V+12 

„«/-     5 

„  fi'e  +  55 

«Vrf+54 

«W/+24 

„6e/+   3 

aV  -252 

aV/-84 

a=6o'+66 

«V  +72 

a=6oy+32 
„A  -45 

„ce^  -   1 
aVrf-14 
«=6c^  -16 

a"c«    -  2 

\-,yf 


.9     4.  12      5.  15         6.18 


9.27  10.30       11.33         12.. 
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aod    +  6 

a^be   +    2 

<i=6'c+    4 

a^de  +    2 

a'6''     +  2 

afb^  +  4 

adf  +12 

„e^    +    1 

aWJ  +    i 

„  (i'     +6 

„e/  +  1 

a%o/-    8 

ac^f?  -  36 

„bce-    6 

ffi^Jcd  -  2 

„  c^e  -    8 

Mc^  -  24 

acdf  ^12 

a=6^c=  -  8 

„ce/-    6 

a'^bey-    8 
„c"e  +    8 

„5e/  -3 
„  ce'    +  1 
ac'd    +  6 
«%c*    +  4 

-»% 

„c=e/  +  1 

5«i  s}' 


b/-l 

ffi%^  -2 

adf  -15 

«'6rf-20 

<^de   -  6 

a%^    +    2 

*^6V  + 1 

ce  +  1 

aci  -6 

fi''6e/+    0 

«o=(;  +  60 

a%y  +   5 

„^    -12 

ffi»6rf/+  3 

o»Sc=  +  8 

„<?&-    5 

„6m  -  5 

(i^io:^-    2 

„c&-5 

„'-/-2 

acdf  +30 
«''6cy+  5 

„A    ~  5 

»'6V-    6 

„ce  ~  2 

a^d  -30 
a^d*  -    8 

«^6^c/+  1 
„6c=e-5 

„«y  -1 

«»&^y- 1 

=  m 

„c*e    +1 

^--,  2/r 


5.11        6,14 


■l*  + 1 

a'h'e    -  1 

„*■     +9 

■iM/  -  6 

«%=c=  -  4 

„ali   +  6 

„4?/  -  2 

»Wo/-4 

„CB^       +    1 

„6c=e  +  8 

„.y  +1 

-•'i 

\^',  yy 
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ade    +  3 

a%=    +    4 

o.=6=e  +    1 

a'b^d+    6 

a%f  +  2 

„d'    -18 

ab4f  +    6 

tt=6^c  +    2 

„  hae  -  2 

abed  -18 

»c(/e  —15 

„cd=  -18 

a'SV-ie 

a'li'cf-    2 

<(6e'd-30 

„bef-    5 

„6A-    2 

a^^f-    9 

„c^  +    1 

„«y  -  1 

a^&V-    8 

=  r« 

„eV  +    3 

■$«.  »)■ 


a<^/-3 

a^bd-  3 

a'de  -12 

c^f    -     6 

a'6'«  -      1 

a'fi'rf  +   15 

a'6rffl-  7 

<^b*  -  3 

«»6c/-2 

a=6=c-  7 

a"5y-   9 

..t/'  -  39 

<^b4f+   39 

a*b'c  -     9 

«*6y  -  7 

„6<f'  +    3 

„A  +3 

ac^d  +43 

„6ee+  9 

ffl»6c(?+  40 

„cife-   14 

„crf=+    18 

„6^ce+14 

a'b'cd+10 

a"6<ri+28 

acdf+%Z 

o%V+   59 

«^6=c/+    16 

a'bi^d-   33 

„d^+13 

„de'  +    2 

„«./+   7 

ffl"Scy+43 

„  6«/+      7 

„6e^e-   12 

,>/-     3 

a%ed/+23 

a'6V  +13 

„  c»e  -42 

„  ce"  -     1 

„^/+      1 

a'6V+    15 

,,0^6 -2Q 

„6V+   ■* 

fflc»rf  -210 

ac'fl/'-lOS 

„6oe/+    21 

tt=6=c=/+25 

„6ce=  -    2 

«"6c'-140 

ti'Scy-    70 

,,0=6=  -    12 

„  b^e  -53 

„c=(/'  -15 

„cV-  35 

„€*«  +    70 

ae^    +126 
a^fic'  +  84 
„<^e/+   31 

1  + "+  7 

a^6c=rf-28 
„c(/e/-   7 
a^fiV  -19 
..Jc'eZ-lO 
„c=e^  +   5 
ac^.^    -   6 
a»6c"   -    4 

=  a-l 

„cV-    1 

2   5^,  !,)' 


«^6^rf  -    2 

a^fit^e    -     1 

»'6'       -    1 

rt^'c  -     1 

aVf    -     1 

„«■     +    3 

„  ed»  +    9 

„b^ce   +     2 

oWrf   +    6 

<•»(»<(+  12 

.."P/    +    9 

„de'     +    1 

„A/+    3 

a(Kd/+  12 

«'6W    +    B 

a-bV  +    4 

„  c'cie  -  12 

„SV    +    2 

„6,:e/+    2 

a"5^cy+    4 

„So#    -    1 

„cV  -    I 

.,6A  -    8 

,.cV    -    9 

..«•/-    1 

abe'd    -  12 
„rf,/-    3 
MV    ~    4 
„SA/-    2 

=  »*»' 

„A-     +    1 

5«, »)' 
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Table  No.  97 


-  1 


abdf  +  6 

„  ccfe  -  e 

w^fi  V  +  4 

„  6c=e  -  8 


„  c^de  -  36 


„  6V  -  i 
„  cW  -  108 
ah<?d--  96 
„ctfe/-    24 


a%''df  + 
„  6crfe  - 

6 
10 

aWcf  - 
„bVe- 

2 
11 

,.cd^/- 
„ce'     + 

a 

18 

1 

ah<?df- 
„<^de  + 

18 
18 

„bc'e   + 

4 
8 

„c«y  -^ 

1 

5«, .?)' 


0.<.'( 


a^l^e     +     3 

a^U'd    ~    6 

„rf=fl    +     9 

„d^      -54 

(i6=(;/'+  12 

ffl^ft^c     -    2 

„6c(^e-  12 

„JV    +     1 

<i"S  V  +    s 

„6crf^  -18 

.,  iVe  -  20 

a  h'e'd  +  24 

„i^/-    4 

„Jt^e/+  18 

„ce=     +     1 

„ade'  -  12 

o%^c^    +     8 

„6V-    « 

„  6<;V  -  10 

=  a'o 

„^/     -    1 

5«,  »)■ 


„  (?/  -   9 
«  Serf/'- 12 
„c^de  +12 
o«V/- 
„  6c°e  + 
„c^/+    1 


i'6'rf/'-  24 
,bcde+   44 

,6^<r'e+  36 
,bey  +  6 
,c<^+  90 
,ce^  -  1 
i6c'rfA-120 
,  c'f^e  - 120 
,«JV/+  40 
,  bi^e  -  80 
,oV/-    10 


„c'def- 


aVde  + 

6 

o'sy  + 

5 

„6'ce  - 

IH 

„bd'/  + 

21 

„  cd'e  - 

21 

<^cdf- 

4 

„  4«.+ 

M) 

„&■/■  + 

4 

«-S'cy- 

17 

W.+ 

44 

„  fc^/'+ 

13 

..AiV- 

46 

.^rfi   - 

S 

oWiT- 

60 

„  c*rfe  + 

60 

■.•6V/- 

20 

40 

,.A"/- 

5 

1^,  yf 


,6V- 

,  6'oe=  + 
,b<.^d''- 
,<Pef  - 


Mf  - 
%bcH  +■ 
,  c'rfe/+ 
x'tV  + 
,6cV  + 


Hosted  by 


Google 


A    TENTH    MEMOIR   ON    QUANTICS. 


Table  No.  97  (continued). 


a'bde     -     1 

«^6*       +    2 

a'6'e      +     1 

aW     +     1 

„5W    +     6 

aWdf   +    3 

„l/ce     -    3 

a^h'cd   -    2 

„l?ode~\\ 

„fi(^y  -  9 

,,^6=    -     2 

„<^/     -27 

„cd^e    +    9 

,.crf'     -54 

„de^      -    1 

ab\df-  12 

a'6'^;^     -    8 

«=6V    +     1 

„  b<?de  +  24 

»^«/    -    4 

„bVe  -    7 

„(^y  +  3 

„6'ce'    +     2 

„6^ey  -    2 

«°6=oy  -    4 

„  ic«rf=  -  72 

„  6cciy  -  45 

„fiVe    +  12 

„d^ef  -18 

„6CB^      +      1 

„  6cey  +     3 

«Wrf  -  24 

„  (,=^e  +  i5 

„c'«=     -    1 

„hedef-U 

n  6=cV-  34 

„cW  +     6 

ts'S^c/   -    4 
„  bVe    +  12 
„6c=ey+    3 
„cV     -     1 

=  o?r 

5<.  s)- 


fl'ferf'e     +    9 

d'¥d      +    15 

d'b'de     -      6 

«*6» 

2 

«'6=rf/    +    7 

„hd'      -    27 

„d'd      -    27 

„6W=     + 

9 

„6'e<fe  -12 

<t^6'*c       +      3 

a'b'f      -      3 

„rf^       - 

27 

„  rfy      -  27 

.,hHd?  -    99 

„  b'ce     +      9 

a'b'cd     + 

18 

a^6V    +    2 

„rfV     -    18 

„6wy  -    9 

„6W    + 

6 

„6»<;%    -    6 

a%\H  -114 

„bcd^6   -    18 

„bGd'     - 

54 

„6c<f/~54 

„  hHef  -    33 

a»Pc<i/  -      9 

a%''<?      + 

15 

„(!=(fe   +54 

„6c(fe'  +    12 

„  6V(^e  +    24 

„6V     + 

6 

a6V(^-36 

„<fd^     +162 

„  bdef  +      3 

„  6V<^=  - 

36 

„  6fl'<fe  +  72 

a=6V     -    24 

„edy    +    81 

„6'ce=    - 

6 

„  cdey  +    9 

„  ¥eef  -      9 

„  crfe'     -      3 

„  ¥eW  - 

27 

aVcY  -    8 

„S^cV  +      9 

a^b'oy   +      6 

„  hd\f  - 

9 

„5=eV    +24 

„6c'!^=  +324 

„6Ve    -    18 

„cd^e^  - 

9 

,.b<?^/+    6 

„cdV+    69 

„  fcey  -      9 

a'bft^d    - 

54 

„c^e'     -    2 

afiVc;  +216  . 

„6cW+162 

„  b'^cdef- 

27 

„bc'de/+l20 

„6oV    +      3 

„  be'de'  + 

3 

„e'de'    -    54 

„<^d'e  -162 

„^d'     - 

54 

ffi^fiV      +    48 

«6V(^+108 

„deV   - 

2 

„bVef+    36 

„6c*<fe  -216 

a^i'c*     - 

34 

„6cV    -    36 

„  c'de'/-    27 

„  6'ce¥  - 

21 

„cV/    -      3 

.("fiV/   +    24 

,,6=^*  + 

21 

„6=c'e    -    72 

„6rt/^  - 

108 

„be'ey-    18 

„  bc^f  + 

2 

„  (iV      +      6 

»%v  .  - 

„  6VV  - 
„6.^«^    + 

27 
72 
36 
18 
16 
12 
12 

^-a^s 

..c'^y  + 

' 

13^^  yf 
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Table  No.  97  (continued). 


ii«,  »)• 


a?b'de 

+      7 

a?b'          +      2 

„  bd'e 

+    27 

„  ¥d^      +      6 

a'h^f 

+      1 

«^6=cd      -    10 

^b'ce 

-      2 

„  bMe^      -      8 

„  hW 

+    24 

„6W=     -    54 

„  Vcd^e 

-    54 

.,dV       -    27 

„d'f 

-    81 

a^h'c^        -    14 

„<^V 

-      6 

..  6V       -      7 

a'h*cdf 

+    16 

„  6*ce=      +      9 

„i^c'de 

-    76 

„6»cV    -    84 

„  mey 

-    12 

„&=rfV  -    27 

„  6cdy 

-316 

..fic^^'e'    +      9 

„bcd^ 

+     5 

„cV*       +162 

„  e'dh 

+  216 

ffi'fi'cW     -      8 

a'bVe 

-     8 

„J'crfe/  +      4 

„  b'c^dy 

-216 

„6Vti8^  +    18 

..iVe' 

+     2 

„  h-^d'     +  432 

„  bc'd^e 

+  432 

„bd^f    +      3 

„cd?^f 

+   54 

„c(;V    +108 

a^c^df 

-    96 

„  ede'       -      1 

„bYde 

+  288' 

a=6V        +    16 

„  bAl^/ 

+   72 

,,6'cV    +    20 

„^d^ 

-    24 

,,6'cV     ~    24 

aObVf 

-   16 

„6Vrf=    +432 

„We 

+   64 

„lj'cef    -      5 

„&Vey 

+    24 

„6c=rfV+216 

„6cV 

-    16 

„  6cV      +      1 

„''V/ 

-      1 

„c\;V     -108 
ah'eH      +192 
„6VdV+144 
„6c'tfe^    -144 
„cVey   -    12 
ai'i.'c'        +    32 
,,6'cV    +    32 
„6%V     -    48 
„6c^e7    -      8 

^aH 

„  t*e*         +      2 

a'b'd        -      3 

„6W       +    14 

„d'         -    27 

«'6'c         -      1 

„b'cd^     +    34 

„6=rfV    +    11 

„6fld''      -    81 

a?6V(?     +    32 

„6^rfe/'     +    10 
„6We^    -      6 

„bVd^    -144 

„6d"e/    -    18 
,,<;(^V     -    18 

a'6^c»       +      8 

„  I^eef     +      4 
„  6Ve=     -      6 

..Wd'    -152 

„b''cd^ef-    60 

„6cW+      6 

„  rf'ey     -      4 
afiVtJ     -    80 

„l?<?def  -    56 
„6V(fe2  +    48 

„  bcd^f  +      2 
„cW      +      1 

»"5=e'        -    16 

„b*<?tf    +    16 
„6=o^=     +   24 

„bVe'/ +      4 

„  6cV      +      1 

=  A 
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Table  No.  97  (concluded). 


-w 

-      4 

a^b'e        -        2 

„  Ifd' 

-    12 

„  b'cPe     -       48 

aflfed 

+    20 

„6<^e      -     16a 

„«W 

+    23 

afV^df     -        6 

„S'cd' 

+  108 

„6^c(fe    +        8 

„  bdV 

+    81 

„i,W/    -    144 

o'iV 

+    28 

„iW     +        8 

„  'V 

+    15 

„6=crf^e   +    324 

>rf 

-    20 

„#/      +    486 

„bVd' 

+  168 

„dV      +      63 

„  w«/ 

+    78 

a*i'c/     -        2 

„6^«;V 

-    72 

„6Ve     +      18 

.,6c''^ 

-324 

„»••■/     +        7 

,.<IV 

-    81 

„SW/-    144 

„(?«• 

-     6 

„JW     -        9 

oVM 

+    16 

„S'cWe+    648 

„  »'"i"/ 

+      8 

„b^<Pe'f+      99 

„  6VW 

-  112 

„  6c<?/  +  1458 

„fc»(f 

-864 

„ba<P^    -      27 

..  fi^t^y 

-    18 

„c=(?e     -1458 

„  irff/ 

-432 

a'bVdf  -      S2 

„6c(fe^ 

+      7 

„b^de   +    208 

„<?d'^ 

+  216 

„  6-«(<?/+      20 

ffl^V 

-    32 

„bVd^/+  1728 

.,6'oV 

-    40 

„S%W-      40 

„6Ve= 

+    40 

„6».   -3466 

,,6-cW 

-864 

„bde'/   -        3 

„»«■/ 

+    10 

„c#ey  -    432 

,,6'tW./ 

-648 

„cde>      +        1 

„  &e=<i'8' 

+  648 

»"6'Ay  -      20 

„  «<■<■/ 

+    54 

„&'c'dy+  1008 

ttfeVii 

-384 

..Wt-    +      20 

„Wdef 

-384 

„  b-M-e  -  3024 

„5'(Afe' 

+  576 

„i%.'/  +        6 

„  6cW/ 

+    96 

,.bAl'ey~    766 

„c'<J>' 

-    24 

„SoV     -        1 

o'W 

-    64 

..c'rfV   +    252 

„6W./ 

-    80 

ab'c^/  +    288 

„  6'c=«= 

+  160 

,,^'^de   -  1152 

„  hV^f 

+    40 

„bVde'f-    432 

„6oV 

-    20 

„6tW   +    288 

„<■"<■/ 

-      1 

„oW/  +      18 
aVtf     +      32 
„6Ve     -    160 
„  S'A-/  -      80 
„iW    +      80 
„6AV  +      10 

=  «\' 

„  c^'       -        2 

?»;>  S')'' 
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Table  No.  98.     Covai'iants  of  A,  divided  and  (except  as  to  a  few  coefficients)  segregate. 
A  and  B  as  given  in  Table  97  were  divided  and 
0  was  divided  but  not  segi-egate :   the  divided  and 


s«,# 


c  +  1 

/+3 

aVi  +    3 

a'e  4     1 

a'd  +   6 

aH     +3 

«^6=  -  I 

(iV-15 

nV-  10 

„c'  +15 

«V/4-.^ 

„A    +1 

«V    -1 

2.6  3.9  4.12  5.15 

D  divided  and  segregate  is 


7  .  21  8 .  24 


d-i-i 

i+  1 

«6^    -  1 

«i     -  1 

„h    +  1 

a^ci  -  1 

wVrf  -  3 

a=aM 


3..S  4.6  .5.9  6.  12 

an  integer  non-segregate  form  of  the  fractional  coefficient  is 


5=",  ?)•, 


E  was  divided  but  not  segregate:   the  divided  and  segregate  form  i 


E  +  1 

ad 

-    6 

ai     +  12 

«=6=  -    8 

.■^6a-    5 

«V   -1 

a^hc 

-10 

q.Vb-10 

„h    -    3 
Moe?  -  24 
a^i!'  +  20 

,J     +     8 
aoj    -  12 

a^bd  +  6 
o'^6=<!  +  2 
„  cA  +2 
ncV  +  6 
a'he  -  3 

5-,  !/)•■ 
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Table  No.  98  (continued). 
i  divided  but  not  segregate:   the  divickd  and  segregate  forw 


/+1 

«=6+  2 

a'e+    1 

a'-'d+    3i 

oH    +    40 

ffi'fi^  -    16 

a'fe-    21 

«V  -    1 

a'k    -   i 

«'^6=  -  2 

«V-18 

o;V-36 

a'bo-  42 

a=ce-    36 

„A   -      5 

a'^    -      8 

a'bd+    18 

a'bi  +   1 

„  Wi  +  3 

«V+i68 

«V/+  126 

„ci  -    16 

t^^fi^G-     18 

a'bce+  2 

^,cff  -   1 

«=6o^+  155 

aVe  +  189 

„oh  +    38 

„c/  -   8 

«*5=oV  4 

a''6*  +252 

«V/-  252 

aVrf-  174 
ffi=6c=-    86 
ffl»c=    +    72 

aVi-16 
ttVe-13 
ffl"oy+  9 

«V(/h-16 
u'^fio^  +  4 

»V    -   2 

i  \.,yy, 


3.9       4.12       5.15        G.I8 

where   for   an   integer   non-segregate   value   oi'  the   i'ractional   coefficient,  see  the 
form  of  F. 

G  as  an  invariant  was  divided  and  segregate,  G  =  a^  g. 

4.0 
H  divided  and  segregate  is 


B.a'( 


A4.1 

be +  2 

«V  +   1 

•■i     +    2 

I    ~i 

abd  -  12 

abi    -    8 

«^i^    +    4 

oToh  -    6 

a-boe-    6 
„  d    +  12 

„6A-    5 
afccrf  +  12 

aVA+    3 

■$«,  s)', 


■where  the  fractional  eoefficients  i 


ade     +2 

a=6^     +  3 

a'by  +  4 

„<f     +  6 

„  6ce  -  6 

«6c(/   -  2 

„cl     +4 

ffl»6V  -  8 

„5e/  ^3 

„  c7*    +  1 

„  oe=    +  1 
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i  +  1 

ab'    -    2 

ed 

+    5 

a%d  -  30 

o?k 

-    5 

ai     -    i 

a^iV    +     3 

„A-i-    2 

a'c 

-15 

a''e'd  +  60 

oj'bi 

-25 

ftW    +  10 

,.&;   +  9 

a'ed-  18 

ad 
aVi 

-30 
-i-45 

„bh  -    8 
I.  c?    +    4 
a'bad-    6 
a  6o'  -  18 
„c7t-    6 
aVrf  -  64 

„ck    -    3 
,J9     -    3 
«'6oi  -    8 

„  6cV  -  15 
„ei    +    3 

a''eH    -    3 

11-,  yr, 


4.6       5.9  6.12  7.15 

where  the  fractional  coefficients  are  = 


a%  -    5 

a^6=    +    2 

a^b^e    +  1 

abY+    5 

..rf"    -12 

a=6rf/  +  3 

„6ce--    5 

M^6i:d-    2 

„c<fc  -  5 

afcH  -    5 

niV--    6 

m;.V+  1 

„  edf+  30 

„.>^A-    2 

„he'«-  5 

„  ce=  -    2 

„«y  -  I 

«Vrf  -  18 

a''(?i    +  I 
„cV/-  3 

J  divided  and  segregate  is 
K  divided  and  segregate  is 


5.6     6.4 


s  +  1 

«i     -2 

an     4-  1 

«^  -3 

«%"  +  6 

fl'c^  -  3 

«,^-     +1 

„hh-  9 

an/e  -  2 

„  c?  +  3 

„6cA+  3 

?^,  2/)'- 
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Table  No. 
L  divided  and  (as  to  first  six  coefficients)  segregate  is 


l  +  \ 

ahd  -3 

a'k-    4 

a'j     -    13 

A  -      3 

ftVi   -    1 

a^6^e-    7 

n*6*      -    2 

al>b\  -  7 

aH+    1 

a%'    -      5 

a^-    45 

a?J>'d  +  13 

a'b'f  -    7 

„6^    +    3 

„Gh  +1 

«V-21 

„hh  -      5 

„cA-    20 

u<y    +    3 

„i=ce+H 

aWcd  +  10 

„cg  +    10 

«6ci-    10 

ffl=6^c  - 13 

„rfy  +  12 

,>=    +    2 

ahod  +    30 

a?eH  +  105 

„  hch  +  29 

«*c(Z/'+33 

a=6V   +13 

a"6V+105 

„c=3-16 

„c=rfe-24 

„6V  +    i 

„ch  -105 

a6c=d-    3 
a»6>e=-21 
„  (?h  +  21 

a,mf+  25 
„  tc'e  -  55 
„cH    -    3 
„cjh+    2 
.,cBy-    7 

„6<;e'^  -    2 
„c=rf^  -15 
^cM  -28 
„c(^e/-    7 
ffl"6V   -19 
„  6oV-  10 
„<^/(    -    1 
„c^e'    4-    5 

\=^,  y)\ 


5.7      6.  10         7.  13         8.  16 
where  the  fractional  coefficients  are  = 


a=6=a  - 

1 

abdf  ^ 

39 

„cde~ 

22 

(Cbh/^ 

16 

„  he'e  - 

4 

„cH    + 

19 

„-/A- 

8 

„«y  + 

1 

the  last  two  coefficients  have  not  been  reduced  to  the 
M  divided  and  segregate  is 


m+  1 

bk-l 

ahj    -  1 

p  -1 

adg   +  1 
„'>cm-~  1 

5..  yf. 
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Table  No.  98  (continued). 


N  divided  and  segregate  ia 


n+  1 

«i  +  i 

a^bj    -    4 
„d3  +    4 
«6'    +    8 

„  cm  -     8 

1 
a?o      +  1 
<(.'6n  -  1 
aop     +2 

aVj'  -    4 

6.  i 
0  divided  and  segregate  is 


S.IO  9.13 


0  =  ,."(      0+1 


4'»+  1 

*■  -6 
,1,-1 


l".  »)•■ 


■$«,  ,).. 


P  divided  and  (as  to  first  three  coefficients) 


p+l 

oSj   +   8 

o'o  *  r 

«=6«j  +    8 

«=6^;ii  -   3 

cfVj     +   2 

„*  -   5 

aiw  -    2 

„<^i    +    3 

„Sp    -   3 

,,6(^3   -   2 

»"6"   -14 

nV-l* 

afi^ii  +   9 

„eOT   +   2 

«=5cm  +   2 

„  6=A  + 15 

„6g  +13 

a6^<fo+   3 

„6ei    -    1 

„%-   5 

„6rf4~   9 

„S<B  +   3 

„<!>      -    1 

„  em +10 

„c<^-12 

„i«   +   8 

oSW  +24 

„<P    -81 

„<«   -27 

„6c7   -   6 

o'fc'fi  -   3 

„  d«A  -   3 

„6rf4-33 

,,6'cA-   8 

„«  -   8 

„c=rf?  +15 

„  4W  -    1 

«»6=ce  -    7 

„e(?'     -54 

„So-j-   1 

„6=c;  +  1 

„*■*   -   9 

..Soi--   9 

„  hek  +   9 

••S«    +   8 

„M  -   1 

„Scdt-   9 

„  SWi  - 11 

„  ¥^  +   1 

„6a4  +  10 

„ic"j   +   3 

„<;V-12 

„A}-   3 

„6c=rf^-18 

„<*(»+   9 

„c>   +   9 

„So/J  -   1 

„«■;.  +  1 

„c(i"«  +  18 

„<;%    -   6 

,,/j.    -   2 

„  c>j  +   4 

„5*    +   2 

,,5/it  +   3 

U^-  y)'. 


7.5  8.8  9.11  10.14  11.17  12.20 

the  last  three  coefficients  have  not  been  reduced  to  the  segi'egate  form. 
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Table  No.  9S  {continued). 
I  invariant  was  divided  and  segregate,  Q  —  a?''  q. 


R  divided  and  segregate  is 

-^2 

-•'■< 

r  +  1 

aq       +1 
a^^j    +  6 
„  bdg  ~  fi 

- 1     \^,  y)\ 


8.2 
where  the  fractional  coefficients  are  = 


6=^   +2 

bdk-\-3 

bdg-^ 

hej  +  1 

dm  -  6 

cr    +1 

den  -  1 

dp   +3 

;S'  divided  arid  (as  to  the  first  three  coefficients)  segregate  is 


< 

s+1 

agj      -    2 

ah-  -  1 

a%q       +      4 

aPVg    +    2 

„rfo-  1 

afiV     +     4 

„  6V  +    3 

a"es  -  3 

„iVff  -     4 

„  hdj   +  31 

„ bdm  -  31 

„  bgh  -    4 

..rf'i     -      3 

.of    4.    2 

bW       +     4 

„cq      -     3 

,,6=^-    +  16 
„  bdVi  -  24 
„den    -u     4 

„>       -     1 

9.3  10.6 

but  the  last  coefficient  is  neither 


11.9  12.12 

nor  integer. 


is«,  sr. 
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T  divided  and 


A   TENTH    MEMOIR    ON    QUANTIC8. 
Table  No.  98  (concluded). 


!'>,  vf, 


1  +  1 

hgm  +  1 

l>f     +4 

*i    -3 

J,     -1 

11.1  12.4 


where  the  fractional  coefficient  is  = 


U  as  an  invariant  was  divided  and 
V  divided  and 


h\  -  1 

hq    +   1 

m^    +   6 

V.a"{ 


■V    +     1 

bgr-    5 

bjo  -  10 

yjk+    5 

>    -12 

nq  -    9 

?-,  y)', 


13.1  14.4 


where    tie   fractional  coefficient  is  = 


W  as  an  invariant  was  divided  and  segregate,   W=tt=' 


[693 
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A   TENTH   MEMOIR   ON   QUANTICS. 


Derivatives.    Art.  Nos.  382  to  384,  and  Tables  Nos. 


382.  I  call  to  mind  that  any  two  covaiiants  a,  b,  the  same  or  different,  give 
rise  to  a  set  of  derivatives  (a,  by,  (a,  by,  (a,  by,  &c.,  or,  as  I  propose  to  write  them, 
abl,  ab2,  abZ,  &c.,  viz. : 

abl  =d^a.dyb~       d^a .  dj), 

abl  =  d^a . dy'b  —  2ds, d^ . d^^ b  +       d/a .  d^b, 

abS  =  rfji^ffl .  dy^b  —  Sd^'dya .  d^d/b  +  Sd^d/a .  d^'dyb  —  d,fa .  d^b, 

or,  as  these  are  symbolically  written, 

where 

io     K         e  d     d        d     d 

12  =  ^,%-^^,,     =^^^-^^^^. 

the   differentiations  ^— ,    -^   applying   to   the   Oi   and   the  -3    ,    5—  applying  to   the  &s, 

but  the  suffixes  being  ultimately  omitted :  hence  if  6  be  the  index  of  derivation,  the 
derivative  is  thus  a  linear  function  of  the  differential  coefficients  of  the  order  9  of 
the  two  covariantB  a  and  6  respectively :  and  we  have  the  general  property  that  any 
such  derivative,  if  not  identically  vanishing,  is  a  covariant.  If  the  a  and  the  b  are 
one  and  the  same  covariant,  then  obviously  every  odd  derivative  is  =  0 ;  so  that  in 
this  case  the  only  derivatives  to  be  considered  are  the  even  derivatives  a![2,  aa4,  &c. : 
moreover,  if  the  index  of  derivation  d  exceeds  the  order  of  either  of  the  component 
eovariants,  then  also  the  derivative  is  =  0 :  in  particular,  neither  of  the  covariants 
must  be  an  invariant.  The  degree  of  the  derivative  is  evidently  equal  to  the  sum 
of  the  degrees  of  the  component  covariants ;  the  order  is  equal  to  the  sum  of  the 
orders  less  twice  the  index  of  derivation. 

383.  It  was  by  means  of  the  theory  of  derivatives  that  Gordan  proved  (for  a 
binary  quantic  of  any  order)  that  the  number  of  covariants  was  finite,  and,  in  the 
particular  case  of  the  quintic,  established  the  system  of  the  23  covariants.  Starting 
from  the  quantic  itself  a,  then  the  system  of  derivatives  aa2,  ara4,  &c.,  must  include 
among  itself  all  the  covariants  of  the  second  degree,  and  if  the  entire  system  of  these 
is,  suppose,  h,  c,  &c.,  then  the  derivatives  abl,  ah'Z,  &c.,  acl,  ac2,  &c.,  must  include 
among  them  all  the  covariants  of  the  third  degree,  and  so  on  for  the  higher  degrees ; 
and  in  this  way,  limiting  by  general  reasoning  the  number  of  the  independent 
covariants  of  each  degree  obtained  by  the  successive  steps,  the  foregoing  conclusion 
is  arrived  at.  But  returning  to  the  quintic,  and  supposing  the  system  of  the  23 
covariants  established,  then  knowing  the  deg-order  of  a  derivative  we  know  that  it 
must  be  a  linear  function  of  the  segregates  of  that  deg-order;  and  we  thus  confirm, 
A  posteriori,  the  results  of  the  derivation  theory.  I  annex  the  following  Table  No.  99, 
showing    all    the    derivatives    which    present    themselves,    and    for    each    of   them    the 
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covariaiits  as  well  congregate  as  segregate  of  the  same  deg-order:  the  congregates 
are  distinguished  each  by  two  prefixed  dots,  ..hf,  Ssc.  No  further  explanation  of  the 
arrangement  is,  I  think,  required.  We  see  from  the  table  in  what  manner  the 
different  covariants  present  themselves  in  connexion  with  the  derivation -theory.  Thus 
starting  with  the  quintic  itself  a,  we  have  the  two  derivatives  aai,  aa2,  which  are 
in  fact  the  covariants  of  the  second  degree  (deg-orders  2.2  and  2.6  respectively) 
6  and  c.  For  the  third  degree  we  have  the  derivatives  ab2,  abl,  ao5,  ac4,  acZ,  ac% 
acl :  the  deg-order  of  «c5  is  3.1,  and  there  being  no  covariants  of  this  deg-order, 
fflc5  must,  it  is  cleai',  vanish  identically :  a62  and  aci  are  each  of  them  of  the 
deg-order  3.3,  but  for  this  deg-order  we  have  only  the  covariant  d,  and  hence  tti2 
and  ctci  must  be  each  of  them  a  numerical  multiple  of  d ;  similarly,  deg-order  3 . 5, 
abl  and  ttcS  must  be  each  of  them  a  numerical  multiple  of  e ;  deg-order  3 . 7,  ac2 
must  be  a  numerical  multiple  of  ab ;  and  deg-order  3 . 9,  acl  must  be  a  numerical 
multiple  of  /:  the  7  derivatives,  which  prima,  facie  might  give,  each  of  them,  a 
covariant  of  the  third  degree,  thus  give  in  fact  only  the  3  covarianta  d,  e,  f;  and 
in  order  to  show  according  to  the  theory  of  derivations  that  this  is  so,  it  is 
necessary  to  prove — 1",  that  ac5  =  0 ;  2°,  that  ao'^  and  «&2  differ  only  by  a  numerical 
fiictor ;  3°,  that  ahl  and  acZ  differ  only  by  a  numerical  fiictor ;  4",  that  ac2  is  a 
numerical  multiple  of  ah :  which  being  so,  we  have  the  3  new  covariants.  The  table 
shows  that 


for  degrees 


2,  3,    4,    5,    6,    7,    8,    9,  IQ,  11,  12,  13,  14,  15.  16,  17,  18,  19,  20,  21,  22,  23,  24 


No.  of  deriTatiyes=2,  7,  19,  29,4i;'46,  52,  46,  44,  35,  26,  19,  17,  12,  13,    6,    0,    3,    3,    1,    1,    0,    1 

SO  that  the  whole  number  of  derivatives  is  429,  giving  the  22  covariants  b,  c, ...,  w. 
While  it  is  very  remarkable  that  (by  general  reasoning,  as  already  mentioned,  and 
with  a  very  small  amount  of  calculation)  Gordan  should  have  been  able  in  effect  to 
show  this,  the  great  excess  of  the  number  of  derivatives  over  that  of  the  covariants 
seems  a  reason  why  the  derivations  ought  not  to  be  made  a  basis  of  the  theory. 

It  is  to  be  remarked  that  we  may  consider  derivatives  pql,  pq2,  &c.,  where  p,  q 
instead  of  being  simple  covariants  are  powers  or  products  of  covariants,  but  that 
these  may  be  made  to  depend  upon  the  derivatives  formed  with  the  simple  covariants. 
(As  to  this  see  my  paper  "On  the  Derivatives  of  Three  Binary  Quantics,"  Quart, 
Math.  Journal  t.  xv.  (1877),  pp.  157—168.  [681].) 


Table  No.  99  (Index  Table  of  Derivatives). 


2 

3 

0         2         4         6 

13         5         7         9 

h                    c 

d         e        ah       / 

4                   2 

ab                 2         1 

«c       5         4         3         3         1 
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Table  No.  99  (continued). 


4 

6 

0 

2 

4 

6 

8 

10 

12 

1 

3 

5 

7 

9 

11 

13      [ 

' 

* 

ad 
bo 

ae 

a'6 

./ 

h 

ag 
hd 

6e 

a¥ 
ah 

■  ■bf 

«6c 

ad 
o,e      5 

3 

4 

2 
3 

1 

2 

1 

ce 

«A    4 

3 

2 

1 

¥ 

5 

4 

3 

2 

1 

m      5 

4 

3 

2 

1 

hb      2 

&(?    2 

1 

be 

2 

1 

6e 

2 

1 

ct      6 

4 

2 

erf 

3 
4 
6 

2 
3 

1 
2 
4 

1 

1 

3 

2 

1 

Deg. 

6 

Ord. 

0 

3 

4 

6 

8 

10 

12 

14 

% 

bh 

ak 
hi 
..de 

ahd 
ch 

abe 
al 

..df 

acd 
be' 

<*?■ 

1 

al 

3 

5 

2 

4 

1 
3 

2 

1 

hh 

2 

1 

hi 

2 

1 

ch 

4 

3 

2 

1 

ci 

6 

5 

4 

3 

2 

1 

dd 

2 

de 

3 

2 

1 

df 

4 

3 

2 

2 

I 

nf 

5 

4 

3 

•2 

1 

ff 

8 

6 

4 

2 
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Taele  No.  99  (continued). 


Deg. 

7 

Ord. 

1 

3 

5 

7 

9 

11 

13 

» 

y 
<^!/ 

<^9 

ohg 

..£^e 

ahi 

P 

..dh 

6/ 
ch 
..di 

fg 

ahh 
acff 
..ad' 
bed 

.  .ei 

..ade 

..by 

bee 

el 

..fh 

.,„ 

2 

1 

m. 

4 

3 

2 

1 

ij 

I 

hk 

2 

1 

U 

2 

1 

^3 

1 

ch 

3 

2 

1 

d 

6 

5 

4 

3 

2 

1 

ih 

3 

2 

1 

di 

3 

2 

1 

,h 

4 
5 

3 

4 

2 
3 

1 

1 

fh 

4 

3 

2 

1 

fi 

G 

S 

4 

3 

2 

1 
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Table  No.  99  {continued). 


8 

0 

3 

4 

6 

8 

10 

12 

14 

9' 

J- 

% 

ns 

.ii 

(ifi-!: 

d'bg 

fliV. 

? 

hm 

5m 

a(S/ 

«e^ 

ahn 

.  .  aV'e 

<^ 

..dk 

5' 

«^ 

ahH 

abl 

gh 

..ej 

h% 

6^ 

aej 

aoh 

£" 

hog 

..  hd' 

..eh 

.  .bde 

.  .dl 
■  ■fj 
.  .  hi 

..adk 

bch 
..be-" 
cV 

.  .  cS' 
.  .el 
..fk 

..adi 

..aeh 

«/? 

bci 

..bdf 

..cde 

ao 

S 

4 

1 

3 

2 

1 

bm 

2 

1 

bn 

2 
4 

1 

2 
3 

1 

1 

<iS 

1 

dk 

3 

2 

1 

dl 

3 

2 

1 

«?■ 

3 

1 

2 

I 

el 

5 

4 

3 

2 

1 

fj 

1 

fk 

3 

2 

1 

fl 

7 

6 

5 

4 

3 

2 

1 

M 

4 

2 

hi 

4 

3 

■2 

1 

ii 

6 

4 

2 
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9 

1 

3 

5 

7 

9 

11 

93 

ho 

«/ 

ar 

«6V 

a'o 

gk 

(I? 

..V'k 

abm 

abn 

8 

6^- 

heg 

adj 

.  .adk 

hdg 

hp 

agh 

.  .  aej 

.  .  dm 

CO 

hH 

<^i 

¥ 

..dm 

■  ■  ij 

hoj 

..hdh 

cdy 

..ik 

bn 

hck 
..  hdi 

. .  bdi 
■  ■hfg 

ceg 
cp 

.  .iPe 
..fm 
..hi 

ffir 

2 

1 

bo 

1 

hp 

2 

cp 

5 

4 

2 

1 

dm 

2 

1 

dn 

3 

1 

2 
3 

1 

fm 

2 

1 

> 

3 

2 

1 

H 

1 

hk 

3 

2 

u 

4 

2 

1 

ij 

ih 

3 

I 

il 

6 

5 

3 

3 

1 
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10 

0 

3 

4 

6 

8 

10 

12 

V 

hr 

«a? 

aho 

ay 

aV 

6? 

..do 

6V 

agk 

a^q 

.  .  ab-'k 

(fjft 

gn. 

6V( 

as 

ah-'i 

abeg 

/ 

jk 

hdj 
bgh 

6'» 
.  .bdk 

ahdg 

.  .  adm 

abp 

cf 

.  .  hej 

ahj 

.  .  adn 

cq 

hi 

.  .b' 

.  .aem 

..d^g 

.  .  deg 

b^h 
¥cg 

agl 
..ah& 

..  hm 

..dp 

..  6W 

. .  aij 

..k' 

..ha 
'.'■jl 

bcm 
..bek 

..bh? 

cdj 
cgh 
..d'h 

..  gj 
..fo 

■  .  .M 

bH 

.  .  6Ve 
ben 
.  .  bdl 
.  ■  ¥J 
.  .bki 

.  .cdk 

■  ■  «ej 
cgi 

.  .>n 

..deh 

■  .dfg 

as 

3 

2 

1 

hr 

2 

1 

cr 

3 

1 

do 

1 

dp 

3 

2 

1 

ep 

5 

4 

3 

2 

1 

fo 

I 

fp 

5 

4 

3 

2 

1 

hm 

3 

1 

hn 

4 

3 

4 

2 
3 

1 
1 

3 

1 

i* 

1 

Ji 

1 

kk 

2 

u 

3 

2 

1 

u 

6 

4 

3 
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11 

1 

3 

5 

7 

9 

90 

%■ 

&^o 

abff- 

ahr 

dff' 

%A 

abq 

.  .  ado 

dq 

6s 

aym 

agn 

pn 

.  .  dr 

af 

0.3k 

ef 

h'j 

..m 

n 

h'dg 

.  .  hHg 

yp 

..hdm 

6V 

.  .  ho 

hhj 

hm 

■  -jn 

m 

.  .  bdn 

.  .km 

.  .dgh 

.  .  kn 

.  .  bem 
bgl 
..bkk 
-  ■  Uj 
# 

..dej 
..dgi 
..egh 

fl 
..hp 

.  .Im 

bs 
cr 

3 

1 

3 

■2 

1 

dr 

■2 

1 
2 

1 

/'■ 

2 

1 

ho 

1 

hf 

4 

3 

2 

1 

ip 

5 

4 

3 

2 

1 

jm 

1 

jn 

1 

km 

2 

1 

hn 

3 

2 

1 

Im 

2 

1 

in 

4 

3 

2 

1 
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12 

0 

2 

4 

6                 8 

10 

y" 

yr 

by 

affo              abgj 

ab'^o 

(t 

jo 

h"q 

at 

.adff'' 

abgh 

u 

h'jm 

bS-                Udq 

abs 

bf 

.  .  bdo         ajm 

.  .  »(fr 

%■ 

hyn              b 

!, 

aeg^ 

fh 

hjk              b 

m 

aeq 

hq 

.  .dgk          b 

'dj 

agp 

..ho 

..ds            b 

gh 

.  .  alio 

.  .  m^ 

■  ■  m         W 

.  .  ajn 

g\               bcq 

.  .  akm 

.  .  hr 

.  bd'g 

h^ 

iq 

.beo 

.  .   b^dk 

■  -JP 

.bhm 

.  bJ^ 

■  ■  6V 
..6V 

cffm 

bar 

cf 

..  bdeg 

.d'm 

..bdp 

.dho 

..bhn 

.egk 

.  .  bim 
.  .  bjl 

.gie 

..cdo 

.  i/r 

cffn 

.kp 

cjk 

.  lo 

.  .  d^n 
.  .  dem 

■  ■dgi 

.  .  dhk 
..Mi 

...H 
.■M 

..,H 

at 

I 

ds 

3 

3 

1 

1 

fs 

3 

1 

hr 

2 

1 

1 

3° 

1 

JP 

i 

ho 

1 

kp 

3 

2 

1 

lo 

1 

Vp 

5 

4 

3 

1 
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* 

13 

d. 

1 

3 

5 

7 

?!/■ 

bgo 

af 

ac/r 

J9 

hi 

ayq 

ajo 

' 

6^s 

kq 

hllq 
bjm 

.  .  dgm 

.  .kr 

.  .  bho 
.  .  hjn 

..bkm 

ego 

..^-0 

.  .  dgn 
.  .  djk 

■  ■  ef 

.  .  yhk 

■  ■  uv 

.  .  hs 
.J.q 
.  .  inp 

ht 

1 

ct 

1 

lis 

:i 

■2 
3 

1 

2 

I 

J''- 

I 

h- 

1 

If 

1 

vip 

2 

1 

no 

1 

np 

4 

3 

2 

1 
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Table  No.  99  (continued). 




14 

15 

0           2 

4 

(1 

8 

1                3               5 

%^ 

6?r 

■  a?!? 

abgo 

tfo 

WJ 

.  .  }}'go 

hgq 

&jo            ajq 

abt 

yi 

% 

l>H 

'.'.dt"      h 

y 

ags 

oq 

bv 
dy^ 

bg-'h 

bgs 

Sf 

g^n             y^q 

■  ■'W 

%u 

■  ■  hjr 

mq 

gjk           h 

''gm 

'^m 

bkq 

.  .  f>' 

js          by 

S!?"'" 

.  .  bjno 

.  .  >nr       bdsj 

&V 

■■/ 

..dgr 

ng           hgVh 

..b^do 

.  .  c^o 

bkq 

..yqn 

«/ 

.bko 

byk 

^9 

.  bm' 

. .  bdgk 

cf 

..bds 

's^>  ' 

<im 

..begj 

. .  g/io 

11 

bgH 

.-m 

■  rfy 

..bhr 

. .  gkm 

.d\ 

biq 

.  .  ht 

.  djm 
■  effo 

..bjp 
.  .bmn 

■"2 

.  et 

cgr 

n 

.ghn 

q/o 

.gk^ 

..d^- 

bv 

.hf 

. .  do.g- 

.is 

..  deq 

At 

it 

.  iir 

..dgp 

'■ 

•  °}' 

..dho 

3 
3 

1 

..djn 
..dkm 

Z 

1 

.  mm 

or 

^ 

2 

..ghn 

pr 

..ghn 

■  ■sji 

..hSk 

..if 

dt 

1 

et 

1 

fi 

I 

JS 

1 

As           3           2 

I 

h 

1 

2 

3 

1 

2 

1 

op 

1 

m 

4 

2 
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Table 

No.  99  {continued). 

Beg. 

16 

Ord. 

0 

2               4                 6                  8             Col.  8  concl. 

/ 

yV           by             ag^o            .  .  abff^ 

?'? 

gjo           l?gq            agt              abjq 

.eh,          1 

gu 

jt             bSi              aoq             u,bv 

q^ 

qr              bg'^m            .  .  b'^yr        .  .  adg' 

W          ^"Jo          adgq 

hmq            .  .  bdgo       .  .  adu 
.  .hd^          .  .  hdt         «<ff'm 
drfj            bg^n            . .  af 
4q              bffjk            . .  am- 

. .  dv       bjs         by 

,/h              .  .  bmr       b'q 
ghq              .  .hnq        i^gm 
..gho         ..dg%       bT 

.gir 
.<,kp 

.ah 

X 

.hko 
.  hm^ 
■  ijo 
.j&n 

gm'         .  .  dgs        y^dgj 

hn           .  .  dor        byh 

'.  It 

fm          .  .  dkq       bViq 

.ps 

kt            .  .dmo       .  .b^ko 

OS            .  .  efj        .  .  b^^ 

■ .  m      W 

.  .  ev          bcgq 

c/i              bcu 

.  .  giir 

.bcPg^ 

giq 

.  b<Pq 

■  -m 

.bdim 

.  .  gnm 

.  .  kjo         . 

.  bet 
.  bghm 

..fn 

.  bg]^ 

..jhn        . 

.hop 

cg^ 

cgj' 

cmq 

.of 

.  ipgm 

.<,■• 

.**(■ 

.dkr 

.  dno 

.«,* 

■  effs 

.«;> 

dp 

1 

> 

1 

J* 

1 

kt 

1 

U 

1 

op 

1 

pp 

4                                  2 

ps 

3               2                  1 
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Table  No.  99  (continued). 


17 

18 

19 

1 

3 

5 

0           3 

4             6 

1              3 

9'J 

bg\j 

•!/' 

V 

bg' 

hg-^r         .  .  a</j 

'A       k/j 

m 

bgt 

ag^q 

hg\ 

■  ■  %o     «ffl? 

fl         %■? 

gv 

boo 

ajju 

bgu 

bjt           agv 

gqo         bgv 

ju 

fh 

«4 

bf 

bqr          aju 

oii          bju 

l'' 

*»■ 

fm 

..dg'o    by 

qt          dg* 

■  -w 

Vjq 

ffT 

.  .  dgl      l?gq 

dg^ 

sh, 

V, 

gmq 

..doq     Pu 

.  .  ^t 

■  -y^ 

bdf 

■  ■90- 

g'n          bYm 

dt 

../» 

bdgq 

A 

.fjk         6V 

g^m 

fa. 

bdu 

-  ■> 

yjs           h^mq 

■■9f 

.  .  mi 

bgjm 

. . gmr  . .  &V 

■  -goT 

qs 

■■k 

.  .  ot 

gnq        bd^j 
■  ■fr     %■? 
jkq^         .  .  bdv 
.  .  jmo    bg% 
.  .  kv     bg}iq 

jmq 

..jo" 

.  .  rt 

.  '.d(? 

WW          .  .  bgko 

mv    1 

a'M 

.  .  hgnv' 

nv                 1 

. .  ,h- 

bhu 

ri      1 

.  .  gno 

.  .  hfm 

hjq 

..bki 

..kv 

..bos 

..jko 

.  .br^ 

■  ■  P"!' 

rj/ 

.  .  nt 

egu 

hm 

1 

1 

■d^ff' 
.,Pgq 

int.        1 

.d\l 

nt 

1 

■  dyj-m 

rs        2 

1 

.  dor 

■  eg^o 

■  egt 

'iM' 

qk^ 

gnr 

qop 

hmq 

hi 

jh 

jno 

ITq 

kuio 

fi^ 

jv 

kv 

1 

Iv 

1 

ot         1 

p' 

1 

ss 

3 
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Dog. 

20 

21 

22 

34 

Old. 

0 

2 

4 

1 

0             2 

0 

?■ 

J» 

sy 

n't 

&w         V 

/ 

a-i 

»■<■ 

by. 

fk 

*«■? 

sV 

t-u 

*■» 

*>• 

,;, 

V" 

/» 

rf 

..»■' 

S¥ 

?i" 

w 

s¥ 

qu 

gqr 

6/m 

M 

65M 

??M 

..jo, 

J. 

^l 

ru 

.  .  hyo" 

ro            1 

?%«? 

tfl 

..»v 

»          1 

.  .  bj. 

»•■? 

bmu 

■  -ffjv 

..bot 

ffmu 

dfq 

■  ■tot 

dju 

..<.•, 

g-h 

.  .  (^ 

3-1, 

.  .  g'ko 

n.                     1 

..,fm' 

sJm 

..»•%. 

..gU 

.  .  (joe 

..?.' 

V 

■■i* 

.  .jor 

..to, 

..m-q 

.  .  md' 

.   .   St 

ov            1 

pv                                                 1 

8«                                          I 

Hosted  by 


Google 


693]  A    TENTH    MEMOIfi   ON    QUANTICS.  391 

384.  The  Canonical  form  (using  the  divided  expressions.  Table  No.  98)  is  peculiarly 
convenient  for  the  calculation  of  the  derivatives.  Some  attention  is  required  in  regard 
to  the  numerical  determination:  it  will  be  observed  that  A  is  given  in  the  standard  form 
{At,  A„  A2,  Ag,  A,,  A^^x,  yY,  while  the  other  covarianta  are  given  in  the  denumerate 
forms  B  =  (Bo,  Bj,  B^'^x,  yY  &c. :  these  must  be  converted  into  the  other  fono 
B  =  (B„,  iS„  5,5a;,  yy,  G=(G„  ^(7,,  ^\G„  ^C„  -^G„  ^G„  C,^x,  yf,  &c.,  the  numerical 
coefficients  being  of  course  the  reciprocals  of  the  binomial  coefficients.  We  thus  have, 
for  instance,  the  leading  coefficients, 

l.c.  of  AC2  =  A,.^G,-2.    A,. iG'.  +  A, .  G„, 
but 

„     „    BC2^B,.-^G,-2.^B,.^.C,  +  B,.0,. 

Moreover,   as   regai-ds   the   covariants   AA2,    AAi,   &c.,   we   take   what    are    properly   the 
half- values, 

l.c.  of  AA2  =  A,A^-    A,^  (instead  of  ^„ils-2A,^  +  ^,A), 

„     „   AAi  =  A„A,  -  iAjAs  +  SA;'  (instead  of  A„A^  ~  iA^A^  +  6A,A^  -  4-A,Aj  -  A,A„), 

&e., 

and  similarly 

U  of  BB2  =  B„B^-(^B,y, 

„     „    CC2  =  G,.^G,-(^Cjy, 


Any  one  of  these  leading  coefficients,  for  instance  l.c,  of  AG2,  is  equal  to  the 
coiTesponding  covariant  derivative,  multiplied,  it  may  be,  by  a  power  of  a:  the  index 
of  this  power  being  at  once  found  fay  comparing  the  deg-oi-dera,  these  in  fact  differing 
by  a  multiple  of  1 . 5  the  deg-order  of  a.     Thus 

aa2,  AifA.^-    Aj^,  deg-ordcrs  are  2.6,  2.0:   or  aa2=^  A„Ai-  Aj', 

((0.4,  ^(,^l,-4J,i^s  +  3^j=,  deg-ordera  are  2.2,  4.12:  or  uai  = -^(A^A.-iAiA^^  +  Mj'); 
we  have  in  fact 

AiAci—    .^1^=  1 .  c  — 0^  =  c  :   and  aa2  =  c, 

A,A,  -  iA,A,  +  SA./  =  1 .  {o?h  -  3c^)  -  4 . 0  ./+  ^ .  o^  =  ci'b :   and  aa4  =  h. 

As  another  instance,  and  for  the  purpose  of  showing  how  the  calculation  is  actually 
effected,  consider  the  derivative  cA2,  which  is  to  be  calculated  from  the  leading 
coefficient  of  GH2,  =G,.^H^-2.iG,.iH,  +  ^C,.ff„:   this  is 


c  (i'T'^5'  —  2abd  —  ch) 
-2.i/(ibe~l) 
\-  i^a-b  ~  c=)  k 
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=  column  next  wiitten  down;  but  this  column  contains  congregate  terms  which  have 
to  be  replaced  by  their  segregate  values  (see  Table  No.  96.  deg-order  8.16);  and  we 
thus  obtain 

a'j      a'P      a%h        a^cy        abed       h^c'        c'h 


ii«. 

*\ 

*<••'} 

+  * 

icled 

-  2 

iM 

-i 

+  3 

+  2 

2<^A 

-2 

fl 

i     -  i     +1 

-i 

-  1 

-2 

+  2 

0 


0 


0 


viz.  the  terms  other  than  those  divisible  by  a^  all  disappear :  we  may  either  abbreviate 
the  calculation  by  omitting  them  ab  initio,  or  retain  them  for  the  sake  of  the 
verification  afforded  by  their  disappearance.  The  factor  a^  divides  out,  and  the  final 
result  b 

which  is  the  proper  segi'egate  expression  of  the  derivative  ch2:  of  coui'se,  we  have 
deg-order  CJf2  =  8.16,  deg-order  c/i2  =  6.6,  and  the  difference  is  2.10,  the  double  of 
1.5,  so  that  the  factor  a"  is  as  it  ought  to  be. 

Table  No.  100  {The  Derivatives  up  to  the  Sixth  Order). 


2.2  I    h 


3.3 

d 

3.5 

^ 

3.7 

ab2 

~  3 

ab  1 

+  i 

MC2 

(ici 

+  ¥ 

ao  3 

+  irfr 

Degree  4. 


4.2 

add 

0 

aei 

0 

4.4 

6> 

/. 

adi 

-i 

+  i 

m3 

-t 

-1 

qfb 

+  SI 

-IS 

bci 

+  4 

-i 

cci 

+  A 

-tV 

'cl    I   +1 
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4.8 

ml 

So 

ael 

-  1 

-  2 

»/3 

+  s 

-f 

cc2 

+  i 

-A 

Table  No.  100  (continued). 
4 .  10  1    ffls         I      4 


Degree  5. 


5.  1 

3 

5.  3 

h 

ahi 

+  2 

«A3 

^l 

ai5 

-I 

ai4 

+  i 

hdl 

-4 

hd\ 

-  1 

ce5 

~  T 

he  2 

-  4 

Gd^ 

+  A 

eei 

+  5T 

o/G 

~  Tii 

6.9 

A' 

oA 

tti 

ail 

-  J 

+  J 

+    3 

s/1 

+  s 

-  i 

+    3 

eel 

0 

-  i 

+    1 

(1/3 

+  A 

-AV 

-as 

5.  5 

a<j 

s<; 

oA2 

+  i 

-  2 

»;3 

4-0 

-  2 

Je  1 

-i 

+  -V" 

cd-2 

0 

~  TT 

68-6 

-A 

-  -V- 

df5 

~  TTT 

+  5^5 

5.  7 

fee 

I 

aAl 

-  2 

-  4 

«^2 

0 

+  -^ 

6/2 

-  sV 

+   1 

crfl 
<^/4 

0 

+  ^ 

i 

+  ttV 

5  .  13  I  ([^(/     abc 


Degree  6. 


nl  5 


dd% 


6.4 

» 

6.6 

«jl 

-  1 

al 

«A2 

+  i 

oi3 

oi4 

-DTT 

bi\ 

s;ii 

+  i 

ch-2 

Ji2 

*\ 

ei'6 

.4  3 

+  A 

<fcl 

ot4 

+  iV 

#3 

rf.2 

-\ 

ee2 

./« 

-it 

./4 
//6 
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Table 

No.  100  ( 

oaclvded). 

6  .8 

«A 

Ji 

6.  10 

o?g       abd          b^o         ah 

«;2 

-  ^- 

+  /^ 

all 

0       -    f       -    1       +1 

chl 

+  i 

+  i 

oil 

0     -  1     *  i    -i 

ci'i 

+  -i 

+  A 

djl 

0      -   1       +    J      -  1 

in 

-tV 

!f       -    ^'i- 

</2 

+  A    +  i     -  H    -  t 

./3 

+  A 

T       +TfA 

//* 

*ii,  -T%   +A',   -A 

6.  12 

a6« 

«;      ci               6 .  14 

a%^       a^h       acd       b<? 

»/l 

} 

-}  -{ 

ffi 

-#T    +15V     +1      -t 

which   is   complete   to   the   sixth 


tenth  degree,  but  the  results  were  nob  in  the  segregate  form. 


I   had   calculated   the   derivatives    up    to    the 


On  the.  form  of  the  JVuvierical  GmwraHng  Fwiction-s :   the  N.O.F.  of  a  Seccttc. 
Art.  Nos.  385,  .386. 


385,  It  is  to  he  remarked  that  the  R.G.F.  is  derived  not  from  the  fraction  in 
its  least  terms,  which  is  algebraically  the  most  simple  form  of  the  N.G.F.,  but  from 
a  form  which  contains  common  iactors  in  the  numerator  and  denominator :  thus  for 
the  quadric,  the  cubic,  and  the  quartic,  writing  down  the  two  forms  (identical  in  the 
case  of  the  quadric)  these  are — 

Quadric 

''■«'^=i-J:i^^' 

Cubic 


N.G.F.  -  - 
Quartic 
N.G.F.  =  - 


.  1  —  ax^  .1  ~  iw 


1  -  fflic^  +  aV 
,  1  —  a^ .  1  —  oaf .  1.  —  ax'' 


1  -  a'A  -  aa?  .1  -a?a?  .1  - 


l-a^l-a^l-ctic*.!  —  aW .  1  -  aV  ' 
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Foi'  the  quintic  the  two  forms  are,  N.G.F.  = 


+  a")  Ji- 

-H  (—  1 

+  .• 

+  ■!«■ 

-fl'2)(M' 

+  ( 

+  «= 

-.■ 

+  »'°)a;'' 

+  (-1 

t«' 

+   «" 

+  ,.• 

-a" 

-<.»)0i? 

+  (+  1               +  «^ 

^"' 

-    a* 

-.■ 

+  «^=)  ftV 

+  ( 

^-»- 

+  »' 

-.» 

)oW 

+  (+  1 

-2o' 

-o" 

+  o»)»W 

+  (-1    1 

+    <i" 

-  a^^  aV 

divided  by 
and 


1  —  a'  .1  —  ra* .  I  —  a^ .  1  —  £m^  .  1  —  ita^ .  1  - 


(  1 

+  «■•)»• 

( 

a' 

trf 

..'" 

^.'^ 

)«D 

< 

a' 

+  »■ 

+  «» 

+  «- 

+  ." 

-»")«V 

{  1 

«• 

+  «• 

+  «» 

■jaV 

(  1 

H-d^ 

«.' 

+  a° 

+  «- 

-<." 

(  1 

«• 

+  (t° 

_-:_ 

)aV 

( 

ft^ 

-•■' 

-ft" 

).W 

( 

a^ 

-«= 

-o- 

-." 

-«■• 

( 

-«.o 

-».. 

-,..• 

-a'^ 

( 

-.• 

^a* 

-.^« 

-.» 

-." 

)<.W 

( 

-rt" 

-«= 

-«.■ 

~°" 

)ftV» 

(-1 

i 

-  «^')  oV^ 

divided  I 

y 

1  —  tt' .  1  —  a* .  1  —  «" .  i  —  aaf  ,  1  —  a^x'' .  1  —  aV  : 

this  last  being  in  fact  equivalent  to  that  used  for  the  deteiiiiination  of  the  U.G.F. 

50—2 
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386.     For  the  sextic  the  forms  are,  N.G.F.= 


-    a^ 

-    a' 

+  re' 

+  «*)  z" 

-. 

+  (i' 

+  2,.= 

+  2.' 

+    re' 

-.' 

-  ««)  ax- 

-  a')  a^ 

~[  - 

+  d^ 

+    «^ 

-«> 

*, 

-a- 

+  a")  fflV 

+  a 

-2o« 

^2re^ 

-.■ 

+  a' 

+  «')  «V 

'" 

- 

-a' 

-««)aV 

divided  by 


.  1  —  o,^ .  1  —  a= ,  1  —  a' ,  1  —  a' .  1  - 


(  1 

+  «■■ 

+  «!'  )».» 

+  (  1 

+  a^ 

+  «' 

..^ 

+„• 

)aV 

H 

+  0^ 

+  «^ 

+  .^ 

+  «« 

+  «' 

+  «' 

+.• 

+  re^ 

)»W 

+  {    1 

+  » 

+  2ft= 

+  «• 

+  «' 

+  o' 

-»" 

)»W 

+  {       +« 

■' 

+  a 

- 

+  a 

,. 

-re 

... 

-a 

.... 

-. 

....    )....^ 

+  ( 

+  0.^ 

-«' 

-a- 

-re- 

-2<si^ 

-»" 

-re«  )aV" 

+  ( 

-a' 

-«^ 

-«' 

-»« 

-.» 

-... 

-.» 

-«'= 

)<.■»." 

+  ( 

-a« 

-t( 

— 

-a 

-o" 

-." 

-  o»  )  oV 

+  (-  1 

-.1"  )«V 

divided 

3y 

1- 


.  1  -  aM  - 


.1- 


.  1  — (KB*.  1  - 


I V  .  1  - 


where  observe  that  in  the  middle  term,  although  for  symmetry  a*  (=  Va)  has  been 
introduced  into  the  expression,  the  coefficient  is  really  rational,  viz.  the  term  is 

{p?  4- «.'  +  a'  —  ffl"  —  tt"  —  a}'')  a?. 

The  second  form  or  one  equivalent  to  it  is  due  to  Sylvester :  I  do  not  know  whether 
he  divided  out  the  common  factors  so  as  to  obtain  the  first  form.  I  assume  that 
it  would  be  possible  from  this  second  form  to  obtain  a  R.G.F.,  and  thence  to  establish 
for  the  26  covariants  of  the  aextic  a  theory  such  as  has  been  given  for  the  23  covariants 
of  the  quintic :   but  I  have  not  entered  upon  this  question. 
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i  bis  (The  covariant  S,  adopted  form  =  —  (1),  M)). 


In   this   Table,    a,   b,   c,   d,    e,  f  denote,   as   in    the    tables   of    former  memoirs,   the 
coefficients  of  the  quintie  form  {a,  h,  c,  d,  e,  f^^e,  yf- 


5«,  sf 


a'b-oT      -      2 

a^6V(i/'=    -      S 

d'h-'cdy    +      3 

a"6W/^     +      2 

•fdef  +     IS 

o^ey  +      3 

cf^^V'^  -      6 

rf^ey^  ^      6 

c'^f    -      9 

c(;=e/=+    24 

cey     +      3 

tfey    +      6 

e^r  -      9 

cd^f  -    43 

(Pe/'   -      3 

^         -      2 

e<Pef  -      6 

ce^       +    18 

d'^f   +      6 

a'bciPf   -    15 

cde'     +      9 

dT     -    18 

rf^       -      3 

crfey=+    30 

dY     +      9 

cPey   +    33 

«=i^rfy-^     -      3 

e^f     -    15 

(Pe'      -      7 

rf^e'     -    15 

dey'    +      6 

(Pe/^   +    15 

o%V/=      +      6 

a^b'^edf     +      6 

.y     _     3 

d^ey   -    30 

cdef  -    30 

cey«    -      6 

„bcy/'    -    24 

de'       +     15 

cey     +    18 

d'ef'   -    24 

cV/^  +    24 

„  6V^/^  +      9 

dT     +      9 

d^y     +    42 

c(?VV    78 

c^ey  -      9 

<Pey   +      6 

e=         -    18 

crfey  -  108 

cWe/^~    21 

de'      -      9 

„  h  ey'    +     3 

ce=       +    30 

<;W/+    15 

„  b  <»ep  -    15 

e'def-    78 

dy     -    34 

cV      +      6 

e^r  +   21 

c^ey-    +    69 

rf^ey   +    24 

cdy^   +      3 

oHeJ  -      6 

cd^f  +    93 

„6W»      +     18 

cd^  ^-    21 

^^      +    18 

crf^ey-    51 

^^def'-    93 

cd^e^    -     24 

cmf   +    30 

cde^     -    33 

flV/    +    21 

d^    -      9 

cd?^    -    51 

(/V    -    57 

c=dy=  +    36 

(fV      +      9 

#/      -    36 

tPe'      +    54 

c=(^=ey+  123 

« 6=rfy^     +      9 

d'^^      +    39 

„bVy'    +    24 

e^de'    -    51 

dey   -    18 

„h%'dp  -    S 

c^<^/^-    36 

fi<^./  -  111 

ey       +      9 

c^ey    +    45 

oW/  -      9 

cd'e'    +    39 

„6V<y=    H-      6 

^d;'ef  ~    84 

c^e'      -    54 

r^y      +    27 

c'^y  -     6 

a^de'    -    63 

cWe/+    24 

d^e'     -      9 

c^./=+      6 

cW    +    45 

c=(f«=  +  129 

ab'odf'     +    42 

orfey  -    24 

c''rfV  +  150 

ed-f    +      9 

c^y^    -    42 

c#       +     18 

crf'e     -117 

crfV    -  114 

d'ef^  -    69 

dy^     -    45 

d'        +    27 

r?°e      +    27 

rfey    +    96 

d'^y    +    96 

aVqf'       -      6 

«W#^      -      3 

«'         -    27 

dV     -    51 

&/'    +     15 

er     +      3 

„6V/=     -    33 

„6«^/'     -      9 

6=/        -        9 

„  6V/^     -      6 

c=<?e/V    51 

<;»A/^-    30 

,,6'eV    +    30 

c<;e/^  +  108 

cV/    +    48 

c^ey    4-    66 

c^f^   -    15 

cey     -    96 

c(?y^   +      9 

c'#/^+    84 

cdey  +    24 

dy^  -  21 

cd'ey  -  147 

c^rf^ey-    36 

ce'       -    45 

(pey  -  48 

(jrfe*     +    39 

<^de'    -102 

d'ef    -    66 

rfe*      +    63 

d^ef     +    78 

c(iV  -  174 

.iV      +    73 

„6Ver    -    24 

d'^     -    45 

ftiV    +  310 

„6V(^^   -    21 

cWf   -  123 

„6c'er    +    57 

rfy      +    63 

oV/    -    96 

oW/  +  147 

cWf"-    24 

d'e"      -    72 

cWe/+    36 

c'e*      +    66 

c^(fey-    78 

„  SVeT    +    36 

c^rfe^    +213 

cdV  +    78 

cV      -    60 

c'<Pf-    45 

cdy    +  120 

a<Pe'    -186 

c=dV+    36 

cVey  -  120 

cii^e'    -303 

dy     +    51 

<^rf^^  +  108 

c'e'      -      6 

iFe      +    51 

d'e'      -      9 

crfy    -    24 

c'ti'ey  +  204 

(conHmied  on  next  page.) 
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rt^fi  cy^   +    9 

a^6t'(7/'^    +  111 

ftficf^V    -      6 

B  5VdV  +  120 

c'def  +  17  i 

c'ey    -    78 

ti'«       -      9 

cvy  -.    66 

C'^      -    36 

c'rf'./-    36 

„ftV<^^    -      9 

e^^  -  240 

c=rfy  -  204 

cW    -    54 

c'ey    -    5! 

ct^^e     +  144 

<?dV  -  174 

c'(^/  -    96 

c'd^ef+    96 

d?        -    27 

cWe    +  330 

c'^e'  +  150 

c^&*    +  111 

aWc<^y     -      9 

cd«      -    99 

c(fe     +    30 

<?d<f   -    27 

c^y=  +    9 

„6Ve/"     -    63 

(f        -    27 

c"(Pe=  -  234 

(i^^y  -    18 

c'f^y  +    66 

„6V/^      -    27 

«=d^«    +  141 

c^ey    +    45 

<fde^    +    99 

c=<V  +    24 

cd'      -    27 

e»         -    37 

c^rf^e    -147 

cV      +    54 

a»6"rfy^      -    18 

„  w<?r   +    7 

cW     +    45 

c*rfy    +    27 

eT     +    18 

oHefA-    51 

«°&y'      +     2 

c'(?e=  -    93 

„bVp     +    15 

.■^«y    -    72 

,,6'cer     -    15 

c'd'e    +      6 

cc;«/=  +    33 

ad?f^  +    63 

<Pf^     -      6 

c'rf"     +      9 

cey     -    63 

cd^ey  -  313 

rfey     -    18 

a'iV       +      3 

<iy=    +   54 

ccfe*     +  171 

e*        +27 

def^    ~    30 

tPey  -    66 

(P^/    +    36 

„6V(|/'=   +    24 

ey       +    27 

<fe^       +    37 

^^     -    43 

e"^    +    51 

„h*cdy^    +    51 

„  i^c^^y"    -    54 

„  h%*ep    -    39 

c(^V  +  103 

c&y  -    39 

cVy^  -  129 

c'(^'  -  150 

cd^     -171 

ce*       -    27 

cWy  +  186 

M^f  +  303 

<i*/      +      6 

d?ef    +    60 

cV      +    45 

^^      -     18 

<Pe'     +    18 

d'e'     -    45 

6^ef  +    54 

<3=(fey  +  174 

„  6'cy^      -      9 

„lMdf^    -    39 

oi^^e*"    -    96 

c^^e*  -345 

<^def  -  210 

c^ey    +    45 

d'f      ~    54 

c<^y    -    99 

<^^      +    43 

c=<i=e/  -  108 

d'e"      +    48 

ei»<?    +  192 

cW/   -  120 

o'd^    +    96 

„  ft^cVy  +  114 

d'e       -    18 

cW«^  +  345 

ody    -  111 

(^ey    +      9 

„  h^dp  +117 

c(^     -    87 

c<Pe=    +147 

•fiPef  -  150 

(ftf    -    51 

<^»        -      2 

rf=e      -    30 

«W    -147 

o'd=ey  -  330 

„6Ve/     +    72 

„  6vy=    +     9 

(■'d'f   +    93 

G^de'    +    87 

<^dy  +  240 

c'def  +       6 

cWe^  +  150 

.r'^y   +  147 

c^rfe^    -  192 

c'e'      -    48 

ad!>e     -    87 

edH^  + 186 

<^<Pe    -  186 

i?iP/   +  334 

tP        +     18 

oH^e,    -  201 

c'd^     +    96 

c'fPe^  -  150 

„beT     -    37 

af      +    45 

„6c'<^     -144 

c'<?e    -  108 

c'def  -    30 

„  ftvy    -  27 

A^      +     18 

erf'       +    57 

c'e'      +    30 

c^rfey  +    99 

c^f^^e    +  201 

„6c«e/     +      9 

c^y  -     6 

A=      +       2 

<!'d*     -    87 

cWy  -  141 

c*«ft=  +  108 

c^t^y  ^    45 

„6V/      +    27 

c»efe^    +    87 

,?d*e    -    96 

c^d^e'  -    96 

c'rfe     -    45 

d'd^e    +    96 

i?d^     +    21 

e'^s    +    87 

<fd^     +    20 

c*#     -    51 

„6Vey     +    27 

c^d=     -    30 

„6V€y     +    27 

cwy  -     9 

cV      -     18 

c'rfe^    -    57 

c"rf=B    -    31 

c'd'e    +    5] 

r'd'      +    13 

f'd^     -    12 

I  remark  that  I  calculated  the  first  two  coefficients  (S„,  S^,  and  deduced  the 
other  two  S^  from  /Si,  and  S^  from  iSg,  by  reversing  the  order  of  the  letters  {or 
which  ie  the  same  thing,  interchanging  a  and  f,  b  and  e,  c  and  d)  and  reversing 
also  the  signs  of  the  numerical  coefficients.  This  process  for  iSg,  S^  is  to  a  very 
great   extent   a   verification   of  the   values   of  Sa,   S,.     For,   as   presently  mentioned,   the 
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terms  of  S^  form  subdivisions  such  that  in  each  subdivision  the  sum  of  the  numerical 
coefficients  is  =0:  in  passing  by  the  reversal  process  to  the  value  of  Sa,  the  terms 
are  distributed  into  an  entirely  new  set  of  subdivisions,  and  then  in  each  of  these 
subdivisions  the  sum  of  the  numerical  coefficients  is  found  to  bo  =0;  and  the  like 
as  regards  S^  and  jS^. 

If  in  the  expressions  for  So,  S,,  S^,  S^  we  first  write  d  =  e  =  /=l,  thus  in  effect 
combining  the  numerical  coefficients  for  the  terras  which  contain  the  same  powers  in 
a,  h,  c,  we  find 

S,=     «H- 2c^  +  6c' - 6c  +  2) 

+  a=  {6'  (6c=  -  12c  -  6)  -f-  6  (-  15e»  +  33c^  -  21c  +  3) 

+  6"  (42c'  -  147c»  +  195c^  -  117c  +  27)) 
+  a  [6*.0+?;'(30c^-36c  +  6)  +  6^(-117c'+249c=-183c  +  51) 

+  6  (9c=  +  138c'  -  378c=  +  330c'  -  99c)  +  6"  (-  63c"  +  IfiSc"  - 1470"  4-  45c^}] 
+  ffl°  [&\  2  +  ¥  {-  15c  +  3)  +  6*  (75c^  -  69c  +  24)  +  If  (-  9c'  -  167c"  +  225o=  -  87c  -  2) 
+  6^(72c=*  +  48c'  - 186(^  +  96c^)  +  i  (-  126c=  +  SOlc'  -  87c') 
+  6''(2Vc'-45c'+20c«)i; 
which  for  c  =  1  becomes 

=  2i--12i^  +  3O6'-40Z<^+30i'^-126  +  2,  that  is,  2(6-1)", 
and  for  t  =  1  becomes  =  0. 
Sa  =     a^  (Oc'  +  Oc  +  0) 

+  a"  [If  (Oc  +  0)  +  &  (3c^  ~  Oc=  +  9c  -  3)  +-  6" (24c'  -  99c=+  158c'-  105c  +  27)1 
+  M  {&' .  0  +l'{-  6c'  +  12e -  6)  +  6^  (-  24c=  +  90c'  -  108c  +  42) 

+  b  (33c'  -  90c»  +  54c'  +  30c  -  27)  +  6°  (-  27c«  +  78o=  -  66c'  +  6c'  +  9c0| 
+  0."  {6"  (3c  -  3)  4- 6M- 15c  +  15)  +  &'(6c' -  12o»  +  36c  -  30) 

+  If  {^c"  -  42c^  +  &^<f  -  108c=  +  57c)  +  h  (9t*  -  54c^  4-  96C  -  61o^) 
+  iH9c'-9c«)]: 
which  for  c  =  1  becomes  =  0. 
S,^     o.'(0c  +  0) 

+  a'i6'.0+t(Oc=+Oc-l-0)  +  6»{18C-72c"+108c'-72c  +  18)] 

+  a  [V  (Oc  +  0)  +  6'  (-  33c'  +  99c^  -  99c  +  33)  +  h  (57c'  -  162c^  +  144c^  -  30c  -  9) 

+  h"  (-  60c=  4-  207c'  -  261c'  +  141c=  -  27c)} 
+  a.»  {6^  0  +  6*  (15c=  -  30c  +  15)  +  6»  (-  54c^  +  102c'  -  42c  -  6) 

+  ¥  (123C  -  297c'  +  243c'  -  87c  + 18)  +  &  (-  270"  4- 1020*  -  96c'  +  21c'0 
+  V  (27c'  -  66c=  +  Sic''  - 121^)1 : 
which  for  c  =  1  becomes  =  0. 
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+  a!'  [h  (Oc  +  0)  +  6"  (Oc^  +  Oc^  +  Oc  +  0)i 

+  a  \¥.0   +6M0c^  +  Oc  +  O)  +  ?>(-9c'  +  36c=-54c^  +  36c-9) 

+  h"  (36c^-  17lc*+  32V-  308c^+  144c-  27)} 
+  a'  {¥  (Oc  +  0)  +  6'(7c^  -  21c=  +  21c  -  7)  +  6=  (-  m&  +  135o'  -  ITlc^  +  93c  -  18) 

+  h  (66c°  -  243(^  +  333c'  -  201c^  +  4Sc) 

+  Jf  {-  27c''  +  lOlC!"  -  lilc''  +  87c*  -  20c^)l : 

which  for  c  —  1  becomes  =  0. 

It   follows   that,  for   c  =  d  =  e=/=l,  the   value   of  the   covariant   S   is   =2(&— l)*a;^ 
which  might  be  easily  verified. 
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694. 

DESIDERATA    AND    SUGGESTIONS. 

No.  1,    The  theory  of  geoups. 

[From  the  American  Journal  of  Mathematics,  t.  i.  (1878),  pp.  50 — 52.] 

Substitutions  J  and  (in  connexion  therewith)  groups,  have  been  a  good  deal 
studied ;  but  only  a  little  has  been  done  towards  the  solution  of  the  general  problem 
of  groups.  I  give  the  theory  so  far  as  is  necessary  for  the  purpose  of  pointing  out 
what  appears  to  me  to  be  wanting. 

Let  «,  /9, ...  be  functional  symbols,  each  operating  upon  one  and  the  same  number 
of  letters  and  producing  as  its  result  the  same  number  of  functions  of  these  letters; 
for  instance,  a  (x,  y,  z)  =  {X,  Y,  Z),  where  the  capitals  denote  each  of  them  a  given 
function  of  {x,  y,  s). 

Such   symbols   are   susceptible   of  repetition   and   of  combination; 

a- {a:,  y,  z)=^a{X,    Y,  Z),  or  ^a  (a>.  y,  z)  =  &(X,   Y,  Z), 
=  in  each  case  three  given  functions  of  (x,  y,  s) ;   and  simUarly  for  a',  o^0,  &c. 

The  symbols  are  not  in  general  commutative,  afi  not  =/3a;  but  they  are  as- 
sociative, OjS . ly  =  a .  1S7,  each  =a0y,  which  has  thus  a  determinate  signification. 

The  associativeness  of  such  symbols  arises  from  the  circumstance  that  the 
definitions  of  a,  /3,  7,...  determine  the  meanings  of  aQ,  ay,  &c. ;  if  a,  /5,  7,...  were 
quasi-quantitative  symbols  such  as  the  quaternion  imaginaries  i,  j,  k,  then  aj3  and  ^j 
might  have  by  definition  values  S  and  e  such  that  a0 . 7  and  a.^y  (=  S7  and  ae 
respectively)  have  unequal  values. 

Unity  as  a  functional  symbol  denotes  that  the  letters  are  unaltered,  l(w,  y,  z)={ie,  y,  z); 
whence  la  =  al  =  a. 

G.  X.  51 
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The  fimctional  symbols  may  be  substitutions ;    a  (a;,  y,  z)  =  («/,  z,  x\  the  same  letters 

_  yzx 
~  xyz' 
substitution    which     changes    aiyz    into     yzx,    or    as    products    of    cyclical    substitutions, 

^  ^  y^t  M        _.      ,  ,     ,    ^^^   piodnct   of    the   cyclical    interchanges   x  into  y,   y   into   z, 

xya  uw  " 

and  '  int     )      ml  )i  lit    m    w    ntf   y 

A   set   of  sjmbok   a    j3   7  si  h  thit  the  product   a/3   of  each   two   of  them   (in 

each  rdei  oy3  ci  ^a)  ib  a  symbol  f  the  et  is  a  group.  It  is  easily  seen  that  1 
is  a  symb  1  cf  e^ery  group  anl  we  may  therefore  give  the  definition  in  the  form 
that   a   set   of   symbols    1    a    ^     7  satisfying   the    foregoing    condition    is    a   group. 

When  the  number  of  the  symbols  {or  terns)  is  =n,  then  the  group  is  of  the  nth 
order  and  e\ch  synbol  a  is  uch  thit  o  =1  so  that  a  group  of  the  order  n  is, 
in  fact   a  gi  3up  of  s^  mbolical  )  th  r  ots     f  unit} 

A  group  IS  defined  bj  meius  f  the  hws  of  combination  of  its  symbols:  for  the 
statement  of  these  we  tx  ay  eithei  (by  the  introcluction  of  powers  and  products) 
dimmish  as  much  as  ma>  be  the  n  imbei  of  independent  functional  symbols,  or  else, 
using  distn  ct  letters  foi  the  'le^fiil  tuns  jf  the  group,  employ  a  square  diagram 
a=!  piesentlj   mentioned 

Thus  in  the  first  mode  a  gioup  is  1  /3  3  a,  a/3,  a^^  (a'^=l,  y3'  =  l,  ci^  =  ^^a); 
wheie  obseive  that  these  conditions  iniph   al  o  a/3  —  ^a. 

Or  m  the  second  mode  calling  the  ame  j^roup  (1,  a,  ^,  7,  S,  e),  the  laws  of 
combination  are  gi^  en  b^   the  s  juaie  dia^i  ^m 
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• 

for  the  symbols  (1,  a,  0,  7,  B,  e)  s 


I  fact  =(1,  «,  0,  a^,  0\  ap"). 


The  general  problem  is  to  find  all  the  groups  of  a  given  oi-der  n ;  thus  if  w  =  2, 
the  only  group  is  1,  a  (a°  =  l);  if  w  =  3,  the  only  group  is  1,  a,  a^  (a'  =  l);  if  ?i  =  4,  the 
groups  are  1,  a,  a',  a'  (0^=1),  and  1,  a,  0,  a/3(a^  =  l,  j9=  =  l,  a^  =  0a);  if  m  =  6,  there 
are   three   groups,  a   gi-oup   1,   «,   a^   a",   a',  n"  (a'^^l),   and   two   groups   1,   ,S,   /3^,  a,  a^, 
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a^^  (a^  =  l,  ^"  =  1);   viz.   in  the  first  of  these  a0  =  0<x,  while  in  the  other  of  them  (that 
mentioned  above)  we  have  HyS  =  yS^a,  a0^  =  ^a. 

But  although  the  theory  as  above  stated  is  a  general  one,  including  as  a 
particulai'  case  the  theory  of  substitutions,  yet  the  general  problem  of  finding  all  the 
groups  of  a  given  order  n,  is  really  identical  with  the  apparently  less  general  problem 
of  finding  all  the  groups  of  the  same  order  n,  which  can  be  formed  with  the  substitu- 
tions upon  n  letters;  in  faj:t,  referring  to  the  diagram,  it  appears  that  1,  a,  0,  j,  S,  e 
may  be  regarded  as  substitutions  performed  upon  the  six  letters  1,  a,  0,  y,  S,  e, 
viz.  1  is  the  substitution  unity  which  leaves  the  order  unaltered,  a  the  substitution 
which  changes  la;(37Se  into  nl^/SeS,  and  so  for  yS,  j,  S,  e.  This,  however,  does  not  in 
any  wise  show  that  the  best  or  the  easiest  mode  of  treating  the  general  problem  is  thus 
to  regard  it  as  a  problem  of  substitutions:  and  it  seems  clear  that  the  better  course 
is  to  consider  the  general  problem  in  itself,  and  to  deduce  from  it  the  theory  of 
gi-oups  of  substitutions. 

Cambridge,  26th  November,  1877. 


No.  2.    The  theory  of  groups;  graphical  representation. 

[From   the  American  Journal  of  Mathentatics,  t.  i.  (1878),  pp.   174^176.] 

In  regard  to  a  substitution-group  of  the  order  n  upon  the  same  number  of  letters, 
I  omitted  to  mention  the  important  theorem  that  every  substitution  is  regular  (that 
is,  either  cyclical  or  composed  of  a  number  of  cycles  each  of  them  of  the  same  order). 
Thus,  in  the  group  of  6  given  in  No.  1,  writing  a,  h,  c,  d,  e,  f  in  place  of  1,  a, 
/S,  7,  8,  e,  the  substitutions  of  the  group  are  1,  ace.bfd,  aec.bdf,  ab.cd.ef,  ad.be.cf, 
af.bc.  de. 

Let  the  letters  be  represented  by  points ;  a  change  a  into  b  will  be  represented 
by  a  directed  line  (line  with  an  arrow)  joining  the  two  points;  and  therefore  a  cycle 
aic,  that  is,  a  into  b,  b  into  c,  c  into  a,  by  tlie  three  sides  of  the  trilateral  abc, 
with  the  three  arrows  pointing  accordingly,  and  similarly  for  the  cycles  abed,  &c. : 
the  cycle  ub  means  a  into  b,  b  into  a,  and  we  have  here  the  line  ab  with  a  two- 
headed  arrow  pointing  both  ways;  such  a  line  may  be  regarded  as  a  bilateral.  A 
substitution  is  thus  I'epresented  by  a  multilateral  or  system  of  multilaterals,  each  side 
with  its  an-ow ;  and  in  the  case  of  a  regular  substitution  the  multilaterals  (if  more 
than  one)  have  each  of  them  the  same  number  of  sides.  To  represent  two  or  more 
substitutions  we  require  different  colours,  the  multilaterals  belonging  to  any  one 
substitution  being  of  the  same  colour. 

In  order  to  represent  a  group  we  need  to  represent  only  independent  substitutions 
thereof;  that  is,  substitutions  such  that  no  one  of  them  can  be  obtained  from  the 
others   by  compounding   them  together   in  any  manner.     I   take   as  an   example  a  group 
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of  the  order  12  upon  12  letters,  where  the  number  of  independent  substitutions  is 
=  2.  See  the  diagram,  wherein  the  continuous  lines  represent  black  lines,  and  the 
dotted  lines,  red  lines. 


The  diagram  is  drawn,  in  the  first  instance,  with  the  arrows  but  without  the 
letters,  which  are  then  affixed  at  pleasure;  viz.  the  form  of  the  group  is  quite  indepen- 
dent of  the  way  in  which  this  is  done,  though  the  group  itself  is  of  course  dependent 
upon  it.  The  diagra,m  shows  two  substitutions,  each  of  them  of  the  third  order:  one  is 
represented  by  the  black  triangles,  and  the  other  by  the  dotted  triangles.  It  will  be 
observed  that  there  is  from  each  point  of  the  diagram  (that  is,  in  the  direction  of 
the  arrow)  one  and  only  one  black  line,  and  one  and  only  one  dotted  line ;  hence  a 
symbol  B,  "move  along  a  black  line,"  B',  "move  successively  along  two  black  lines," 
BR  (read  always  from  right  to  left),  "move  first  along  a  dotted  line  and  then  along  a 
black  line,"  has  in  every  case  a  perfectly  definite  meaning  and  determines  the  path 
when  the  initial  point  is  given ;   any  svich  symbol  may  be  spoken  of  as  a  "  route." 


ahc  .  def  .  yhi  .  jkl  (-  B) 
acb  .  rife  .  gUi  .  jlk 
ad  .  hi .  r,h  .  ng  .  fj  ■  ik 
aeh  .  bjd  .  ail  .  fkg 
afl  .  bkli  .  cgd  .  eij 
agj  .  bfi  .  eke  .  dlh 
ahe  .  hdj  .  cU  .  fgk 
ai  .  he  .  oj .  dh  .  fh  ,  gl 
ajg  .  bif  .  cek  .  dhl{=  R) 
ak  .  hg .  ef .  di  .  el .  hj 
cdf  .  hhk  .  odg  .      eji 
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The  diagram  has  a  remarkable  property,  in  virtue  whereof  it  in  fact  r&presents  a 
group.  It  may  be  seen  that  any  route  leading  from  some  one  point  a  to  itself,  leads 
also  from  every  other  point  to  itself,  or  say  from  b  to  b,  from  c  to  c,...,  and  from 
I  to  l.  We  hence  see  that  a  route,  applied  in  succession  to  the  whole  series  of 
initial  points  or  letters  abcdefghijkl,  gives  a  new  arrangement  of  these  letters,  wherein 
no  one  of  them  occupies  its  original  place;  a  route  is  thus,  in  effect,  a  substitution. 
Moreover,  we  may  regard  as  distinct  routes,  those  which  lead  from  a  to  a,  to  b,  to 
c,...,to  I,  respectively.  We  have  thus  12  substitutions  (the  first  of  them,  which  leaves 
the  arrangement  unaltered,  being  the  substitution  unity),  and  these  12  substitutions 
form  a  group.  I  omit  the  details  of  the  proof;  it  will  be  sufficient  to  give  the 
square  obtained  by  means  of  the  several  routes,  or  substitutions,  performed  upon  the 
primitive  arrangement  abcdefghijkl,  and  the  cyclical  expressions  of  the  substitutions 
themselves :  it  will  be  observed  that  the  substitutions  are  unity,  3  substitutions  of 
the  order  (or  index)  2,  and  8  substitutions  of  the  order  (or  indes)  3. 

It  may  be  remarked  that  the  group  of  12  is  really  the  group  of  the  12  positive 
substitutions  upon  4  letters  abed,  viz.  these  are  1,  abc,  acb,  abd,  adb,  acd,  ado,  bed, 
bdc,  ab .  cd,  ac .  hd,  ad .  he. 

Cambridge,   Wth  May,  1878. 


No.  3.     TnE  Newton-Fourieu  imaginary  problem. 

[From  the  ATiierican  Journal  of  Mathematics,  t.  II.  (1879),  p.  97.] 

The  Kewtouian  method  as  completed  by  Fourier,  or  say  the  Newton- Fourier 
method,  for  the  solution  of  a  numerical  equation  by  successive  approximations,  relates 
to  an  equation  /(«)  =  0,  with  real  coefficients,  and  to  the  determination  of  a  certain 
real  root  thereof  a  by  means  of  an  assumed  approximate  real  value  ^  satisfying 
prescribed   conditions:    we   then,    from   ^,   derive   a   nearer   approximate   value   ^]   by  the 

formula    ^i~^~f7jt\''    ^^^   thence,   in   like   manner,   |i,    ^2,   ^3,---    approximating   more 

and  more  nearly  to  the  required  root  a. 

In  connexion  herewith,  throwing  aside  the  restrictions  as  to  reality,  we  have  what 
I  call  the  Nowton-Fourier  Imaginary  Problem,  as  follows. 

Take  f(u),  a  given  rational  and  integral  function  of  u,  with  real  or  imaginary 
coefficients;    f,  a  given  real  or  imaginary  value,  and  from  this  derive  ^i  fay  the  formula 

|i  =  ? -  jTjA  I    ajid    thenco    ^, ,    J^,   ^„ ...    each    from    the    preceding    one    by    the    like 

formula. 

A  given  imaginary  quantity  x  +  iy  may  be  represented  by  a  point  the  coordinates 
of  which    are    (,«,  y) :     the    roots    of  the    equation    are    thus    represented    by   given    points 
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A,  B,  G, ...,  and  the  values  |,  |i,  f«,...  by  points  P,  F„  F^,...  the  first  of  which  is 
assumed  at  pleasure,  and  the  others  each  from  the  preceding  one  by  the  like  given 
geometrical  construction.  The  problem  is  to  determine  the  regions  of  the  plane  such 
that,  P  being  taken  at  pleasure  anywhere  within  one  region,  we  arrive  ultimately  at 
the  point  A ;  anywhere  within  another  region  at  the  point  B ;  and  so  for  the  several 
points  representing  the  roots  of  the  equation. 

The   solution   is   easy  and  elegant  in   the   case  of  a   quadric   equation :   but  the  next 
succeeding  case  of  the  cubic  equation  appears  to  present  considei-able  difficultj^. 

Cambridge,  March  'Ard,  1879. 


No.  4.    The  mechanical  construction  of  conformable  figures. 

[From  the  Americo,n  Journal  of  Mathenmtics,  t.  ii.  (1879),  p.  186,] 

Is  it  possible  to  devise  an  apparatus  for  the  mechanical  construction  of  conformable 
figures;  that  is,  figures  which  are  similar  as  regards  corresponding  infinitesimal  areas? 
The  problem  is  to  connect  mechanically  two  points  P,  and  Pg  in  such  wise  that  P, 
(1)  shall  have  two  degrees  of  freedom  (or  be  capable  of  moving  over  a  plane  area) 
its  position  always  determining  that  of  P^:  (2)  that  if  P,,  P^  describe  the  infinitesimal 
lengths  PiQi,  P2Q2,  then  the  ratio  of  these  lengths,  and  their  mutual  inclination,  shall 
depend  upon  the  position  of  Pj,  but  be  independent  of  the  direction  of  P^Qii  or 
what  is  the  same  thing,  that  if  Pj  describe  uniformly  an  indefinitely  small  circle, 
then  Ps  shall  also  describe  uniformly  an  indefinitely  small  circle,  the  ratio  of  the 
radii,  and  the  relative  position  of  the  starting  points  in  the  two  circles  respectively, 
depending  on  the  position  of  Pj. 

Of  course  a  pentagraph  is  a  solution,  but  the  two  figures  are  in  this  case 
similar;  ajid  this  is  not  what  is  wanted.  Any  unadjustable  apparatus  would  give  one 
solution  only :  the  complete  solution  would  be  by  an  apparatus  containing,  suppose,  a 
flexible  lamina,  so  that  P^  moving  in  a  given  right  line,  the  path  of  P^  could  be 
made  to  be  any  given  curve  whatever. 

Gamhridge,  July  9tk,  1879. 


Hosted  by 


Google 


695] 


695. 

A    LINK-WORK    FOB    a?:    EXTRACT    FROM    A    LETTER    TO 
MR.    SYLVESTER. 

[From  the  American  Journal  of  Matkematios,  t.  i.  (187S),  p.  386,] 

I  SUPPOSE  the  following  is  substantially  your  link-work  for  ic^.  I  use  a  slot  to 
make  D  move  in  the  line  OA ;  but  this  could  be  replaced  by  proper  link-work. 
Supposing    0    and    A    fixed ;    the    line    OB    is    movable,   and    I    wanted    to    have    the 


distance  OB  measiired  in  a  fixed  direction.  This  can  be  done  by  a  hexagon  OABQB'A' 
with  equal  sides,  and  two  other  equal  links  B'R,  BE :  then  of  course,  if  0,  R,  Q 
are  in  liiie4,  the  hexagon  will  be  symmetrical  as  to  OQ,  and  OB'  will  be  equal  to  OB, 
and  B'  may  be  made  to  move  in  the  fixed  line  OB'.     If 

B0A=\6,     OA  =  AB=a,     AC=CI)^ia, 
then 

OB  =  2a  cos  ^8,     OZ)  =  a  (1  -F  cos  0)  =  2a  cos''  ^ 0, 

2a.0D^(0By. 

November  30,  1877. 
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CALCULATION    OF    THE    MINIMUM    N.G.F.    OF    THE    BINARY 
SEVENTHIO. 


[From  the  American  Journal  of  Mathematics,  t.  Ii.  (1879),  pp.  71 — 84.] 

Foil  the  biliary  seventhic  {a, . .  .~^x,  py  the  number  of  the  asyzygetic  covariants 
(a,  ...)*(iB,  yY,  or  say  of  the  deg-order  (0 .  ft),  is  given  as  the  coefficient  of  a^af-  in 
the  function 


1  —  ax' .  1  —  as^ .  1  —  ax"  .1—a^.l—  aar^ .  1  —  ax~'' .  1  —  ax~^ .  1  —  ax'-' 

developed    in    ascending    powers    of    a.      See    my   "Ninth    Memoir   on   Quantics,"   PhiL 
Trms.,  t.  CLXi.  (1871),  pp.  17—50,  [462]. 

This  function  is  in  fact 


where,   developing   in   ascending  powers  of  a,  the  second  term  — ^^(-j    contains  only 

negative  powers  of  x,  and  it  may  consequently  be  disregarded:  the  iiamber  of 
asyzygetic  covariants  of  the  deg-order  (6 .  fi)  is  thus  equal  to  the  coefficient  of  a^a^  in 
the  function  A  (x),  which  function  is  for  this  reason  called  the  Numerical  Generating 
Function  (N.G.F.)  of  the  binary  seventhic ;  and  the  function  A  (x)  expressed  as  a 
fraction  in  its  least  terms  is  said  to  be  the  minimum  N.G.F. 

According    to    a    theorem    of   Professor    Sylvester's    {Proc.    Royal    Soc,    t.    xxviii. 
(1878),  pp.  11—13),  this  minimum  N.G.F.  is  of  the  form 

Z„  +  aZ-i  +  a^Z^  +  . . .  +  a^^Zss 


.  1  —  aa? .  1  —  ax^ .  1  —  ax' .  1  - 
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,  Zi,  ...,^B5  are  rational  and  integral  functions  of  a;  of  degrees  not  exceeding 
14;  and  where,  as  will  presently  be  seen,  thei'e  is  a  symmetry  in  regard  to  the 
terms  Z^,  Zssj  Z-^,  Z^;  &c.,  equidistant  from  the  middle  term  Zjg,  such  that  the 
terms  Z^,...,Zt^  being  known,  the  remaining  terms  Zi^,,..,Z^  can  be  at  once  written 
down. 

Using  only  the  foi'egoing  properties,  I  obtained  for  the  N.G.F.  an  expression 
which  I  communicated  to  Professor  Sylvester,  and  which  is  published,  Gomptes  Rendiis, 
t.  Lxxxvn.  (1878),  p.  505,  but  with  an  erroneous  value  for  the  coefficient  of  «'  and 
for  that  of  the  corresponding  term  u=°.*     The  correct  value  is 

Numerator  of  Minimum  N.G.F.  is  = 


f  3^  +  2a^  +  a; 


'2t^  +  afl  +  a^*) 


•l  +  2a!=- 


-} 


;4ic  +  ip"  +  3^!=  -  «» +  ic'i) 

-2  -  x^  -  Safi  -^af  -  ic">  -  x'^) 

ie-hSaf  +  af-ai'  +  2a^  +  2a^') 

Sar  +  8«' +  2a;^  -  a;' -  ac«  -  iE"  +  ai") 
a;*-  4a^-  Q(^ -  it^' - x^  +  2a;") 
ia?  —  4^?  —  x"  +  x^  +  4a;") 
5x' +  ic^  +  x'^  -  2^  +  Sai"  -  «") 

3a;=  +  3a^  -  4^«  -  3.#  -a;'^  +  oce") 
-  2a;=  -  9*=  -  Sa;'  -  ic*  -  3«"  +  4a;'=) 
[2  +  6a?+  X'  +  2it^  +  2^  +  x^"  +  6i»"  +  2*") 
■  -So? -4^-  8ai' -  9ie^  -  2ie"  -  ie^') 
-a?~3a^-ix^  +  Sa^''  +  dx"'  +  Gee") 
X  —x'  —  5afi  —  Ite'  —  a.^  —  a.^'  +  'iix^) 
I  +  3ai' ~  2x<  +  x^ -h  x'"  +  5x'^  +  2a;^') 
i  +  x^  —  x''-4x'~  4x^  +  x'') 
was   pointed    out   to  we   by  Professor   Sylvester   i 


i   letter   dated    13th 
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+  ai^  {w-a?  -  2ii^  -  ai'  +2af  +  9x"  +  5x") 
+  a«  (-  1  -  2a!*  -  2a^  -  iBS  +  4^!'"  -  «") 
+  a'^('2as  +  2ai'~is'+afi  +  Sac"  +  o'P) 
+  a^  {-  a^  ~  X'  --Sx^~  Safl  -  ic^=  +  2a^) 
4  a?"  {a^  -  afi  +  3si?  +  ai"  + 'kB'"') 

+  a"  (-  af~af-  +  2a:"  +  ^') 

+  o.^  (1  +  ic«  +  2flT^") 

+  a^  (~  a;  -  a^  -  x^  -  ai') 

+  a^  (jB*  +  (B^  +  2a^  +  iB""  +  ^'0 

+  «>=(- 3? -a^'-a^) 

Denominator  {as  mentioned  before)  is 

=  1  -  aa: .  1  -  aa:= .  1  -  etaj^ .  1  -  ft«M  -  aM  -  aM  -  aM  -  a™ .  1  -  «'l 
The  method  of  calculation  is  as  follows :   write  for  a  moment 


1  —  aiE' .  1  —  aafi .  1  —  aa^ .1—ax.l  —  aar^ .  1  ~ ax~^ .1  —  ax  ' .  I  —  aar^ ' 

then  <f>(a,  x),  developed  in  ascending  powers  of  a,  and  rejecting  from  the  result  all 
negative  powers  of  x,  is 

Z,  +  aZ^+...+a^Z^ 

1  —  aa; .  1  —  ax^ .  1  —  axf .  1  —  ax^  .1  —  a*  .1  ~  a^  .1  —  a"  .\  —  a}'*  .1  —  a)'' ' 

developed  in  like  manner  in  ascending  powers  of  a;  for  the  determination  of  the  Z's 
up  to  Zj^  we  require  only  the  development  of  <^{a,  x)  up  to  a"^;  and,  assuming  that 
each  ^  is  at  most  of  the  degree  14  in  x,  we  require  the  coefficients  of  the  different 
powers  of  a  in  <f)(a,  x)  only  up  to  x".  Assuming  then  that  <f>{a,  x)  developed  in 
ascending  powers  of  a,  up  to  a}',  rejecting  all  negative  powers  of  x,  and  all  positive 
powers  greater  than  a^^,  is 

-^,  +  aX.  +  ...+<i"X,s, 
we  have 

T-4-«r-4-       -t,.i>»y    -  ^o  +  (i-gi+..,  +  a'%B 

\  —ax.l  —  awH ,  1  —  an? .  1  —  ao? .  1  —  a* .  I  —  a* .  1  —  a' .  1  —  a'° .  1  —  a^^ 
or  say 

^„+a^i  +  ...  +  a"/„=l-fflM-aM~aM-a'M-a'^ 

l-ac.l-a^.l~aa^.l-aie'.(X„+aX,  +  ...  +  a^^Xi^) ; 

viz.  developing  here  the  right-hand  side  aa  far  as  a'^,  hut  in  each  term  rejecting 
the   powers   of  x  above   a^*,  the  coefficients   of  the  several  powers   a",  a},...,  a}"  give  the 
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required   valuea   Z„,   Z,,--,  ^is-     We   require,  therefore,  only  to  know  the  values  of  these 
functions  X„,  X,, ...,  X^g. 

To  make  a  break  in  the  calculation,  it  is  convenient  to  write 
l~aa:.l-a^.l-a(^.l-ax'{X„+aX^+  ...  +  a?>'X,,)  =  F„  +  a  7^  +  . . .  +  a'^7,8 ; 
putting  then 
where  (up  to  x") 


-Oic.l  —  aa? .  1  —  ax^ .  1  —  asc'  =  1  —  «p  +  aJ'q  —  ah", 


5  =  (C*  +  iE«  +  2««  +  «'"  +  a^^ 

we  have 

Y,  +  aY,  +  a'Y,+  ...  +  a''Y,,  =  {1-ap  ■¥  a?q  ~  a'r)(X,+aX^  +  a^X^^  ...  +  o}'X,,). 
The  values  of  Y„,  Y-t,  ...,  F^a  then  are 


=  x. 

-pX. 

X, 
~pX, 

X, 
'PX. 

x„ 

-pX„ 

+  qx. 

+  qX, 

+  qX, 

-rX, 

-rX„ 

ihe  values  being 

taken 

to  a;'' 

'  only;   : 

md  we 

then  have 

Z,  +  aZ,  +  a'Z, 

+  ...+( 

l-Z„  ■■ 

-l-t.'. 

1-i.M 

-aM-a' 

•.1- 

-a»(F.  +  (iF,+  ,. 

.  +«" 

liz.  the  values  of  Z„  Z, 

Z„  are 

z. 

z. 

z. 

z, 

z, 

z. 

z. 

z. 

z. 

z. 

=    r. 

r. 

~1^ 

y. 

F. 

Y, 

^77 

Y, 

Y, 

Y, 

-F. 

-r,     - 

-Y, 

-Y, 

-V. 

-Y, 

-Y, 

-Y, 

-F, 
-Y, 

-Y, 
-Y, 

z„ 

z„ 

z. 

z„ 

z„ 

z,. 

z„ 

z„ 

z„ 

=      F„        F„        Y„        Y„  F„  F„  r„  F„  F„ 

-  F,      -  F,      -  F,      -  F,        -  F,.       -  F„       -  F„       -  F„       -  F„ 
-F,     -F,     -F,     -F,       -F,       -F,       -r,.      -F„      -  F„ 
-F,      -F,      -F,      -F        -F,        -F,        -F,        -F,        ~  7„ 
+  2F,     +2F,      +2F,      +2K      +2F, 
+  2F,      +2F,      +2F, 
+    F.. 
The   rule   of  symmetry,   before   referred   to,   is   that   the   eoeflicient   Z^^^p   of 
obtained    from    the    coefficient    Z^,    of    a^   by    changing    each    power    x^   into   a 
coefUcients    being    unaltered ;     in    pai-ticular    Z^^,    the    coefficient    of    a",    must 

52—2 
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unaltered   when   each   power   x^  is  changed  into  a?'^' ;   and  the  verification  thns  ohtaiuod 
of  the  value 

^,5  =  2  +  63^  +  a^  +  2ic*  +  2a^  +  ic"  +  6a;'=  +  2*" 

is   in   fact   almost   a   complete   verification   of  the  whole  work.     Some  other  verifications, 
which  present  themselves  in  the  course  of  the  work,  will  be  referred  to  further  on. 

We  have,  therefore,  to  calculate  the  coefficients  Xo,  Xi, ...,  X,a;  the  function  0{((,  «) 
*  a  function  of  a  is  at  once  decomposed  into  simple  fractions;   viz.  we  have 


<{,(a,  x)^ 


-x* 

1- 

x'.l-a^ 

1- 

3;' 

.l-x 

M- 

-iC"  1 

'x^'T 

-ax' 
1 

—«? 

1- 

a^.l-«« 

1  - 

a? 

1-a;' 

.1- 

-as^ 

,'/;™ 

1 

-»? 

(i 

-a^)M- 

x'A 

- 

i.?A- 

x'"  1 

a^3 

1 

-x' 

(1 

-x'y.il- 

off 

i 

-a?  1 

-ux 

a^" 

1 

-1 

-of 

(1 

-*■*)=.  (1- 

a^r 

1 

-3?  1 

-ax 

X' 

1 

-of 

(1 

-x'Y.i- 

x\l 
1 

~ 

*M- 

x'"  i 

-  (w; 

1 

-x-' 

1- 

a^.l-x" 

.1- 

x" 

1-*' 

.1- 

X''  1- 

1 

In   order  to   obtain   the   expansion  of  cf)  (a,  x)  in  the  assumed  form  of  an  expansion 

scending  powers   of  a,  we   must   of  course   expand   the   simple  fractions  ,  _     .,  &c., 

in  ascending  powers  of  a,  but  it  requires  a  little  consideration  to  see  that  we  must 
also  expand  the  as-coefficients  of  these  simple  fractions  in  ascending  powers  of  x.  For 
instance,  as  regards  the  term  independent  of  a,  here  developing  the  several  coefficients 
as  far  as  ^*,  the  last  five  terms  give  (see  post) 

—      a^' 

1  +  ic^  +  2fl!^  +  3a^  +  5a^  +  7fl^°  +  lla^  +  14«"  +  20it^«  +  26a;" 

^_ar^  +  l     0        0     "0        0        0  0  0  0  0 

viz,  the  sum  is  =  1  —  ic"^  as  it  should  be*. 

*  To  give  the  last  degree  of  perfection  to  the  beautiful  method  of  Professor  Cayley  it  would  seem 
desirable  that  a  proof  should  be  given  of  the  principle  illustrated  by  the  example  in  the  text,  and  tlxe 
nature  of  the  miseliief  resulting  from  its  neglect  dearly  pointed  out. — Ens.  of  the  A.  J.  M. 
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The   expansion   is   required   only  as   far   as   x^*:    the   first   four   terms    are    therefore 
to  he  disregarded,  and,  writing  for  shortness 


l-^\(l-aff.l~ 


1 

-a^.l 

-X' 

.1-x' 

1 

-a^.l- 

-a^" 

.1~!C'-" 

■"   1 

-^.1 

-a!" 

.1-af 

M- 

-«'M- 

-X' 

M-a;" 

-)-r 

ce'F 

+r 

G 

~i 

x-'H 

1 

-ao!-^ 

=      x'^E  (1  +  ax-'-  +  a^'x-''  +...) 

-  ar'f(l+ 0^-^  +  0,%-'  +...) 
+        G  (1  +  aa^-=  +  ft^ic-'"  +  ...) 

-  ar^H  (1  +  ax-'  +  a^x^'^  +  ...), 

where  the  several  series  are  to  be  con  tinned  up  to  a^\  and,  after  substituting  for 
E,  F,  G,  H  their  expansions  in  ascending  powers  of  x,  we  are  to  reject  negative 
powers  of  x,  and  also  powers  higher  than  ic".  The  functions  E,  F,  G,  H  contain 
each  of  them  only  even  powers  of  x,  and  it  is  easy  to  see  that  we  require  the 
expansions  up  to  tt",  af^,  jb™  and  a^'^  respectively.  For  the  sake  of  a  verification,  I  in 
fact   calculated   E,   F  up   to   x^   and    G,   H   up   to   x^^'^ :   -idz.    we   have 

{l-x')E  =  (l-x"')F, 

from  the  coefficients  of  E  we  have  those  of  (l~-afi)E,  and  in  the  process  of  calculating 
F  we  have  at  the  last  step  but  one  the  coefficients  of  {1—^)F,  the  agreement 
of  the  two  sets  being  the  verification ;   similarly, 

{l-x'')G^{l-s>>')H 

gives  a  verification.     The  process  for  the  calculation  of  E, 

1 

''i^J\{i-x'y{i-x''y.i-a^' 
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is  as  follows : 


(i-.-)- 


0 

2   4 

8 

10 

12 

14 

16 

18 

20 

22 

1 

1 

1 

1 

2 

1 

2 

1 
3 

1 
3 

1 
4 

1 
4 

1 

1 
5 

1 

3 

3 

3 

4 

4 

5 

5 

6 

6 

1 

3 

3 

6 

6 

10 

10 

15 

15 

1 

3 

G 

6 

10 

10 

15 

15 

21 

21 

1 

3 

4 

7 

9 

14 

17 

24 

1 

3 

7 

9 

14 

17 

24 

29 

38 

45 

1 

3 

5 

8 

12 

19 

25 

36 

1 

3 

5 

S 

12 

19 

25 

36 

48 

63 

81 

1 

1 

3 

5 

9 

13 

22 

30 

1 

3 

5 

9 

13 

22 

30 

45 

61 

85 

111 

the  alternate  lines  giving  the  developments  of  the  functions 

which  are  the  products  of  the  a;-functions  down  to  any  particular  line.  And  in  like 
manner  we  have  the  expansions  of  the  other  functions  F,  G,  H  respectively.  I  give 
iirst  the  expansions  of  E,  F,  G,  H;  next  the  calculation  of  the  X's;  then  the  cal- 
culation of  the  F's:  and  from  these  the  Z's  up  to  Z-^,  or  coefficients  of  tho  powers 
a",  a?,  ...,a^  in  the  numerator  of  the  N.G.F.  are  at  once  found ;  and  the  coefficients 
of  the  remaining  powers  a'",  ...,a^'  are  then  deduced,  as  already  mentioned. 


Writing  in   the   formula   i 
mvariants,  the  ( 


f  2as- 


havo,   for   tho   numerator   of  the   N.G.F.   of    the 


f2tt"-|-5a^°- 


agreeing  with  a  result  in  my  "  Second  Memoir  on  Qnantics,"  Phil.  Trans.,  t.  CSLVL 
(1856),  [Number  141,  vol.  ii.  in  this  Collection,  p.  266] ;  this,  then,  was  a  known  result, 
and  it  affords  a  verification,  not  only  of  the  terms  in  sP,  hut  also  of  those  in  «".  Thus, 
in  calculating  the  foregoing  expression  of  the  numerator,  we  obtain  Z,  =  (2ar'  +  iS^  +  ai'*), 
viz.  the  term  is 

a^  {2x*  +  a^  +  a:"), 

and  we  thence  have  the  corresponding  term  a-^  (1  +  af- +  2x"'),  which,  when  iC  =  0, 
becomes  =  a^,   a   term   of  the   numerator   for   the   invariants :    and   the   term   la?*  of  Z. 
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is  thus  verified,  viz.  so  soon  as,  in  the  ealcuiation,  we  arrive  at  tbis  term,  we  know 
that  it  is  right,  and  the  calculation  up  to  this  point  is,  to  a  considerable  extent, 
verified.  And  similarly,  in  continuing  the  calculation,  we  arrive  at  other  terms  which 
are  verified  in  the  like  manner. 


Expansions  of  the  Functions  E,  F,  G,  H. 


32  284  136  33 

34  34:4  163  37 

36  425  199  47 

38  508  235  52 

40  617  282  64 

42  729  331  73 


1020 

464 

96 

1205 

532 

115 

1397 

612 

127 

1632 

709 

149 

1877 

811 

166 

2172 

931 

192 

2480 

1057 

212 

2846 

1206 

246 

3228 

1360 

269 

3677 

1540 

307 

1729 

338 

1945 

382 

2172 

419 

2432 

472 

2702 

516 

3009 

576 

3331 

639 

3692 

699 

4070 

760 

4494 

843 

4936 

913 

5427 

1007 

6942 

1091 

6510 

1197 

7104 

1293 

7760 

1416 

8442 

1525 

9192 

1663 

9976 

1790 

10S29 

1945 

2088 

2265 
2426 
2623 
2807 
3026 
3232 
3479 
3708 
3981 
4240 
4541 
4828 
5164 
5481 
5860 
6204 
6609 
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Calculation  of  the  X's. 
1(3.  as  even  or  odd  according  as  suffix  X  is  even  or  odd. 


-  2   - 

.   .1 

-   4 

- 

6   - 

-   7 

-  10 

-  n 

0 

0 

0 

+ 

1 

0 

0 

0 

8     -  11     ~  la 


-      6 

- 

7 

~    10 

- 

11 

-  16 

-  17 

-  23 

-  26 

0 

+ 

1 

0 

+ 

1 

0 

-1-   1 

0 

+   1 

-    11       -     18 


J   -  8-t 

-113 

i     199 

235 

;   -  115 

-  127 

[       +   5 

+   4 
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C,     X. 


-  149  - 

166  - 

192 

- 

212  - 

245  -  269  -  307 

3  + 

i     + 

7 

+ 

9  + 

10  +   11  +   13 

235     -    284     -    344 


-  212  -  245  - 

269  -  30T  -  338  -  382 

-  419  -  472 

4  +    3  + 

10  +    9+16+14 

+19+17 

4 

+ 

10 

+ 

13 

+ 

17 

+ 

21 

+   24 

+   25 

1 

1 

3 

5 

9 

13 

22 

30 

-  141 

„ 

183 

- 

225 

_ 

384 

- 

344 

-  425 

-  508 

-  617 

612 

709 

811 

931 

1057 

1206 

1360 

1540 

-  472 

- 

515 

- 

576 

- 

629 

- 

699 

-  760 

-  843 

-  913 

0 

+ 

12 

+ 

13 

+ 

23 

H- 

23 

+   34 

+   31 

+   40 

1 

3 

5 

9 

13 

22 

30 

-  225 

_ 

284 

- 

344 

_ 

425 

- 

508 

-  617 

-  729 

931 

1057 

1206 

1360 

1540 

1720 

1945 

-  699 

- 

760 

- 

843 

- 

913 

- 

1007 

-  1091 

-  1197 

8 

+ 

16 

+ 

24 

+ 

31 

+ 

38 

+   43 

+   49 

1 

3 

5 

9 

13 

22 

30 

45 

-  284 

- 

344 

_ 

425 

- 

508 

- 

617 

-  729 

-  872 

-  1020 

1206 

1360 

1540 

1729 

1945 

2172 

2432 

2702 

-  913 

- 

1007 

- 

1091 

- 

1197 

- 

1293 

-  1416 

-  1525 

-  1663 

10 

+ 

12 

H- 

29 

+ 

33 

+ 

48 

+   49 

+   65 

+   64 
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3  5  9  13  22  30  45 

-  i2o  -    508  -  617  -  729  -  872  -  1020  -  1205 

1729  1945  2172  2432  2702  3009  3331 

-1293  -1416  -1525  -1663  -1790  -1945  -2088 


,3=         H 

+   26 

+   39 

+   53 

+   62 

+   74 

-i-   83 

3 

5 

9 

13 

22 

30 

45 

61 

-  508 

-  617 

-  729 

-  872 

-  1020 

-1205 

-  1397 

-1633 

2172 

2432 

2702 

3009 

3331 

3692 

4070 

4494 

-  1663 

-  1790 

-  1945 

-2088 

-  3365 

-3426 

-  2633 

-2807 

',4--       4 

+   30 

+   37 

+   62 

+   68 

-)-   91 

+   95 

+  116 

5 

9 

13 

22 

30 

45 

61 

-  729 

-  872 

-  1020 

-  1205 

-  1397 

-1632 

-1877 

3009 

3331 

3692 

4070 

4494 

4935 

5427 

-2265 

-2426 

-3623 

-2807 

-3026 

-3232 

-  3479 

20 

+   43 

+   63 

+   80 

+  101 

+  116 

+  132 

5 

9 

!3 

22 

30 

45 

61 

85 

-  872 

-  1020 

-  1205 

-  1397 

-  1632 

-  1877 

-2172 

-  2480 

3692 

4070 

4494 

4935 

5427 

5942 

6510 

7104 

-  2807 

-  3026 

-  3232 

-3479 

-3708 

-3981 

-4240 

-  4541 

18 

+   33 

+   70 

+   81 

+  117 

4-  129 

+  159 

+   168 

9 

13 

22 

30 

45 

61 

85 

-  1205 

-  1397 

-  1632 

-  1877 

-2172 

-2480 

-2846 

4935 

5427 

5942 

6510 

7104 

7760 

8443 

-  3708 

-3981 

-4240 

-4541 

-4828 

-5164 

-5481 

■j7=      31 

+   63 

+   92 

+  122 

+  149 

+  177 

+  200 

9 

13 

22 

30 

45 

61 

83 

111 

-  1397 

-  1632 

-  1877 

-3172 

-2480 

-2846 

-3228 

-  3677 

5942 

6510 

7104 

7760 

8442 

9192 

9975 

10839 

-  4541 

-4828 

-  5164 

-5481 

-5850 

-6204 

-6609 

-  6998 

,s=      13 

+   63 

+   85 

+  137 

+  157 

+  203 

+  223 

+   265 
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Calculation  of  the   Y's. 
Tnd.  w  even  or  odd  as  suffix  X  is  even  or  odd. 


0 

I 

0 

1 

] 
1 

0 

-  1 

2 

-     1 

- 

0 
1 

1 

1 

-    1 

r,- 

0 

1 

1 

2 

1 

0 

0 

1 
-1 

1 
- 1 

1 

~2 

2 
-     1 

-    2 

- 

1 

•2 
1 
1 

y,- 

0 

0 

0 

-  I 

-    1 

-    1 

_ 

1 

1 

0 

3 

I 

3 

2 

3 

2 

-  1 

-2 
1 

-    3 

1 

-    5 
3 

5 
2 

-    5 
4 

^4  = 

1 

0 

+  2 

0 

+     1 

0 

0 

+     1 

1 

- 1 

- 1 

3 
-  i 

i 

I 

4 
2 

5 

i 

-    1 

- 

4 
9 
6 

I 

Y,^ 

0 

+  I 

-  I 

0 

-     1 

-    1 

0 
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1 


101     116     132 
-197   -258   -316 


10   -  23 


70     81     117     129     159 
-  62   -  134   -  204   -  285   -  359 


-  12   -   7   - 


-  5!   -  121   -  203 


.49            177 

200 

iOl        -  397 

-486 

44           246 

367 

Cambridge,  December  1th,  1878. 
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697. 

ON    THE    DOUBLE   ^-FUNCTIONS. 

[From  the  Journal  fur  die  reine  und  angewavMe  Matheniatik  (Grelle),  t.  ixxxvir.  (1878), 
pp.  74—81.] 

I   HAVE   sought   to   obtain,  in   forms  which   may  be   useful   in   regard   to   the   theory 
of  the  double  ^--fiiiictione,  the  integral  of  the  elliptic  differential  equation 
dx  ,  dy  ^^, 


\/a  —  x.h~x.c-cc.d  —  x     'Ja  —  y.h  —  y.c  —  y.d- 

thc  present   paper   has   immediate   reference   only   to   this   differential   equation ;    but,   on 
account  of  the  design  of  the  investigation,  I  have  entitled  it  as  above. 

We   may  for  the  general   integral   of  the   above   equation  take  a  particular  integral 
of  the  equation 

dx dy_ dz 


•Ja  —  x.h  —  x.c-ce.d  —  x     \la  —  y.h~y.G  —  y.d  —  y     '/a-  z .b~z.c  - s.d - 


=  0; 


viz.   this  particular  integral,   regarding   therein  ^  as    an   arbitrary   constant,    will   be   the 
general  integral   of  the   first   mentioned   equation.     And   we   may  further   assume   that  e 
is  the  value  of  y  corresponding  to  the  value  a  of  a. 
I  write  for  shortness 

a  —  X,  b  —  x,  G  —  x,  d  —  x  =  a.,  b,  e,  d, 

a-y,  h-y,  c-y,  d-y  =  a^,  b^,  a,,  d,; 

and  I  write  also  {xy,  he,  ad),  or  more  shortly  (he,  ad)  to  denote  the  determinant 
I  1,  x  +  y,  xy  \; 

1,   (t  +  o,  6c 
I  \,  a  +  d,  ad  \ 

we  have  of  course  {ad,  bc)=-(bc,  ad),  and  there  are  thus  the  three  distinct  determinants 
{ad,  be),  {bd,  ae)  and  {cd,  ab). 
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We  have  then  for  each  of  the  functions 

la-  z  Ih  -s  Ic-  z 

Nd^z'    Nd^z'     \ld^z 

a  set  of  four  equivalent  expressions,  the  whole  system  being 

/a  -  «  _  '^a-h-a-c  {VadbiCi  +  Vaidibc]  _  '■■la-h.a^c(,m  —  y) 
'^  ^-  ^  Q}0,  ad)  "    V^^  -  Va,d,bc 

-  '^'^-f'-C'-o  {'^^abcidi  +  Vaibicdj      -Ja  —  b  .a  —  c  {Vacb]di  +  VajCibdj  ^ 
(a  —  e)  Vbdb'idj  -{b—  d)  Vacate,       {a ~  b) Vcdcid,  —  (c-d) Vaba,bi 

I, —         a/   ■— j  |(re  -  c)  Vbdhidi  +  (6  -  (?)  VacaiCi]      »/-"-, 'Vabcidi- Vajbiod} 
/t>  -g^  V  a—d  '  '  '  '     '         '  '  _y  a-d '  J^ 

V  d~z  (Jc^  ^tfi-j  VadbiCi - Va,d,be 

V  ^"^  (^'^'  «^)  V^l.  K"  ""^^  ^b^  +  (6  -  c)  \fM^d,} 


(a  —  c)  Vbdbidj -(b-d)  VacaiC,  (a  - b)  Vcdcid, -(c-d)  Vabaib, 

/c"-i     V  ~^  ^^"'  ~  ^^  ^'^^^  +(c-d)  Vabajbj}      a/  '^^J  (Vacbid,  -  VajCibd} 
^  d-s  "     (be,  ad)  Vadb,c,-VaAbc 

V  1^  K"  -  <^)  ■^bcb;^!  -(b-c)  Vada^dO  's/^l  <-^^'  <*'') 


(a  -  c)  Vbdbidj  ~(b-d)  VacaiC;  (a  -  b)  Vcdc,di  -(c-d)  Vaba^bi ' 

The  expressions  in  the  like  fourfold  form  for  the  functions  Bn  (u  +  v),  en  (u  +  v),  dn  (u  +  v) 
are  given  p.  63  of  my  Treatise  on  EUiptio  Functions. 

It   is   easy  to   verify  first   that  the  four  expressions  for  the   same  function   of  z  are 
identical,  and  next  that  the  expressions  for  the  three  several  functions 

la  —  z  Ih  —  z  Ic  ~  z 

V  d-z'     y  il^z'     V  d^z' 

are  consistent  with  each  other.     For  instance,  comparing  the  first  and  second  expressions 

of  a/ j-^— ,  the  equation  to  be  verified  is 

adbiC,  —  ajdibc  =  (ie  —  y)  (bo,  ad), 

which   is   at   once   shown   to   be  true.     Again  comparing  the  first  and  second  expressions 

lb  —~z 
tor  a/ T ,  we  ought  to  have 

((a  -  e)  Vbdbid'i  +  (&-£?)  VacaiC,!  |Vadb,c,  -  Vajdibc}  =  (Sc,  ad)  [Vabcid,  -  Vaibjcd}. 
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Here  the  product  on  the  left-hand  side  is 

=  (a-c)  jb,dVabcidi-bdi  Vaibicd]  +(b-d}  {-a^c  Vabcidj  +  ac,  Vaib^cdl, 
viz.  this  is 

=  "/^bcrdi  [{a - c) bid -{b-d) a,c|  -  Vajb^  {{a - c) bdi -(b-d) ac,}, 

and    in    this    last    expression    the    two    terms    in    {  |    are   at    once    shown    to   be   each 
=  (be,  ad) ;   whence  the  identity  in  question. 

Comparing    in    like    manner    the    firet    expressions    for    */ -r- —    and   .  /  -j — -    re- 
spectively, we  have 

(b  ~  d)  {be,  ad'f  ^  ~-^  =  (w.  -  h)  {a  -c)(b-  d)  {adb,Ci  +  a,dibc  -|-  2  v'aibcdaib.cA}, 

(d  —  a)  (be,  ady  -z = 

-(a~b)  {(a  -  of  bdb,d,  +  (6  -  df  aca,c,  +  2  (a  -  c)  (6  -  d)  V'abcda,b,e,di}, 

whence,    adding,   the    radical    on    the    right-hand    side    disappears ;    the   whole    equation 
divides  by  —(a—b),  and  omitting  this  factor,  the  relation  to  be  verified  is 

(be,  ady  =  (ra  -  cf  bdb,d,  +  (b-  df  acajc,  -  (a  -  c)  {6  -  d)  (adbjC,  -|-  a,dibc) ; 
the   right-hand  side  is  here 

=  \(a  -  c)  bid  -(h  —  d)  s-fi]  {(a  -  c)  bdi  ~(b~-d)  acj, 
and   each   of  the   two   factors   being  =  (be,  ad),  the   identity  is  verified.     It  thu 
that  the  twelve  equations  are  in  fact  equivalent  to  a  single  equation  in  ic,  y,  z. 

Writing  in  the  several  formula  a;  =  ffl,  h,  o,  d  successively,  they  become 
x^b,  x^c,  x^d. 


e  —  a    bj 
~J^b-c, 


c  ~  a  .  G  —b    d, 
d  —  a.d  —  b' 

■elation    is    z  =  y,    but 


relation  is  a  linear  one,  z 


.'m+P 


b  —  a    Ci  a  —  b.a  —  c    d, 

d—  c'hj'  d  —  b.d  — 

-([.6— cdi  a  — 

r^Tjr^-b/  ~d^ 

b  —  c    &i  a  — 

d  —  a'\'  d  —  b'  a,,' 

in    the    other  three    cases    respectively   the 


Rationalising  the  first  eqnation  for  a  /  -j—   ,  we  have 


(be,  adf  (a  ~  z)  =  (a  —  b)(a~  c)  (d  ~  z)  {adbiCj  -f  aidibe  -(-  2  VabcdaibiCidi], 
and  thence 

Kte,  iidf  («  -  2)  -  (a  -h)(a-  c)  {d  -  z)  (adb,c,  +  a,dibc)}= 

—  (a  —  by  (a  -~  cy  (d  —  zy .  4abcdaibiCtd, . 
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d  observing  that 

(adbjCi  4-  aidibc)^  =  (adbjC,  -  a,dibc)^  +  4abcdaibiCidi  =  (be,  adf  (x  -  yf  +  4abcdaibiCidi, 
the    whole    equation    becomes    divisible    by     (6c,    ad)%    and    omitting    this    factor,    the 
equation   is 

(be,  adf  (a  -  2)=  -  2  (a  -  b)  (a  -c)(a-  z)  (d  ~  z)  (adb^c.  +  a,d,bc) 

^(a~hy(a^cr{d-zf(x-yf==0, 
or,  as  this  may  also  be  written, 

s=  {(be,  adf    -2(a-b){a~o) (adb,c,  +  a^bc)  +(a-by(a- ef  (a: - yf    } 

-  2s  {(6c,  ad)  a-    (a-b)(a-  e)  (adbjCi  +  aid,bc)  (a  +  d)  +  (a-'  bf  (a  -  of  (ic  -yfd] 

+       {(be,  ad)a^-2(a-  b)  (a  -  c)  (adbjCi  +  ajdibc)  ad        +(a-  bf  (a  ~  cf  (a)  -  yf  d!']  =  0. 

This  is  really  a  symmetrical  equation  in  x,  y,  z  of  the  form 

A 

+  25(«  +  y  +  s) 

+    (7(«=  +  j/^  +  ^) 

+  2i)  {yz  4  sa;  +  xy) 

+  2E  (y^s  +yS'  +  s'x  +  za?  +  a?y  +  ^f) 

+  4!Fa>yz 

+  2G  (yfyz  +  xfz  +  ley:^) 

+  if(^'3^  +  3=ic'  +  i»y) 

+  27  (coyV  +  !x?y^  +  x^^) 

the   several   coefficients   being   symmetrical   as    regards   6,   c,   d,   but   the   a   entering   un- 
symmetricaliy :   the  actual  values  are 

A=      a*  |6=c*  +  6=d^  +  c^d^  -  'ibod  (b  •\- c -V  d)] -\-  2ifbcd  (be  +  bd  +  cd)  -  Za:'y^c\P, 

B  =     la'hcd  -  a?  (6=c=  +  6=d'  +  c=d(=)  +  ab^cH^, 

G  =  -  ia^bcd  +  d'  (be  +  bd+  edf  -  labod  (be  +  bd+  cd)  +  ¥o''d\ 

Z)  =  -    a'  (6c  +  6d  +  cd)  +  a'  (ife  +  be^  +  bH  +  bd"  +  c'^d  +  cd^  -  2bcd) 

+  a?  {6^c^  +  6=(^  +  <f(}?~  bod  (b^-c+d)]- bVd% 
E  =       a' (be  +bd  +  ed)  - a^  (6=c  +  bo^  +  b'd  +bd^  +  (fd  +  cd")  +  abed  (b+c  +  d), 
F  =       a*  (6  +  c  4-  ^)  -  0.^6=  +  c^  +  <?"  +  6c  +  6d  +  ed)  +  Qa%ed 

-  a  {b^c^  +  b^d^  +  c^d''  +  bed(b-\-c  +  d)]  +  bod  (be  +  bd  +  ed), 
G^~    a^  -i-  a^(b^  -{■  d^  -V  d'  -be  -bd  -  cd)  +  aip'c  +  b<^  ^-bH  +  bd^  +  e'^d  +  ed?  -  26crf) 

-  iet^  (6  4-  c  4-  d), 

H=       a^  -  2a=  (6  4-  c  4-  (?)  4-  aH^  +  c  4-  df  ~  ^ohcd, 

7=       a?-a(lf  +  d'  +  d')+^bcd, 
J  =  -  3a=  4-  2ffl  (6  4-  c  4-  d)  +  6^  +  c^  4-  rf^  -  2  (6c  4-  6(?  +  ed). 

c.  X.  54 
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It   may   be   remarked   by   way   of  verification   that  tbe    equation    remains   unaltered 
on   substituting   for   x,   y,   z,   a,  h,  c,   d   their   reciprocals   and   multiplying  the   whole  by 

'  I  further  remark  that,  writing  a  =  0,  we  have 

J.  =  0,    5  =  0,    G=Pc^\    D=^-b^d'd\    ^  =  0,    F  =  bed  {be  +  id  +  cd), 

G=:-bcd{b+a  +  d},    11=0,    I  =  2hcd,    J=b^  +  G'' +d'-2(bo  +  bd+od); 

and   writing  also 

e  =  l,     -B^ib+c  +  d),    y  —  bc  +  bd  +  cd,     -0  =  bcd, 
(whence 

a-x.b-x.c-a).d-x  =  ^x  +  'yx^+Sa^  +  ea^), 

we  have  the  formula 

^  (a!=  -i-f  +  z^-  2yz  -  2zx  -  2xy) 

—  4/37  ^^ 

—  2;9S  xys  (le  +  y  +  s) 

—  4/3e  xyz  {yz  -l  za>  +  wy) 
+    (fi^  —  47e)  ajya'  =  0, 

given    p.    348    of    my    Elliptic    Functions    as    a    particular    integral   of   the    differential 
equation  when  the  radical  is  VySa;  +  -ya^  +  B)^  +  ea^. 

Let   the   equation   in    (x,   y,   z)    be    called    i(  =  0;    u    has    been   given   in    the    form 
u  =  (5s^  -  2^z  +  31,   and   we   thence   have   ^  t-  =  &  —  S    which,  in   virtue   of  the  equation 
du 


«  =  0  itself,  becomes  i  t-  =  ^S^  -  916 ;  we  find  easily 

33=  -  aie  =  (a  -  by  (a  -  c)^  (a  -  df  {(adb,c.  +  a^d^bc)^  -  (be,  ad)'  (_x  -  yf], 
or,  attending  to  the  relation 

(adbiCi  +  aidjbc)^  =  (adbiCi  —  aidibe)^  +  4abcda,biCidi 
=  (ho,  ady  {x  —  yy  +  4abcdaibiGidi, 

^2  -  2tg  =  4  (re  -  by  (a  -  oy  (a  -  dy  abcda^bjcd., 
or  we  have 

l'^^  =  (a-b){a-c)(a-d)  V^iM'v'a","^^. 

Wilting 

a~z,  b~z,  c  —  z,  d  — ^  =  aa,  bj,  c^,  d^, 

we  have  of  course  the  like  formulas 

I  -^-  =  (a  —  fc)  (re  -  c)  (a  —  d)  i/aibie,di  VasbaCadj, 
l^  =  {a~b){a~  o)  {a  - d)  VaW  VaAc^^ ; 
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the  equation  du^O  then  gives 


Vabcd     VaibiCid]     VaabaCadj 

as   it   should   do.     The   differential  equation  might  also  have  been  verified   directly  from 
any  one  of  the  expressions  for 


"Writing  for  shortness 


'ct-s  /b  —  s  jc-z 

d-z-     V  d-z  '"■  Vd-^- 


X=a~x.b  —  ic.c  —  a).d  —  x,  etc., 
integral  of  the  differential  equation 


by  Abel's  theorem  is 


dx>       dy      dz  _^ 
a?,     X,     1,     VZ 

y\   y,    1,    ^Y 

z\     z,     1,     ^jZ 
w%    w,    1,    '/W 

where  w  is  the  constant  of  integration :  and  it  is  to  be  shown  that  the  value  of  w 
which  corresponds  to  the  integral  given  in  the  present  paper  is  w=a.  Observe  that 
writing  in  the  determinant  w  =  a,  the  determinant  on  putting  therein  x  =  a,  would 
vanish  whether  z  were  or  were  not  =y;  but  this  is  on  account  of  an  extraneous 
factor  a  —  w,  so  that  we  do  not  thus  prove  the  required  theorem  that  {iv  being  =(7,) 
wo  have  y  —  z  when  x  =  a. 

An   equivalent   form   of   Abel's   integral    is    that    there    exist   values   A,   B,   C  such 
that 

Ay-'  +  By  +C  =  ^Y, 

Az'  +Bz  +  C  =  ^Z, 

Aw''  +  Bw  +  0  =  >^W, 
or,  what  is  the  same  thing,  that  we  have  identically 

{A6^  +  Be  +  Cy--®  =  {A'''-l).0-x.d-y.d-z.B~w. 
We  have  therefore 


or  say 


(?-abcd  =  (A''-l)x 
G^  —  ahcd 
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which  equation,  regarding  therein  A,  B,  C  aa  detcrminod  by  the  three  equations 

Aa.^  +Bx  +0  =  V^> 

Af  +%  +C  =  VF, 

Aw^+Bw  +  G^^W, 
ia  a  form  of  Abel's  integral,  giviBg  s  rationally  in  terms  of  x,  y,  w. 

f  that,  when  ai=a,  z^y:  then  the  last- mentioned  integral  gives 


OAfU 


_  C^  —  ahcd 
A'-l    ' 


where  A,  C  are  now  determined  by  the  i 

Aa'  +Ba  +0  =  0, 

Ay'  +By  +(7=^/7, 

Aw''  +  Bw  +  C  =  ^W, 

and,  imagining  these  values  actually  substituted,  it  is  to  be  shown  that  the  equation 

0^  —  abed 

is  satisfied  by  the  value  w=a. 

We  have 

A.a  —  y.a  —  'w.v>  —  y=  (a  —  iv)'JY—  {a~y)vW, 

B  .a~y.a  —  w  .w  —  y  =  (a~w){a  +  w)'>/Y—(a  —  y)(a  +  y)'/W, 

C  .a  —  y.a  —  w  .w  —  y  =  {a  —  w)aw        \fY—  (a  —y)  ay         "^W, 

or   writing   as   before 

a-y,   h-y,   c~y,   d-y  =aj,  bj,  c,,  d„ 
and   also 

a—w,  h  —  w,  c  —  w,  d  —  w  =  ai,  bj,  Cj,  dg, 

then  y  =  aibjCidi,    W=ashsC3ds,  and  the  formulse  become 

A  =  — j=  {VasbiCjdi  -  VaibsCsdaL 

(w  -  tj)  Va^a^ 

0  Va^VTdj  +  {a  +  y)  V^a^}, 


(w-y)'>/a^3.^ 

^__  j((^y  VaiibiCidj  —  ay  VaibjCjd^}. 

(w  -  y)  Va,as 
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If  in  these  formulffi  w  is  indefinitely  nearly  =  a,  then  a^  is  indefinitely  small,  so  that 
VasbjCidi  may  be  neglected  in  comparison  with  VaibgCads:  also  w  —  y  may  be  put  =3,,; 
the  formulffi  thus  become 

.  VbsCads        p      .     ,     .  VbsCjd,       ^  VbscA 

A  = =-,     B^(a  +  y} j-^,     G  =  --ay^^--, 

aj  V%  a,  Vaa  %■¥% 

where  the  values  of  J.,  B,  C  are  each  of  them  indefinitely  large  on  accoimt  of  the 
factor  '/&,  in  the  denominator;  the  value  of  C  is  G=ayA,  and  substituting  this  value 
in  the  equation 

C  —  ahcd 

and  then  considering  A  as  indefinitely  largo,  the  equation  becomes  ay^w  =  a^y,  that  is, 
w~a;   so  that  w  =  a  is  a  value  of  w  satisfying  this  equation. 

Cambridge,  3  July,  1878. 
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[From  the  Journal,  filr  die  rdne  und  angewanMe  Mathematik  (Crelle),  t.  LXXXVII.  (1878), 
pp.  82,  83.] 

The  theorem  given  by  Prof.  Sylvester,  Grelle,  vol.  Lxxxv.,  p.  109,  may  be  stated  as 
follows;  If  for  a  binary  quantic  of  the  order  i  in  the  variables,  we  consider  the 
whole  system  of  covariants  of  the  degree  j  in  the  coefficients,  then 


sect  +  1) 


_    n  (!+;,■) 

n(i)nbr 


where   6  denotes  the  number   of  asyzygetic   covariants   of  the   order  6  in  the  vaiiables, 
the  values  of  0  being  ij,  ij~2,  ij  —  4i,...,l  or  0,  according  as  ij  is  odd  or  even. 

In  the  case  of  the  binary  quintic  (a,  ...'^ce,  ^y,  (i  =  5),  we  have  a  series  of 
verifications  in  the  Table  88  of  my  "  Ninth  Memoir  on  Quantics,"  Phil.  Trans,  vol.  CLXi. 
(1871),  [462]  L  viz.  writing  the  small  letters  a,  h,  c,  ...,  u,  v,  w  (instead  of  the  capitals 
A,  B,  etc.)  to  denote  the  covariants  of  the  quintic,  a,  the  quintie  itself,  degree  1, 
order  5,  or  as  I  express  it,  deg-order  1.5:  h,  the  covariant  deg-ordcr  2 . 2,  etc.,  the 
whole  series  of  deg-orders  being 

a,  b,         G,         d,         e,  f,         g,  It,  i,         J,         k,  /, 

1.5,  2.2,  2.6,  3.3,  3.5,  3.9,  4,0,  4.4,     4.6,     5.1,     5.3,     5.7, 

m,         n,         0,  p,         q,         r,  s,  t,  u,  v,  w, 

6.2,  6.4,  7.1,  7.5,  8.0,  8.2,  y .  3,  11.1,     12.0,     13.1,     18,0, 

then   the    table   shows   for   each   deg-ordcr,  the   several   covariants  of  that  deg-order,  and 
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the    number    of   them    which    are    asyzygetie ;    for    instance,   i  =  5    as    above,   j  =  (>,   •■ 
extract  from  the  table  is 


30 

1 

28 

0 

26 

1 

24 

1 

22 

2 

20 

2 

18 

3 

16 

3 

14 

4 

12 

3 

10 

4 

8 

2 

6 

4 

4 

1 

2 

2 

0 

0 

a%  acf 

aH,  abf,  ace 

a'b^  a%,  acd,  h(?,  ef 

abe,  al,  ce,  df 

o?g,  ahd,  Vc,  ch,  e^ 

ak,  hi,  de 

aj,  ¥,  bh,  eg,  (P 


where,  for  inatanco  deg-order  6 .  14,  the  covariants  are  a'^b^,  a}h,  acd,  bc^,  ef,  but  the 
number  against  these  in  the  third  column  being  (not  5  but)  4,  tho  meaning  is  that 
there  exists  between  these  five  terms  one  syzygy,  making  tho  number  of  asyzygetic 
covariants  of  the  deg-order  6 .  14  to  be  4.  The  second  column  thus  in  fact  contains 
the  several  values  of  k,  and  tho  third  column  the  corresponding  values  of  0 ;  whence, 
forming   the   several   products   (k+1)   as   shown,   the    sum   of  these   is   as   it    should  be 


Cainhridge,  13  July,  1878. 
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699. 


ON   THE   TRIPLE  ^-FUNCTIONS. 


[From  the  Jov,rnal  fur  die  relne  Mnd  angewandte  Mathmiiatik  (Crelle),  t.  Lxxxvii.  (1878), 
pp.  134—138.] 

There  should  be  in  all  64  functions  proportional  to  irrational  algebraical  functions 
of  three  independent  variables  x,  y,  s\  there  is  no  difficulty  in  obtaining  the  expression 
of  these  64  functions  in  the  case  of  the  system  of  differential  equations  connected 
\vith  the  integral 


\Ax  •.'Ja  —  x.b  —  x.c—x.d  —  co.e  —  x.J- 


x.g- 


but  this  is  not  the  general  form  of  the  system  for  the  deficiency  (Geschlecht)  p  =  S; 
and  I  do  not  know  how  to  deal  with  the  general  form :  the  present  note  relates 
therefore  exclusively  to  the  above-mentioned  hyper-elliptic  form. 

I. 

If  in   the   Memoir,  Weierstraes,  "Theorie   der   Abel'schen   Functionen,"  Crelle,  t.  hu. 
(1856),   pp.   285 — 380,  we   take   p-3,   and   write   x,   y,   z;    u,  v,   w\    a,  b,  c,  d,  e,  f,  g 


of  Xi,  x^,  x^;    Ui,  K3,  %;    a,,   a^,   as,   a,,   ((5,   Og,  <h\   then,   neglecting   throughout 
mere  constant  factors,  we  have 

X—a-x.h  —  cc.c  —  x.d  —  oi.  e  —  x.f—x.g  —  x, 
with  the  like  values  for  Y  and  Z:   the  differential  equations  are 

J    _^  —  x.c~x.d^     h  —  y.c  —  y.dy     h  —  z.c  —  z.dz 

**''-        vx       +       7^       ^       W  ~' 

J       c  —  x.a  —  x.dx     o  —  ii.a  —  y.dy     o—z.a  —  z.dz 

*- v2 +        vr       + V2 — ■ 

,    _a,  —  x.h  —  x.dx     a  —  y.b  —  y.dya  —  s.h  —  z.ds 
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and  if  we  write  the  single  letters  A,  B,  0,  D,  E,  F,  G  for  al(M,  v,  w),,  a\{u,  v,  w)a, 
al(M,  V,  w\,  al  (w,  V,  w),,  a,\(u,  v,  tii)^,  al(w,  v,  w\,  al(w,  v,  w),  respectively,  each  of  the 
capital  letters  thus  denoting  a  function  of  (m,  v,  vi),  the  expressions  of  these  functions 
in  terms  of  {x,  y,  z)  are 

A  =  ^a  — x.h  — X .c  — X,     (seven  equations). 

Similarly,  instead  of  the  21  functions  al(ii,  v,  Jc),5, ...,  al  {u,  v,  w),^  writing  AB,  ..,,FG, 
each  of  these  binary  symbols  denoting  in  like  manner  a  function  of  (u,  v,  w),  the 
definition  of  AB  is 

AB  =  A'^B-BVA, 
where 


_  d       d       d  ^ 
du     dv     dui ' 


we  have 
b  —  G.c  —  c 


dx      a-y 

a-z 

VX     x-y 
dy      a-z 

a-x 

VF     y-z 
dz      a-x 

y-w 
a~-y 

^Z  '  z~x 

z-y 

(b-e)du- 
(6-0)*. 


b-s.b^ 


z!L-}  ~y 


(g-  a)dv  +  - 


-ia~h)  dw. 


--{a-i)dw. 


■■-V 


b-a.c-a.a-b 


,  b-y.b- 


(a  —  b)dw. 


b  —  c.c  —  a.a  —  b 


that  is, 

and  similarly 


-y.x- 


-vr 


-V^ 


y-ic.y-z  z- 

A  =  'Ja  —  x.a  —  y.a- 


Hence  from  the  equation 

we  have 

VA=-IA{-—  Va;  +  — -  Vy+  —  V? 

\a-x  a-y     ^      a-z 


that  is. 


and  similarly 


z    /^f=      z  —  X    /^fv 
B  a-y 


^^/Z}: 


\B 


y~Z 


~y  [b-cc  b-y  b-z       j 


sequently 

y  —  z.z  —  a:.x  —  y\a  —  x.b  —  X     a  —  y.b  —  y     a  —  z.b  —  zy 
0.   X.  55 
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or  substituting  for  A  and  B  their  values,  and  disregarding   the   constant   factor   ^(a  — 6), 
this  is 


l(!/-«)V«-y.4-y.< 

i-z.b-z.c-x.d-T^.e-x.f-x.g-x 

Ks-^y-fa-^.b-i.t 

i.-!c.b-x.c-y.i-y.e-y.f-y.g-y 

+  {!K  —  y)^la  —  (e.}}  —  (e.a  —  y.h  —  y.o  —  z.d—s.e~2 ./—  z.g—  z]. 

We    have    thus    in    all    21    equations,   which    exhibit    the    form    of   the    Weierstrassian 
functions  al{M,  v,  w^j, ...,  al  (m,  v,  w)^?. 

To  complete  the  system,  there  should  it  is  clear  be  35  new  functions  al  {u,  v,  w)iis, 
....  aI(M,  V,  w)ie^,  represented  by  ABO,...,  EFG,  viz.  the  whole  number  of  functions  would 
then  be 


1.2    1.2.; 

since  the  functions  represent  ratios  of  the  ^-functions. 

II. 

Starting  now  with  the  radical 


v'ffl  —  a;,6  —  «,c  —  ic.d  —  a;.e  —  fl! ./—  m.g  —  x.h  —  x 

composed  of  eight  linear  factors,  and  writing,  as  in  my  "Memoir  on  the  double 
^--functions,"  t.  Lxxxv.  (1878),  pp.  214—245,  [665];  a,  b,  c,  d,  e,  f,  g,  h  to  denote 
these  factors,  and  similarly  a,,  b,,  Ci,  d,,  e^,  fi,  g,,  \  and  a,,  ba,  Cj,  ds,  Ca,  fg,  ga,  ha  to 
denote  o,  —  y,  b-y,  etc.,  and  «— s,  b  —  z,  eta,  so  that  X^abodefgh,  F=ajbiCjdieifigihi, 
2' =  ajbaCadaejfsgaha ;  then,  instead  of  the  Weierstrassian  form,  the  differential  equations 
may  be  taken  to  be 

,         dx         dy        dz 

''"-vi  +  vi'  +  vi' 

,       ceda>      y  dy      sdz 
,        a^dx     ir'dy     ^dz 

We  then  have  64  ^-functions  and  an  w-fimction.  viz.  writing 

e  =  y-s.s-x.x~y, 
and  then 

Va  =     Vaa^a^     (8  equations) 


VqJc  =  a  KS'  ~  ^)  "/aihiCiagb^Cgdefgh  +{z  —  w)  VajbjCaabcdieifigihi  ■\-(x  —  y)  VabcaibiCidjejfagjh^} 
\  \  (56  equations) 
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the    equations,    which    define    the    ^-functions    A,    B,...,H,    ABC,...,  F&H,    and    the 
M-function  ii,  are 

A  —  Cl'Ja  (8  equations) 

ABC  =  il-^ahc    (56  equations) 


and  one  othor  relation  which  I  have  not  as  yet  investigated. 


As  I'egards  the  algebraical  relations  between  the  64  S--f unctions,  it  is  to  be 
remarked  that,  selecting  in  a  proper  manner  8  of  the  functions,  the  square  of  any 
one  of  the  other  functions  can  be  expressed  as  a  linear  function  of  the  squares  of 
the  8  selected  functions.  To  explain  this  somewhat  further,  observe  that,  taking  any 
5  squares  such  as  {ABCf,  we  can  with  these  5  squares  form  a  linear  combination 
which  is  rational  in  x,  y,  z.  We  have  for  instance,  writing  down  the  irrational  part 
only, 

{ABCr  =  |,  {abc {z - £) (m -  y) ^YZ  +  a,b,Ci {x -y)iy- z) ^ ZX  +  a,b,c, (7/ -z){s~ x)  VZ"?}, 

and  forming  in  all  five  such  equations,  then  inasmuch  as  the  coefficients  abc, ...  of 
{z  —  x)  {a>  —  y) -/YZ  are  each  of  them  a  cubic  function  containing  terms  in  a^,  a:',  a?, 
d?,  we  have  a  determinate  set  of  constant  factors  such  that  the  resulting  term  in 
{z~x){m  —  y)4YZ  will  be  =0;  but  the  coefficients  aibjCi,...  of  {x - y) {y  —  z) '^ ZX  only 
differ  from  the  first  set  of  coefficients  by  containing  y  instead  of  a;,  and  the  same 
set  of  constant  factors  will  thus  make  the  resulting  term  in  {x—y){y—z)^ZX  to 
be  =  0 ;  and  similarly  the  same  set  of  constant  factors  will  make  the  resulting  term  in 
(y  —  z)(z  —  x)'^XY  to  be  =0;  viz.  we  have  thus  a  set  of  constant  factors,  such  that 
the  whole  ii'rational  part  will  disappear.  It  seems  to  be  m  general  true  that  the  same 
set    of   oonstani  factors    will    make   the    rational   part    integral;    viz.    the    rational    part 

is   a  function   of  the   form  ^   multiplied   by  a  rational  and   integral  function  of  x,  y,  z, 

and  if  this  rational  and  integi-al  function  divide  by  &',  then  the  final  result  will  be  a 
rational  and  integral  function,  which,  being  symmetrical  in  x,  y,  z,  is  at  once  seen  to  be 
a  linear  function  of  the  symmetrical  combinations  1,  x-^y-'rz,  yz  +  zx  +  xy,  xyz.  Such 
a  function  is  obviously  a  linear  function  of  any  four  squares  A^,  B',  C\  D^;  or  the 
foiTB  is,  linear  function  of  five  squares  {ABCy  =  linear  function  of  four  squares  A'^, 
that  is,  any  one  of  the  five  squai'es  is  a  linear  function  of  8  squares. 

As  an  instance,  consider  the  three  squares  {AB(T^',  {ABD)\  {ABEf,  which  are 
such  that  we  have  a  linear  combination  which  is  rational:  in  fact,  we  have  here  in 
each  function  the  pair  of  factors  ab,  which  unites  itself  with  (s  —  x){x  —  y)  \fXY, 
viz.  it  is  only  the  coefficient  of  a!o{z~x){x  —  y)^/XY  which  has  to  be  made  =0; 
the  required  combination  is  obviously 

(d  -  e)  {ABUf  +  (e  -  c)  (ABDf  +  (c-d)  {ABEf. 
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Here  the  irrational  part  vanishes  and  the  rational  part  is  found  to  be 


(d-e)  CiCade 

[aha^hjghiy-^y 

+  (e  -  c)  didace 

+  («-ci)e,e,do 

(d  -  e)  Cscdje, 

aab#bf,g,h,(2-«)= 

+  (e-c)d,do,e, 

+  (c-ii)e,ed,ij, 

(■!-e)ccAe,1 

aba,b,f,g,h,(-s-s)' 

+  (e-c)dd.ce. 

+  (c-d)  Go,d,<iJ 

The  three  terms  in  {  }  ai-e  here  =''{c  —  d)(d-e)(e-  c)  multiplied  by  {s  —  x)(x  —  y), 
(,x  —  y){y  —  z),  (jj  —  z){s  —  x)  respectively;  hence  the  term  in  [  ]  divides  by  6  and  the 
result  is 


(c-d){d-e)(e-c) 


or  finally  this  is 
moltiplied  by 


[aibia^b^fgh  {y-s) 
+  s^^  b  fjgihi  (z  -  is) 
+  aba,b,i;gA(^-2/)], 


=  —  {o—  d){d  —  e){e  —  c) 

\(_a?  +  «6  +  ¥)fgh  -  {a?h  +  «&=)  {fg  +fh  +  gh)  +  «=6^  {f+g  +  h)] 

+        {co  +  y^z){      ~{a  +  b)fgh+  ab(/g +/h  +  gh)- a'b-  ] 

+  (y$  +  ex  +  a!y)  {  A/^—  (A{f+g-¥k)       +a^b  +  ab^  } 

+  ^^{-(fy+fh+gh)+  ia  +  b){f+g  +  h)-(a'  +  ab+b')    ], 

that   is,   WG   have   {d-e)(ABCy  +  (e-c)(ABDy  +  (c-d)i,ABEy  =  a.  sum  of  four  squares, 
viz.  we  have  here  a  linear  relation  between  7  squares. 


I   have   not   as  yet   investij 
of  pairs  of  ^-functions. 


Cambridge,  30  September,  1878. 


the   forms   of    the   relations   between   the    products 
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700. 


ON    THE    TETKAHEDROID    AS    A    PARTICULAR    CASE    OF    THE 
16-NODAL    QUARTIC    SURFACE. 


[From  the  Journal  far  die  reine  und  ang&wandte  Matheinutik  (CrcUe),  t.  lxxxvii.  (1878)j 
pp.  161—164.] 

In  the  paper  "  Sur  un  cas  particulier  de  ]a  surface  dii  quatrifeme  ordre  avec  seize 
points  singuliers,"  Crelle,  t,  Lxv.  (1866),  pp.  284 — 290,  [356],  I  showed  how  the  surface 
called  the  Tetrahedroid  could  be  identified  as  a  special  foiin  of  Kummer's  16-nodal 
quartic  surface;  hut  I  was  not  then  in  possession  of  the  simplified  form  of  the 
equation  of  the  16-iiodal  surface  given  in  my  paper  "Note  sur  la  surfece  du  quatrieme 
ordre  dou^e  de  seize  points  singuliers  et  de  seize  plans  singuliers,"  Crelle,  t.  LXXiii. 
(1871),  pp,  292,  293,  [442];  see  also  my  paper,  "A  third  memoir  on  Quartic  surfaces," 
Proc.  Land.  Math.  Soc.  t.  iii.  (1871),  p.  250,  [454,  this  CoUecaon,  t  vii.,  p.  281].  Using 
the  equation  last  referred  to,  I  resume  therefore  the  consideration  of  the  question. 


Taking  th 

constants  a,  ^, 

1,  "■,  13'.  1 

.  0" 

0".  7" 

sucli  tiiat 

a  +  fi  +  j. 
id  writing  also 

0,     a'  +  ^'  +  7' 

=  0,     a" 

+  /3 

+  7"  = 

-0, 

M-aW'{ff 

-7)  +  /3'r(7 

-a)  +  7'7' 

(« 

-/3) 

-d'ai^ 

-7')  +  r(3    (7 

-  a" }  +  7^7 

W 

-f) 

=  a  a'  03" 

-',")  +  (3  ff  W 

-  a")  +  77' 

("" 

-/3") 

—  iK/3- 

j)(l3'-i){F- 

7") +  (7 -a 

)W 

-«')(7» 

-a" 

+  (a- 

d) 

I3)(c!- 13')  («"-(!■% 

(the   equivalence    of   which    different    expressions   for  M    is   verified   without  difficulty): 
writing  also  X,  Y,  Z,   W  as  current  coordinates,  the  equation  of  the  16-nodal  surface  is 

F=(X'+ 7^  + .Z^- 2F2- 2^X- 2Xr) 
-  2F{aa'a"  {Y^Z-  YZ')  +  00-^"  {Z^X  -  ZX'-)  +  77V  (X^Y- XY^}  +  MXYZ\ 
-(aa'a"YZ+0ff^"ZX  +  77y'XF)^ 
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where,  a,  /3,  7,  a',  ,3',  7',  a",  ,S",  7"  being   connected   as   above,  the   number   of  constants 
is  =6. 

The  equations  of  the  16  singular  planes  are 

Z  =  0,  F=0, 

a  (jYr-^'^'Z)~W=0,      13  (a'a"Z-r/YX)'-W=0, 
«'  {y'yY-ff'^Z)-  W=Q.      /3'  {a"aZ-"y"yX)-W=0, 
a"{jy'  Y-ffl3'  Z)^W=0,      S"{cia:  Z~rv'  X)-W^O, 
^■  =  0,  F  =  0, 

7  (fi'0"X  -  a-a"  Y)~W=0,         0yX  +     jfxY  +      a^Z=  0, 
y'(0"0X-tx"a  Y)~W  =  0.      ^'j'X+  j'a'Y+   a'^Z=0, 
7"  (y3/3'  X  -  act'    Y)-W  =  0,     ;e' Y'^  +  7"«"  ^^  +  a"^'^  =  0. 
Writing  x,  y,  s,  w  as  current  coordiuates,  the  equation  of  the  Tetrahedroid  is 

+  (Pf^  -  my  -  f^  (lyz'  +f'a^o^)  +  (-  Pf'  +  my  -  n^k")  (m^^W  +  sr'j/'w^) 
+  (-  iy^  -  «iy  +  «''^')  (n'a^f  +  A'^^')  =  0, 
where,   inasmuch    as  f,  g,   h,   I,   m,   n    enter    homogeneously,    the    number    of    constants 


The  equations  ol'  the    16   singular   planes,  written  in  an  order 
d  for  the  16-nodal  surface,  are 


»       ny—mz+fw—0 

fa  -gy-h^    »  =  0 

—mx—ly     »    +/jw=0 
nx     *   ■'rlz  4-g'W=0 


nix+ly     «    +/iw=0 

-fa  +9y-hz    «  =0 

»    —ny—mz+ftv=0 


inx—ly     *    +Aw=0 

— )i;c     «  — /«  +^w=0 

*       )iy+m34-/w  =  0 

-/«>  -ro+*«    •  -0 


These   equations   can   be   made   to   agree   each   to    each   with 
planes  of  the  16-nodal  surface,  provided  that  wo  have 


corresponding  to  that 

-fa  -gy-^^^^    «  =0 

*  ny—mz—fw=0 
-nx  *  +lz  —gw—O 
mx—ly  »  — Am;=0. 
of   the    16   singular 


where  observe  that  the  first  three  equations  give  a'/S'V^a"^?'.  which  is  the  relatioik 
between  the  constants  when  the  16-nodal  surface  reduces  itself  to  a  tetrahedroid  in 
the  above  manner.     And  if  we  then  assume 

X=ny~mz  +ftv,     Y=  -  nx  +  h  +  gvj,    Z  =  mx  -ly  +  hvj,     W=  -fa  —gy~  hz, 

the  16  linear  functions  of  X,  Y,  Z,  W  will  become  mere  constant  multiples  of  the 
corresponding   16   linear   functions   of  x,   y,   z,   w;    the   constants,   by   which    the    several 
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functions   of  w,   y,   z,   w   have   to   be   multiplied   in   ovder   to    reduce    them   each   to   the 
corresponding  linear  function  of  X,   Y,  Z,    TF,  being  given  by  the  table 

1,  1,  1,  1. 


i<'°  -«'» 

-'^(ia     -m/3), 

—  (k     -  11./3), 

^,(.V 

-rrt 

^(»i3'-»y), 

^,  (m/J'  -  ni). 

-'';;'3(,„^'-„y). 

^:f,(/» 

-  7«"). 

-  »'  (..y  -  k"). 

iT  <"'"  -  '''■*' 

---,  („/'  -U'l 

77 

-  "(3). 

For  instance,  we  have 

«  (tV 

'r-fffi"Z)-w=; 

j=(!a-m(3)(/ai-OT- 

-  'i'), 

viz.  substituting  for  Y,  Z,   W  their  values,  the  relation  is 
ma/3 .  y'y"  (—  iiic      *    +  /«  +  gtv)  \ 
—  ma^  . /3'/S" {    mai  —ly      *    4- lixi))  [  —{la  —  mjS) (fx ~ gy  —  hz). 
mfi{-fr  -gy-U     .   )) 

As  regards  tho  terms  in  y,  z,  and  w,  the  identity  is  at  once  verified.  As  regards 
the  term  in  m,  we  should  have 

mfx^  (-  nii'  -  m&'^")  -  (la  -  2mfi)f=  0, 

viz.  substituting  for  /  its  value,  —  Iw-'a"  =  -  maa,'^",  the  equation  divides  by  v>ta  and 
we  then  have 

0  (-  ny'y"  -  m/3'/3")  +  a'0"  (la  -  2m^)  =  0, 
that  is, 

laa!^"  -  m^/3"  (^'  +  2a')  -  n/37'7"  =  0, 

or  writing  herein  «i/3"  =  ^a",  wf'  =  ?a',  and  /S'  4-  2a'  =  a'  ~  7',  tho  equation  becomes 
a'a0" -a"^{a-y')-a'0j"-O,  that  is,  a' (a^" —  a"^)  =  a'0y"  —  ix!'^y' ;  or  writing  herein 
a"y3y  =  tt'^'V.  tli6  equation  divided  by  a'  becomes  a^"  —  a"y3  =  ,87"  —  ^"7,  which  is  true 
in  virtue  of  a  +  ^  +  7  =  0  and  a"  +  ^"  +  7"  =  0.  And  in  like  manner  the  several  other 
identities  may  be  verified. 

The  equation  a';8"7  =  a"/37'  might  have  been  obtained  as  the  condition  of  the 
intersection,  in  a  common  point,  of  four  of  the  singular  planes  of  the  16-nodaI 
surface;  and  when  this  equation  is  satisfied,  there  are  in  fact  four  systems  each  of 
four  plajies,  sucb  that  the  four  planes  of  a  system  meet  in  a  common  point:  viz.  we 
have 

Planes 

X=Q,  ^7Z+7aF+a^2=0,  7'(^"/3Z-a"aF)- If  =0,  y3" (aa'^ -  77'Z) -  F  =  0, 

F  =  0,  7  {0'0'X  -  «'a"  Y)  -  W  =  0,  /3'7'X  +  7'a'  ¥  +  a'ffZ  =  0,  a"  (77'  7  -  ^^'Z)  -W  =  Q, 

Z  ^0,  0(a'a"Z-ryYX)~W  =  O,  of (y"ryY~ ^'■0Z)-W  =  O,  ^YX  +  r/'a"Y+ c^'^'Z=0, 

W^O,  a{y'y"Y-/3'0"Z}-W  =  O,  ff  {a"aZ -y"yX)- W  =  0,  y"  (0^X -aa^Y)  -  W  =  0, 
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meeting  in  points 

-A              1. 

."A7'.« 

0,               -7', 

""ffl'-H' 

A",               0, 

«"A7' .  7* 

.".AAA".    V'.a"A7' 

0, 

the  four  points  being  in  fact  the  vertices  of  the  tetrahedron  formed  by  the  four  planes 
of  the  tetrahedroid.  Observe  that,  if  the  singular  planes  of  the  IC-nodal  surface  in 
their  original  order  are 

1,       2,       3,       4, 

5,       6,       7,       S, 

i),     10,     II,     12, 
13,     U,     15,     16, 
then  the  planes  forming  the  last-mentioned   four  systems  of  planes  are 

(1,     8,     U,     14), 

(2,     7,     12,     13), 

(3,     6,       9,     IR), 

(4,     5,     10,     15), 

viz.  they  con-espond  each  of  them  to  a  term  which  in  the  determinant  formed  with 
the  16  symbols  would  have  the  sign  +. 

The  equation  a'yS'V  =  a"0y'  is  evidently  not  unique.  The  triads  (a,  y3,  -y),  (a',  yS',  '/), 
(a",  /3",  y")  enter  symmetrically  into  the  equation  of  the  16-nodal  surface;  by  taking 
the  singular  planes  of  one  of  the  surfaces  in  a  different  order,  the  equation  -would 
present  itself  under  one  or  other  of  the  different  forms 

a'0"y  =  a"l3'Y',     a"0y'  =  ix^'j",     a^'7"  =  o.'j3"j, 
a'^y"  =  tt"^'7,     a"0'j  =  a/3"7',     «/3'Y  =  ff'Sv". 

Cambridge,  9  December,   1878. 
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^-FUNCTIONS. 


[From  the  Journal  fur  die  reine  und  angeivandte  MatJiematik  (Crellc),  t.  Lxxxvii.  (1878), 
pp.  165—109.] 


The    characteristics    of    the    triple    ^-functions    may    be    represented,    the    28    oiM 
charaetcristiea     by     the     binary     symbols     or     duads,     12,  .,.,  78,     and     the     even     ones 

(other  than  ~^)'   ^^y  ^^^   ^^    ^™°    characteristics,   by    the    ternary    symbols    or 

triads  123,  ...,567:  which  triads  may  be  regarded  as  abbreviations  for  the  double  tetrads 
12S8. 4567,...,  5678.1234,  the  8  being  always  attached  to  the  expressed  triad.  The 
correspondence  of  the  symbols  is  given  by  the  diagram : 


upper  line  of  charaetei'istic 


000 

100 

010 

110 

001 

101 

Oil 

HI 

000 

0 

336 

345 

137 

467 

156 
48 

124 

257 

100 

237 

67 

136 

12 

157 

256 

35 

010 

245 

127 

33 

68 

134 

367 

15 

47 

110 

126 

13 

78 

145 

3.^6 

25 

46 

234 

001 

fiti7 

14(5 

125 

247 

45 

17 

3S 

26 

101 

147 

58 

249 

34 

16 

193 

27 

367 

oil 
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347 

14 

57 

28 

36 

167 

456 

111 

346 

24 

56 

235 

37 

367 

457 

18 
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Or,  what  is  the  same  thing,  ib  is 

upper  line  of  ehaioeteristio 


000     100  i   010 

110 

001 

101 

on 

in 

12 

1 

100 

13 

110 

14 

oil 

13 

010 

16 

101 

17 

001 

18 

ill 

23 

010 

2i 

111 

2o 

110 

36 

001 

27 

101 

2B 

oil 

3.1 

101 

35 

100 

36 

oil 

37 

111 

38 

001 

45 

001 

46 

no 

47 

010 

48 

100 

36 

111 

57 

oil 

58 

101 

67 

100 

68 

010 

78 

110 
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000 

100 

010 

110 

001 

101 

oil 

111 

123 

101 

194 

000 

135 

001 

126 

110 

— 

— 

127 

010 

134 

010 

185 

Oil 

— 

136 

100 

000 

-- 

137 

-— 

145 

110 

146 

001 

000 

147 

101 

156 

— 

157 

i 

100 

167 



on 

110 

234 

-  — 



235 

111 

-— 

236 

000 

2S7 

100 

245 

010 

240 

101 

-  — 

247 

001 

266 

— 

— 

100 

257 

000 

267 

000 

i 

111 

345 

111 

34B 

on 

347 

356 
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357 

010 

367 

101 

456 
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467 
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duad    or 


by   means   of  which   the    two- line -characteristic    is    at    onee    found    when    thi 
triad  is  given. 

The  new  algorithm  renders  unnecessary  the  Table  I.  of  Weber's  memoir  ' 
der  Abel'schen  Functionen  vom  Geschlecht  3 "  (Berlin,  187C).  In  fact,  the  s; 
six  pairs  corresponding  to  an  odd  characteristic  such  as  12  is 

13,23,     14.24,     15.25,     16.26,     17.27,     18.28, 
and  that  coiTesponding  to  an  even  characteristic  such  as  123  (= 

12  ,  38,     13 .  28,     18 .  23,     45 .  67,     46 .  57, 
so  that  all  the  (28  -t-  35  =}  63  systems  can  be  at  once  formed. 


Theorie 
stem   of 


1238.4567)  is 


The  odd  characteristics  correspond  to  the  bitangents  of  a  quartic  curve,  and  as 
regards  these  bitangents  the  notation  is,  in  fact,  the  notation  arising  out  of  Hesse's 
investigations  and  explained  Salmon's  Higher  Plane  Curves  (2nd  Ed,  1873),  pp.  222 — 225. 
It  may  be  noticed  that  the  geometrical  symbols  corresponding  to  the  before-mentioned 
two  systems  are : 


1  2       4 5 

8  3       7^      f 


Hence,  selecting  out  of  the  first  system  any  two  pairs,  we  have  a  symbol  □ ;  but 
selecting  out  of  the  second  system  any  two  pairs,  we  have  a  symbol  which  is  either 
D  or  nil;  so  that  in  each  case  (Salmon,  p.  224)  the  four  bitangents  are  such  that 
the  eight  points  of  contact  lie  on  a  conic. 

The  28  bitangents  of  the  general  quartic  curve 

represented  by  the  equations  given  by  Weber,  I.e.,  pp.  100,  101,  and  taken  in  the  order 
in  which  they  are  there  written  down,  have  for  their  duad-charact eristics 


23,     13,     12, 


14,     58,     15,     68,     16, 
37,    67,    57,    56,    45, 


78,     17,     24,     34,     25, 


respectively.     Taking  out   of  any   one   of   the   63   systems   three   pairs   of   bitangents 
pleasure,  these  give  rise  to  an  equation  of  the  curve  of  a  form  such  as 
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and   the   whole   number   of  the   forms   of  equation   is   thus  =  1260.     The  triads   of  pairs 
which  enter  into  the  same  equation  may  be 


triads  such  as  12.34,  13.42,  14.23 


„    12  .  34,  13  .  42,  56  .  78 


„      „    13.23,  14.24,  15.25     l< 


malting  the  whole  number  =  12G0,  aa  already  mentioned. 
Camhndge,  7  December,  1878. 
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ON    THE    TRIPLE    ^-FUNCTIONS. 


[From  the  Journal  fur  die  retne  wid  angewandte  Mathematik  (Crelle),  t.  LXXXVII.  (1878), 
pp.  190—198.] 

A  QOAllTic  ciu-ve  has  the  deficiency  3,  aiid  depends  therefore  on  the  triple 
^-functions:  and  these,  as  functions  of  3  arguments,  should  be  connected  with  functions 
of  3  points  on  the  curve ;  but  it  is  easy  to  understand  that  it  is  possible,  and  may 
be  convenient,  to  introduce  a  fourth  point,  and  so  regard  them  as  functions  of  4 
points  on  the  curve :  thus  in  the  circle,  the  functions  cos  u,  sin  u  may  be  regarded 
as   functions   of  one   point   coBn  =  x,   sinu^y,   or   as   functions   of  two   points, 

cost(=iCiCi  +  i/^],     sin  M  =  iC^j  —  ay/. 

And  accordingly  in  Weber's  memoir  "Theorie  dei'  Abel'schen  Functionen  vom  Geschlceht 
3,"  (1876),  see  p.  166,  the  triple  ^-functions  are  regarded  as  functions  of  4  points 
on  the  curve:  viz.  it  is  in  effect  shown  that  (disregai'ding  constant  factors)  each  of 
the  64  functions  is  proportional  to  a  determinant,  the  four  lines  of  which  are 
algebraical  functions  of  the  coordinates  of  the  four  points  respectively :  the  form  of 
this  determinant  being  different  according  as  the  characteristic  of  the  ^-function  is 
odd  or  even,  or  say  according  as  the  ^-fiinction  is  odd  or  even.  But  the  geometrical 
signification  of  these  formulie  requires  to  be  developed. 

A  quartic  curve  may  be  touched  in  six  points  by  a  cubic  curve :  but  (Hesse, 
1855*)  there  are  two  kinds  of  such  tangent  cubics,  according  as  the  six  points  of 
contact  are  on  a  conic,  or  are  not  on  a  conic ;  say  we  have  a  conic  hexad  of  points 
on  the  quartic,  and  a  cubic  hexad  of  points  on  the  quartic  In  either  case,  three 
points  of  the  hexad  may  be  assumed  at  pleasure;  we  can  then  in  28  different 
ways   determine   the   remaining   three   points   of    the  conic   hexad,   and    in    36    different 

*  See  the  two  memoirs  "Ueber  Detetmiiianten  und  ihre  Anwenilung  la  der  Geometrie"  and  "Ueber  die 
Doppeltangenten  dec  Ciirven  vieiter  Ordnung,"  Crelk,  t.  xtix.  (1853). 
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waj^  the  remaining  three  points  of  the  cubic  hexad;  or  what  is  the  same  thing, 
there  are  28  systems  of  eubies  touching  in  a  conic  hexad,  and  36  systems  of  cubics 
touching  in  a  cubic  hexad.  The  condition  in  order  that  four  points  of  the  quartic 
curve  may  belong  to  a  hexad  (conic  or  cubic)  is  given  by  an  equation  fl  =  0,  where 
il  is  a  determinant  the  four  lines  of  which  are  algebraical  functions  of  the  coordinates 
of  the  four  points  respectively:  but  the  form  of  such  determinant  is  different  Eiecording 
as  the  condition  belongs  to  a  conic  hexad,  or  to  a  cubic  hexad :  we  have  thus  28 
conic  determinants  and  36  cubic  determinants,  il;  and  the  64  ^-functions  are  pro- 
portional to  constant  multiples  of  these  determinants ;  viz.  the  odd  functions  correspond 
to  the  conic  determinants,  and  the  even  functions  to  the  cubic  determinants. 

First,  as  to  the  conic  hexads:  the  points  of  a  conic  hexad  lie  in  a  conic  with 
the  two  points  of  contact  of  some  one  of  the  hitangents  of  the  quartic  curve :  so 
that,  given  any  three  points  of  the  hexad,  these  together  with  the  two  points  of 
contact  of  the  bitangent  determine  a  conic  which  meets  the  quartic  in  the  remaining 
three  points  of  the  hexad.  Suppose  that  a,  h,  c,  f,  g,  h  are  linear  functions  of  the 
coordinates  such  that  the  equation  of  the  quartic  curve  is 

then  a.  =  0,  6  =  0,  c  =  0,  /=0,  g=(i,  h=Q  arc  six  of  the  bitangents  of  the  curve, 
and  the  bitangent  a  =  0  touches  the  curve  at  the  two  points  of  intersection  of  this 
Jine  with  the  conic  6^  —  c!i  =  0.  The  general  equation  of  a  conic  through  these  two 
points  «=0,  hg  —  ch^O,  may  be  written 

bg~ch  +  a  {Ax  +By  +  Cz)  =  0, 

where  for  x,  y,  z  we  may  if  we  please  substitute  any  three  of  the  six  linear  functions 
fl.  6,  c,  /,  g,  h,  or  any  other  linear  functions  of  the  coordinates  (x,  y,  z) :  and  the 
equation  may  also  be  written 

a/  +  {hg  -  ch)  +  a  {Ax  +  By  +  Cz)  =  0. 

Adopting  this  latter  form,  and  considering  the  intersections  of  the  conic  with  the 
quartic,  that  is,  considering  the  relation 

v'ffl/+ V^  + ^0^  =  0 
as  holding  good,  we  have 

af+bg~ch  =  -2^a7b^, 

af~bg  +  ch  =  -2'^a/ch, 

and  we  thus  have  at  pleasure  one  or  other  of  the  two  equations 

~2^^fb^  +  a{Ax  +  By  +  Gz)  =  0, 

-2'/^-\-a{Ax  +  By  +  Os)  =  0, 
that  is, 

-2'Jfb^  +  ^a{Ax  +  Sy  +  Cz)  =  0, 

-^^Jch  +^/'a{Ax  +  By  +  Cz)  =  0. 
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Hence  the  condition  in  order  that  the  four  points  (iCj,  j/i,  2,),  (as^,  y,,  a,),  {x^,  y^,  S3), 
(«4,  1/4,  ^^),  assumed  to  be  points  of  tho  quartic,  may  belong  to  the  conic  hexad,  may 
be  written 


V/As,, 

^.■Ja„ 

Vi'^ih, 

V/M, 

x,^a„ 

yWi, 

■JJA^.. 

ii,^a„ 

vWa.. 

■ITt^,. 

^.-U.. 

1/W14. 

VcT, 

=  0,  or 

■J/M,. 

a^i  Vcti  , 

!/.*;, 

^,vs, 

Vo, 

<s*.. 

i5,Vi;, 

y.Vi, 

2,V«, 

V^ 

■J'M.. 

ar^Vfi;;, 

yi^'al. 

3aV»j 

Vi 

V/^A. 

«,Vii, 

»Va„ 

2,V«, 

where 


6,  c, 


before,   the   a;,   y,   a   may   be    replaced   by   any   three    of   the   letters 
/,  g,   h,   or    by    any    other    linear    functions    of   (w,   y,  z) :    and,   moreover,   although   in 
obtaining  the  condition  we  have  used  for  the  quartic  the  equation 


'/af+'^bff  +  -/ck  =  0, 


itself  it  is  clear  that  the  condition 
the  condition  fl  =  0,  all 
tangent  a  =  0,  will  be  essentially 
ffer   only   by  constant   factors; 


depending   upon   six   bitangents,  yet  from  the  process 

can  only  depend  upon    the   particular   bitangent   a  =  C 

the   forms   of  condition   which   belong   to   the   same   bi 

identical,   that   is,  the   several   determinants  fl   will   d' 

disregarding  these  constant  factors,  we  have  for  the  bitangent  a  =  0,  a  single  determinant 

il,   which   may   be   taken   to   be   any   one   of    the    determinants    in    question.      And    we 

have  thus  28  determinants  H,  corresponding  to  the  28  bitangents  respectively. 

Coming  now  to  the  cubic  hexad s,  Hesse  showed  that  the  equation  of  a  quartic 
curve  could  bo  (and  that  in  36  different  ways)  expressed  in  the  form,  symmetrical 
determinant  =  0,  or  say 


6.     /, 


where  (a,   b,   c,   d,  f,  g,  h,   I,   in,  n)   are   linear  functions   of  the   coordinates ; 
each  of  these  forms  he  obtains  the  equation  of  a  cubic 


=  0, 


«>    '».    g, 

I,     « 

It,     i,    /, 

»,     » 

9>      /.     0. 

n,     7 

I,     m,    li, 

d,     8 

«,      (9,     1. 

8 

containing  the  four  constants  a,  j3,  7,  S,  or  say  the  3  ratios  of  these  constants, 
touching  the  quartic  in  a  cubic  hexad  of  points :  that  tho  cubic  does  touch  the 
quartic  in  six  points  appears,  in  fact,  from  Hesse's  identity 
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a,      h,     g,       I,     a 

o,      ':     g,      I,     «' 

<.,      4,      s.       1.      . 

•  = 

h,      b,     f,     m,     /3 

A,       6,      /,    m.     (3- 

;.,       h,      l     m,     B 

S.      f.     ».      ».     7 

?.      /      0.      ».     7 

S.     /      0,      »,     7 

I,     m,     n,      d,      S 

i,      »>,     11,      <!,     S' 

i,     m,      11,      d,      8 

«,     A     7,      8 

«',     g.    J,     s- 

«',  /?,  y,  y 

h,  b,  /,  m 
g,  f,  c,  n 
I,     m,    n,     d 


where    (7  is   an   easily   calculated   function   of    the    second   order    in    a,   h,   c,   d,  f,   g,  k, 
I,  Tti,  n,  and  also  of  the  second  order  in  the  determinants  oils'  —  a'^,  etc. 

We    can    obtain    such    a    form    of    the    equation   of   the   quartic,   from   the   before- 
mentioned  equation 

•^af+  'Jbg  +  VcA  =  0, 
viz.  this  equation  gives 

.,     *,     (,,     a    =0, 

*,     »,    /, 

9.  f.   : 

a,    b,     c, 
which  is  of  the  required  form,  symmetrical  determinant  =  0 ;   the  e 

a'/'  +  %'  +  c%=  -  2bcgh  -  Icahf-  2abfg  =  0, 
which  is  the  rationalised  form  of 


and  we  hence  have  the  cubic 


h, 

9,     /. 


/.     h. 


-0, 


the  developed  form  of  which  is 

a^hof-^  ^'cag  +  'fahh+  B'fgh 

-  («y37  +  /«8)  (-  qf+  hg  +  eft) 

-  (67a  +  g^h)  {    af-  bg  +  ch) 

-  {m0  +  hjS)  (     a/+  bg  -  ch)  =  0. 
Considering  the  intersections  with  the  quartic 

'Jaf+'/bg  +  'Jck^O, 
we  have 

-af+bg  +  ch,   af~bg  +  ch,  a/ +  bg  -  ch  ^^^  -  2 'Jbcgh,   -i^/cakf,   —2^/abfg, 
and  the  equation  thus  becomes 

{a'>/b(f+0*/iMg  +  'y'^abli  +  S'J'fgfiy  =  O\ 
c.   X.  57 
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viz.  for  the  points  of  tho  cubic  hexad  we  have 

and   hence   the  condition  in  order  that  the  four  points  (w^,  i/i,  Zi),  («2,  y^,  ^a).  (^s-  3'^'  ^s)' 
(^,,  J/,,  z^)  may  belong  to  the  cubic  hexad  is 

■v'&iCi/i,      VciKi^i,      Vtti6i/ii,      V/iJfi/ti      =  0, 

VijCs^,     Vcaaj^,,     '/aj}jii,    V/j^X 
Vte/a,      "^C^ffs,     Voa^A,      'V'/s^s/'a 
V&4O4/,,      VcjOJigfj,      VctjfiA,      V/jgrA 
viz.   wc    have   tiiiis   the   form   of  the   determinant   fi   which   belongs   to   a   cubic   hexad. 
It  is  to  be  observed  that  the  equation 

V^+  '^bg  +  -/ch  =  0 
unaltered    by  any   of   the   interchanges   a  and  _/I   6   and  ^,   c   and   A ;    but   we 


thus  obtain  only  two  cubic  hexads ;   those  answering  to  the  equations 

a  Vbcf  +  0  Vcag  +  7  '^abh  +  S  '</fgh  =  0, 
and 

a  Vfl^  +  ^  '/hhf+  y  '/cfy  4-  B  Vabc  =  0, 

which  give  distinct  hexads.  The  whole  number  of  ways  in  which  the  equation  of  the 
quartic  can  be  expressed  in  a  form  such  aa 

attending  only  to  the  pairs  of  bitangents,  and  disregarding  the  interchanges  of  the 
two  bitangents  of  a  pair,  is  =1260,  and  hence  the  number  of  forms  for  the  determ- 
inant ii  of  a  cubic  hexad  is  the  double  of  this,  =  2520,  which  is  =  36  x  70 :  but 
the  number  of  distinct  hexads  is  =  36,  and  thus  there  must  be  for  each  hexad, 
70  equivalent  forms. 

To   explain   this,   observe   that   every  even   characteristic   except   ^.,  ,  and  every  odd 

characteristic,  can  be  (and  that  in  6  ways)  expressed  as  a  sum  of  two  different  odd 
characteristics;  we  have  thus  (see  Weber's  Table  I.)  a  system  of  (35  +  28=)  63 
hexpairs;  and  selecting  at  pleasure  any  three  pairs  out  of  the  same  hexpair,  we  have 
a  system  of  (63x20=)  1260  tripairs;  giving  the  1260  representations  of  the  quartic 
in  a  form  such  as 

Vtt/'+  ^6^  +  VcA  =  0. 

Each   even   characteristic  (not   excluding  \    can   be   in  56  different  ways  (Weber, 

p.  23)  expressed  as  a  sum  of  three  different  odd  characteristics,  and  these  are  such 
that  no  two  of  them  belong  to  the  same  pair,  in  any  tripair;  or  we  may  say  that 
each  even  characteristic  gives  rise  to  56  hemi-tripairs.  But  a  hemi-tripair  can  be  in 
5    different   ways   completed   into   a   tripair;    and   wo   have   thus,  belonging  to   the  same 
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even  characteristic  (56x5=)  280  tripairs,  which  are  however  70  tripairs  each  taken 
4  times.  A  tripair  contains  in  all  (2'  =)  8  henii- tripairs,  but  these  divide  themselves 
into  two  sets  each  of  4  hemi-tripairs  such  that  for  each  hemi-tripair  of  the  first  set 
the  three  characteristics  have  a  given  sum,  and  for  each  hemi-tripair  of  the  second 
set  the  three  characteristics  have  a  different  given  sum.  Hence  considering  tho  70 
tripairs  corresponding  as  above  to  a  given  even  characteristic,  in  any  one  of  the  70 
tripairs,  there  is  a  set  of  4  hemi-tripairs  such  that  in  each  of  them  the  sum  of  the 
throe  characteristics  is  equal  to  the  given  even  characteristic ;  and  taking  the  bitangents 
/,  g,  h  to  correspond  to  any  one  of  these  hemi-tripairs,  the  bitangents  which  corre- 
spond to  the  other  three  hemi-tripairs  will  be  b,  e,  f;  c,  u,  g  and  a,  b,  k  respectively  ; 
and  we  thus  obtain  from  any  one  of  these  one  and  the  same  representation 

a  'JUf+  /3  Va^  -I-  7  Va6A  4-  S  V_^  =  0 

of  the  cubic  hexad.  And  the  70  tripaira  give  thus  the  70  representations  of  the 
same  cubic  hexad. 

The  whole  number  of  hemi-tripairs  is  36x56  =  2016:  it  may  be  remarked  that 
there  exists  a  system  of  288  heptads,  each  of  7  odd  characteristics  such  that  selecting 
at  pleasure  any  3  characteristics  out  of  the  heptad,  we  obtain  always  a  hemi-tripair : 
we  have  thus  in  all  288x35  =  10080  hemi-tripairs:  this  is  =2016x5,  or  we  have 
the  2016  hemi-tripairs  each  taken  5  times.  Weber's  Table  II.  exhibits  36  out  of  the 
288  heptads. 

I  recall  that  in  the  algorithm  derived  from  Hesse's  theory  the  bitangents  are 
represented  by  the  duads  12,  13,  ...,  78  formed  with  the  eight  figures  1,  2,  3,  4,  5, 
6,  7,  8 ;  these  duads  correspond  to  the  odd  characteriistics  as  shown  in  the  Table, 
and  tho  table  shows  also  triads  corresponding  to  all  the  even  characteristics  except 
000 
000" 

'f  oj)  line  of  oliaraoteriBtJC. 


000 

100 

010 

no 

001 

101 

on 

111 

000 

236 

345 

137 

467 

156 

124 

257 

100 

237 

67 

136 

12 

157 

48 

256 

35 

010 

245 

127 

23 

68 

134 

357 

15 

47 

no 

126 

13 

78 

145 

356 

25 

46 

234 

001 

567 

146 

125 

247 

45 

17 

38 

26 

101 

147 

58 

246 

34 

16 

123 

27 

367 

on 

135 

347 

14 

57 

17 

36 

167 

456 

ni 

346 

24 

56 

235 

37 

267 

457 

18 
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See    my    "Algorithm    of    the    triple    ^-functions,"    Orelle,    t.    Lxxxvn.    p.    165,    [701]. 
The  (35 +-28=)  63  hexpairs  then  are 


35     hexpairs     such 


,    say    this    is    12S4 .  5678    or    for 


shortness  567  (the  8  going  always  with  the   expressed   triad) :   that   is,   567 
denotes   tho   hexpair 

12.34;   18.24;    14.23;   56.78;   57.68;   58.67: 


28    hexpairs    such    as    i\^    J^i2,   say   this   is   12:    that   is,    12    denotes    the 


hexpair 

13.32;   14.42;   15.62;   16,62;   17.72;   18.82. 

It    is    to    bo    noticed    that    the    odd    characteristics,   as   represented   by   their   duad 
symbols,  can  be  added  by  the  formulae 

12+23  =  13,  etc., 
or,  what  is  the  same  thing, 

12  +  13  +  23  =  0,   =^^^,  etc., 
and 

12  +  34  =  13  +  24  =  14  +  23  =  56  +  78  =  57  +  68  =  58  +  67  =  567,  etc. 
Thus,  referring  to  the  table, 


12  +  34  =  567  I 


which  are  right. 

The  288  heptads  arc 

8   heptads   such   as 


110     010  _  100 
100  "^010"  110' 


110     110^000 
100  "'"101"  001' 


say   this  is   the   heptad   1,  denoting 


2     3     4      5     6      7 
the  seven  duads  12,  13.  14,  15,  16,  17,  18 
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and 


280    heptads    such    as        /  /  \\  /    \    ,   say    this    ie,    the    heptad    1  .  678, 

2     3      4     5      7 
denoting  the  seven  duads  12,  13,   11,   15,   67,  68,  78. 
We  hence  see  that  the  2016  hemi-tripairs  are: 


280   hemi-tripairs 


(I.),   say   this   is    1 .  234,   demoting    the    three    diiads 


1680   hemi-tripairs     /    /  \      (II'X  ^^J  ^^i^  is   12  (6 .  78),  denoting  the  three  duads 

2  7      e 

12,  67,  68: 

I 

56   hemi-tripairs       /   \      (HI.),  say  this  is   123,   denoting   the   three   duads   12, 

3  3 

13,  23: 

2016. 
We     further    see     how    each     hemi-tripair    may    be    completed    into    a     tripair    in    5 


different  ways:   thus  (I.)  gives  the  5  tripairs    9<- ->4       2<     3;       >4  ;  (HI.)  gives  the 

^  r>,6,7or3 


;   while  (II.)  gives  the  3  tripairs 


(7     /S  and  the  2  tripairs 


4,S,6,7or8 
1 6  2 ,6 

/        /  1     and     / 


I- 
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To   each   even   characteristic   there   belongs   a   system   of  56   hemi-tripairs ;    thus  lor 

the   characteristic  ^^^,1   the   56   hemi-tripairs   ai-e   123,   that   is,   12,  13,  23,  etc.:    whence 

the  70  tripairs  are  1234,  that  is,  T2.84;  13.24;  14.23,  etc.;  and  in  any  such 
tripair,  say  in  1234,  we  have  the  set  of  four  hcmi-tripairs  123,  124,  134,  234,  for 
each  of  which  the  sum  of  the  three  characteristics  is 


(l...3.,3  =  -,e.): 


■"oooV 


and   the   other  set   1 .  234,    2 .  134,   3 .  124,   4 .  123,   for   each   of   which   the   sum   of    the 
three   characteristics   is 

=  567(12  +  13  +  14,   =23  +  14,   =567,   =  qqJ)  ■ 

To   find  the  hemi-tripairs  that  belong  to  any  other  even  characteristic ;   for  instance, 
000     _™_„„„j.   ^Q   gg7.    ^^   i^^^,g  ^  3^^,]^  as  1.234;   24  such  as  (5.12)34;   4  such  as 


001' 

5.678^  and  24  such  as  (1.56)78;  in  all  4  +  24  +  4  +  24,  =56.  The  tripairs  are  the 
2,  1234,  5678;  16  such  as  54(123);  16  such  as  15(678);  36  such  as  (5162)34.78; 
ill  all  2  +  16  +  16+36,  =70;  and  in  each  of  these  it  is  easy  to  select  the  hemi- 
tripairs  for  which  the  sum  of  the  3  duads  is  =  667. 

Cambridge,  27  December,  1878. 
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ON    THE    ADDITION    OF    THE    DOUBLE    !>-FUNCTIONS. 


[Fro 


L  the  Journal  f!ir  die  i 


3  und 


Matkematik  (Crelle),  t.  LXXxviii.  (1879), 
74— 81.] 


I  ASSUME  ill  general 

®=a-e.b-e.c^e.d-e.e~e.f^0, 

and  I  coiiBider  the  variables  x,  y,  z,  w,  p,  q,  connected  by  the  equations 


I, 

1, 

I, 

1, 

w, 

y. 

z. 

W, 

a?. 

v. 

^, 

W, 

a?. 

t. 

3*. 

w\ 

VZ, 

•n, 

VI, 

vir, 

VQ 


^0, 


equivalent   to  two  independent  equations,  which   in   fact  serve   to   determine  p,  q,  or  say 
the  symmetrical  functions  p  +  q  and  pq,  in  tenns  of  x,  y,  z,  w. 

These   equations,  it  is  well  known,  constitute  a  particular  integral  of  the   differential 
equations 


.djy_d^dA^djp_dAi   _ 


dx 

vz" 

xiia:     ydy  '  edz     wdw     pdp     qdq 

Vy    VF    Vl    VTF    7F   W" 

or  what  is   the   same   thing,   regarding  p,  q   as  arbitrary  constants,   they   constitute  the 
geneiul  integral  of  the  differential  equations 

dx        dy        dz        dw 

VJ      Tf^  It  Vff  " 

xdx     ydy     zdz  'wdw  _ 

71     VF  "*"  V^  -Jw" 


=  0, 
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I   attjich   the   numbers   1,   2,   3,   4,   5,   6   to   the   vaiiables   x,   y,  g,  w,  p,  q,  respectively: 
and  write 


A,i    =''/a-x.a-y;     A^^^^Ja- z  .a-w;     A^„  =  ^a,~p  .a~q\ 

(six  equations), 

-4Si2  — [ya  —  x.h  —  x.f—x.a—y.d—y.e—y  —  'Ja  —  y.h  —  y.f—y.  c  —  w.d  —  x.e  —  ai];  etc. 

(ten  equations), 

where  it  is  to  be  borne  in  mind  that  AB  is  an  abbreviation  for  ABF.CDE,  and 
so  in  other  cases,  the  letter  F  belonging  always  to  the  expressed  duad:  there  are 
thus  in  all  the  sixteen  functions  A,  B,  C,  D,  E,  F,  AB,  AC.  AD.  AB.  BG,  BD, 
BE,  CD,  CE,  DE,  these  being  functions  of  x  and  y,  of  s  and  vj,  and  of  p  and  q. 
according  as  the  saffix  is  12,  3i,  or  56. 

It  is  to  be  shown  that  the  16  functions  A^^,  AB^a  of  p  and  q  can  be  by  means 
of  the  given  equations  expressed  as  proportional  to  rational  and  integral  functions  of 
the  16  functions  A-^,  ABj^,  A^^,  ABg^  of  x  and  y,  and  of  s  and  w  respectively:  and 
it  is  clear  that  in  so  expressing  them  we  have  in  effect  the  solution  of  the  problem 
of  the  addition  of  the  double  5-functions, 

I  use  when  convenient  the  abbreviated  notations 

a  —  x^a,,,     a  —  y^iti,     etc., 
6-  a;  =  bi,     etc., 

012  — X—  y,      9.ii  —  Z  —  1U,     0ie=p  ~q', 
we  have  of  course 

X  =  a|biCjd,eifj, 

J.,j=  VaiBs, 
-^-2,2  =  J-  jVaibiticAe^  -  "J &.M-fiAi^i]<  etc. 

Proceeding  to  the  investigation,  the  equations  between  the  variables  are  obviously 
those  obtained  by  the  elimination  of  the  arbitrary  multipliers  a,  j9,  7,  h,  e  from  the 
sis  equations  obtained  from 

by  writing  therein  for  $  the  values  x,  y,  z,  w,  f,  q  successively ;  we  may  consider 
the  four  equations 

ax"  +  ySa;^  +  7«  +  S  =  €  VZ, 

af  +  ^^/^  +  7)/  +  s  =  6  Vy; 

aw"  +  I3yfi  +  7W  +  S  =  e  •fW, 
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as   serving   to   determine   the   ratios   a  :  /3  :  7  :  S  :  e  in   terms   of  x,   y,  z,   u 
have  then  for  the  deterininafcion  of  p,  q  the  remaining  two  equations 

ag'  +  /Sg*  +  79  +  8  =  e  VQ. 
which  two  equations  may  be  replaced  by  the  identity 

{ae^  -\-  ^•'  +  '^e  -\-  Zf  -  e'®  ^tt?  -  e-' .  e  -  X .  6  -y .  e  ~  z .  6  -  w .  e  -  p  ,e  - 

b,   c,   d,   e,  f,    for    instance 


457 
and   we 


Writing    herein   8  =  any   one    of   the    values 
taking  the  square  root  of  each  side,  we  have 


aa^  +  13a''  +  7a  +  S  =  V«' 
or  ^  this  may  be  written 


-^"Ja  —  x.a  —  y^a  —  z 


Wa- 


which  equation  when  reduced  gives  the  proportional  value  of  A^^- 

For   the   reduction   we   require  the   value  of  aa?  +  ^a"  4-  7«  4-  ^ :    calling  this  for  the 
moment  il,  we  join  to  the  four  equations  a  fifth  equation 


ao'  +  ^a?  +  7ffl  +  S  =  n. 


Eliminating  a,  / 


or,  what  is  the  i 


viz.  this  is 
H.x—y.x-  z  .x- 


:  thing, 


\   «^   iB 

1,     e-JX 

= 

0, 

\      y\      y,     1,     eVF 

>,     2=,      z,     1,     eV^ 

•,     w',    iii,     1,     e-JW 

;    0".    0,   1,   n 

•  '  r"' 

■JX,      of,     !!• 

«, 

=  0; 

•  1 

■Jr,    t.    f 

3/. 

.  1 

■JZ,        <        2' 

«, 

,  1 

\^Tf,    vf,    vf 

«. 

(l^     a^ 

a, 

2-<«--«^^^■!/-^.!/ 

-w. 

y-a.s-w.z  —a.vj-a 

+  ^Y.z-w.z 

-0. 

,-,.w~a.w-,.a-^ 

+  ^/^  .»-«.,. 

-«. 

t-y.a-x.d  -y.x  -y 

+  VF.ii-^.o 

-s  • 

a-z.ie-y.a:  -s.y  -z\ 

58 
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or  as  it  may  be  written 

^.x  —  z.x  —  w.y-z.y~w  =  ^- '- [y  —  z.y  —  w.a  —  y.  'JX  —  x  —  z.x  —  w.a  —  x.^Y] 

■\ ■■'?  \w  —  (c.w  —  y.a  —  w.\'Z-z  —  !c.z  —  ii.a-s.\'  W\, 

Z  —  W'  •"  ■'  ' 

an  equation  for  the  determination  of  li. 

ConBider  first  the  expression  which  multiplies  e.a  —  z.a  —  w\   this  is 

-^,l^/-»■y-«'■«.^2■-a,-^.^-».a,^'Y}; 

we  have 

BE,^  =  ^{v'b.eifia^^A  -  ^h^'J^^A], 

and  multiplying  this  by 

■^12  ■  C'li  ■  Ail  =  VaiCidia^Cada, 

BE,^ .  (7,, .  D„  ■  ^12  =  J-  fc^d^a,  VX-  c.d,a.  VF}, 

and  similai-ly  two  other  equations;   the  system  may  be  written 

BE.G.D.A^^  (c,d,as  ^X  -  e.d,a,  V  7}, 

CE.D.B,A=  „   {dA,.    „    -d,b,„    „  j. 

BE. B.C. A  =  „  {b,c,,;    „    -bA„    „  }, 

the  au£6xes  on  the  left-hand  side  being  always  12,  The  letters  b,  c,  d  which  enter 
cycHcally  into  these  equations  are  any  three  of  the  five  letters  other  than  a;  the 
remaining  two  letters  e  and  /  enter  symmetrically,  for  BE  is  a  mere  abbreviation  for 
the  double  triad  BEF.ACD;   and  the  like  for  GE,  and  BE. 

Multiplying  these  equations  by 

b  —  z.b  —  w      c—z.G~w      d  —  z.d~w 
b  —  c.b  —  d'     c  —  d.c  —  b'     d—b.d  —  c' 

respectively,  and  then  adding,  the  right-hand  side  becomes 

=  3-  {1/  —^ ■y  —  'O' -^2  '^X  —  x  —  z.x  —  w.  ai  VF]. 


Writing 


b  —  c  .b~d     c  —  d.d  —  b.b  —  c 


c  —  d .  B^^,  etc.. 
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the  left-hand  aide  becomes 

c—d.d—b.b—c-  ^         "     "     '^" 

which  for  shortness  may  be  written 

the  Hiimma,tion  referring  to  the  three  terms  obtained  by  the  cyclical  interchange  of 
the  letters  h,  c,  d.    The  resuJt  thus  is 

-^{y  —  s.y  —  w.  &i'^  X  —  X  —  z .  X  —  lu .  a,i_'J  Y\ 

=  — -j-^-^^-i %{c-d. B.i' .  BS,, .  C, .  DJ. 

c  —  d.  d  —  b.o  —  c'  ' 

Interchanging  w,  y  with  s,  w  respectively,  we  have  of  course  to  interchange  the  suffixes 
1,  2  and  3,  4;   we  thus  find 

^-{■w  —  (€  .w  —  y  .  3.i\Z  —  z—x.s  —  y.si^vW\ 

c-d.d—h.b  —  c^ 
and  wo  hence  find  the  value  of  £l.a:~-z.a:  —  w.y  —  z.y  —  w.     But  ii,  =  ao?  +  13a''  +  7a  +  6. 
is   =  Va=  — e°.  j4i,j.  j1j4.^5„:   the   resulting  equation  divides  by  ^12.^34:  throwing  out  this 
factor,  we  have 

-''^^^(a:-z.x-.w.y~z.y~w)(o-d.d-b.b-c)A:,. 
=  A,,^{c-d.B,J.  BE,, .  C„ .  Z),sl  +A„X{c~d.Bj.  BE.,, .  G„ .  A,|. 

whei'e,  as  before,  the  summations  rei'er  to  the  three  teiTas  obtained  by  the  cyclical 
interchange  of  the  letters  h,  c,  d\  these  being  any  three  of  the  five  letters  other 
than  a ;  and  the  remaining  two  letters  e,  /  enter  into  the  formula  symmetricaUy. 
The  formula  gives  thus  for  A^e  ten  values  which  are  of  course  equal  to  each  other. 

Writing   for   a,   each   letter   in    succession,   we   obtain    formulae    for   each   of    the   six 
single-letter  functions  A.^^  oi  p  and  q;   and  the  factor 

—   {x  —  z.x  —  w.y  —  2,y  —  w) 

is  the  same  in  all  the  formulae. 

We   requii-e   further   the   expressions  for  the   double-letter   functions   of  p,   q.     Con- 
sidering for  example  the  function  DE„,  which  is 


:  -^  (Vd,e/,aAce-  Vd^eefsa^b^CB] 
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then  multiplying  by 
we  have 

DE^ .  A,,.B,, -0,,=  ^  {a^bec  VP - a,b,c,  \^Q], 

= {a  —  q.b  —  q.c  —  q.  'JP  —  a  -p.  b—p.  c~p  .  VQ|, 

or  recollecting  that  eVp,  eVQ  are  =ap'  +  ^p^  +  7P  +  S  and  ohjf^  +  ^3?^  +  7(7  +  8  respectively, 
this  is 

=  f~q  (ff  -  5  ■  ^  -  ?  ■  "  -  ?  ■  ('y'  +  ^P'  +  7P  +  2)  -  «  -i> .  (•  -  Z*  ■  c  -  p  ,  («(/  +  Qq''  +  79  +  S)j. 
Using  the  well-known  identity 

op'  +  ;3p=  +  7i»  +  g  =  a<i=  +  ^«^  +  7a  +  S .  ^  9|^~  ^  "4^ 

+  «&^  +  ^6=  +  7fi  +  S .  ^— f-^-«  -  ^ 


b.dj  —  h  .a—  b 
■c^  +  jc  +  B.  ,— ■—  — ^-^ 


d— p. a  — p. b—p 
'  d  —  c.a  —  c.b  —  c 


«-«.6  — ((.c-  a 

and   the   Hke   expreaaion    for    aq'^  +  ^q^  +  yq  +  B,   there    will    be    on    the    right-hand    side 
terms  involving 

m"  +  ^a?  -1-  7a  +  S,     a}^  +  0b'  -I-  7^  +  S,     hc"  +^c^  +  jc  +  S: 
but  the  term  in  ad^  +  0d^  -^yd  +  t  will  disappear  of  itself 
The  terra  in  aa?  +  0a'  +  ya  +  S  is 

1      aa^  +  0a^+ya  +  B   ,  t  ,  , 

^^b-a.c-a.d-a-^~'^-°'^-''~P-°~^-^'^~^-'^~P~'^-P-'^-1}' 
where  the  expression  in  {)  is  =d~a.p  —  q:   hence  the  term  is 

aa?  +  8a^  +  -ya  +  B   , 
~       h-a.c-a       ■''-t-'-l-l'-p-'-p. 
which  is 

_  aa^  -K3q.°  +  7ft  +  5  o  ^   r<  ■, 
b~  a.c  —  a  '*  '    ""' 

Forming  the  two  other  like  terms,  the  equation  is 


.A^.B,,.C\, 


c  —  b.a  —  b         '"  ■     '" 
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But  the  expressions 

aa"  +  ^a^  +  7a  +  2,     a¥  +  ^¥  +  7&  +  S,     ac'  +  ^c=  +  7c  +  S, 
are  

respectively :   the  whole  equation   thus  divides  by  A^^  .B^..Gk;   throwing   out   this  factor, 

Va'  — 6* 
and  then  multiplying  each  side  by  — ,  we  find 


(_:^JL_^\     b-c.A,,.A„.B^.a^ 


-h' 


in  which  formula  if  we  imagine 


+  c-a.B„.Bu.G^.A^ 


each  replaced  by  its  value  iu  terms  of  the  x>/-  and  ^^w-functions,  we  have  an  equation 
of  the  form 

where  J/  is  a  given  rational  and  integral  fiinction  of  the  16  and  16  functions 
A,^,  -4-Bi!  ^nd  A^t,  ABs4  of  a:  and  y  and  of  z  and  w  respectively.     The  factor 

(x-s.x-w.y-z.iz-w) 

is  retained  on  the  left-hand  side  as  being  the  same  factor  which  enters  into  the 
equations  for  A^^,  etc.:  but  on  the  right-hand  side  x  —  s.x  —  w.y  —  z.y  —  w  should  be 
expressed  in  terms  of  the  wy-  and  .sw-functions.  This  can  be  done  by  means  of  tho 
identity 

\\,x+y,xy        \,  x-^  y,  xy  \ 

\   1,   Z  +  W,   ZtU         \,  S  +1V,  zv)   \ 
^\  \,  a-\-  b,  ah       \,  a-\-  c,   ao\ 


■■^        '■^  a,-b.a-c 

where   the   summation   refers   to   the   three    terms   obtained   by   the   cyclical   interchange 
of  the  letters  a,  b,  c.     The  first  determinant,  nmltipHed  by  a  —  b,  is  in  fact 

—  \a~z.a~w,     a  —  x.a  —  y\, 

and  the  second  determinant,  multiplied  by  a  —  0,  is 

=  1  a~z .0,  —  ^},     a~x.a-~y  I, 
i  c  —s .c  —w,     c  —  x.G  —  y  I 
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SO  that  the  formula  may  also  be  written 

I  a  —  z .a  —  w,    a—w.a  —  y  I  I  a  —  s .a—w,    a  —  x.a  —  y  , 

^\h—z.h~'w,    h —x.b —y  \  \   c —z .0 —vj,    c  —x.c  —y  \ 
a;—  X  .a: —  in    ii  —  r  .  ii  —  in  =  >  '- — . ' ^  _  '   — '.. . — . "—1  ■ 


.x  —  w.y- 


or,  what  is  the  same  thing,  it  is 

"  (a—  by  {a  —  cf 

which  is   the  required   expression   for  x~z.x  —  w.y  —  z.y~'w\   the  letters  a,  i,  t 
enter  into  the  formula,  ai-e  any  three  of  the  six  letters. 

As  regards  the  verification  of  the  identity,  observe  that  it  may  be  written 
ji  +  Jlf  («  +  6)  +  ifa6|{i  +  jlf  (a  +  e)  +  if(tc} 

■      :.,  .  y    —  ^  ..J    —  ^    —  > . . 

where  L,  M,  N  & 


a—b.a  —  c 


=  ix  +  y)zw-{z  +  tv)xij,    xy-zw,    and     s  +  u 
this  is  readily  reduced  to 

x-e.x~w.y--z.y-w  =  M'-NL, 
which  can  be  at  once  verified. 

Cambridge.  12th  March,  1879. 


I   take   the    opportunity   of  remarking   that,   in   the   double-letter   formulae,  the   sign 
of  the  second  term  is,  not  as  I  have  in  general  written  it.  — ,  but  is  +, 

AB  =  --—  [VabiMiei  +  Va,b,f,cde[,  etc. 

In  fact,  introducing  a  factor  a  which  is  a  function  of  x  and  y,  the  odd  and  even 
^functions  are  =coVaaj,  etc.,  and 

iVabfcidiOj  +  Vajbificde},  etc., 

respectively;  m  is  a  function  which  on  the  interchange  of  x,  y  changes  only  its  sign; 
and  this  being  so,  then  when  x  and  y  are  interchanged,  each  single-letter  function 
changes  its  sign,  and  each  double-letter  function  remains  unaltered. 

Cambridge,  29i/i  July,  187S). 
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704. 

A    MEMOIR    ON    THE    SINGLE    AND    DOUBLE   THETA- 

FUNCTIONS. 


[From  the  Philosophical  Transactions  of  the  Royal  Society  of  Loiidon,  vol.  171,  Part  iii., 
(1880),  pp.  897—1002.     Received  November  14,— Read  November  28,  1879.] 

The  Theta-Functions,  although  arising  historically  from  the  Elliptic  Functions, 
may  be  considered  as  in  order  of  simplicity  preceding  these,  and  connecting  themselves 
directly  with  the  exponential  function  (e*  or)  exp.  «;  viz.  they  may  be  defined  each 
of  them  as  a  sum  of  a  series  of  exponentials,  singly  infinite  in  the  case  of  the 
single  functions,  doubly  infinite  in  the  case  of  the  double  functions ;  and  so  on.  The 
number  of  the  single  functions  is  =  4 ;  and  the  quotients  of  these,  or  say  three  of 
them  each  divided  by  the  fourth,  are  the  elliptic  functions  sn,  en.  dn;  the  number 
of  the  double  functions  is  (4^=)  16;  and  the  quotients  of  these,  or  say  fifteen  of 
them  each  divided  by  the  sixteenth,  are  the  hyper-elliptic  functions  of  two  arguments 
depending  on  the  square  root  of  a  sextic  function.  Generally,  the  number  of  the 
p-tuple  th eta-functions  is  =:  4^ ;  and  the  quotients  of  these,  or  say  ail  but  one  of 
them  each  divided  by  the  remaining  function,  are  the  Abelian  functions  of  p  arguments 
depending  on  the  irrational  function  i/  defined  by  the  equation  F(x,  y)  =  0  of  a  curve 
of  deficiency  p.  If,  instead  of  connecting  the  ratios  of  the  functions  with  a  plane 
cuiTe,  we  consider  the  functions  themselves  as  coordinates  of  a  point  in  a  space  of 
(if— 1)  dimensions,  then  we  have  the  single  functions  as  the  four  coordinates  of  a 
point  on  a  quadri-quadric  curve  (one-fold  locus)  in  ordinary  space ;  and  the  double 
functions  as  the  sixteen  coordinates  of  a  point  on  a  quadri-quadric  two-fold  locus  in 
15-dimensional  space,  t^he  deficiency  of  this  two-fold  locus  being  of  course  =  2. 

The  investigations  contained  in  the  First  Part  of  the  present  Memoir,  although 
for  simplicity  of  notation  exhibited  only  in  regard  to  the  double  functions  are,  in 
fact,   applicable   to   the   general   case   of   the    ^- tuple   functions;    but   in    the    main    the 
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Memoir  relates  only  to  the  single  and  double  functions,  and  the  title  has  been  given 
to  it  accordingly.  The  investigations  just  referred  to  extend  to  the  single  functions; 
and  there  is,  it  seems  to  me,  an  advantage  in  carrying  on  the  two  theories  simul- 
taneously up  to  and  inclusive  of  the  establishment  of  what  I  call  the  Product- 
theorem  :  this  is  a  natural  point  of  separation  for  the  theories  of  the  single  and  the 
double  functions  respectively.  The  ulterior  developments  of  the  two  theories  are  indeed 
closely  analogous  to  each  other ;  but  on  the  one  hand  the  course  of  the  single  theory 
would  be  only  with  difficulty  perceptible  in  the  greater  complexity  of  the  double 
theory ;  and  on  the  other  hand  we  need  the  single  theory  as  a  guide  for  the  course 
of  the  double  theory. 

I  accordingly  stop  to  point  out  in  a  general  manner  the  course  of  the  single 
theory,  and,  in  connexion  with  it  but  more  briefly,  that  of  the  double  theory;  and 
I  then,  in  the  Second  and  the  Third  Parts  respectively,  consider  in  detail  the  two 
theories  separately;  first,  that  of  the  single  functions,  and  then  that  of  the  double 
functions.     The  paragraphs  of  the  Memoir  are  numbered  consecutively. 

The   definition   adopted   for  the   theta-functions   differs   somewhat    from    that    which 

is  ordinarily  used. 

The  earlier  memoirs  on  the  double  theta-functions  are  the  well-known  ones  :-— 
Kosenhain,  "  M^moire   sur   les   fonctions  de   deux   vaiiables   et  a  quatre  periodes,  qui 

sent   les   inverses   des   integrates   ultra-el liptiques   de  la  premiere  classe."     [1846.]     Paris : 

Mm,.  Savans  Mrang.,  t.  xi.  (1851),  pp.  361 — 468. 

Giipel,  "Theorise  transcendentium  Abelianai'um  primi  oi-dinis  adumbiatio  levis," 
Orelle,  t,  xxxv.  (1847),  pp.  277—312. 

My  first  paper — Cayloy,  "On  the  Double  ^-Functions  in  connexion  with  a  16-nodai 
Surface,"  Crelle-Borchardt,  t.  Lxxxni.  (1877),  pp.  210—219,  [662]— was  founded  directly 
upon  these,  and  was  immediately  followed  by  Dr  Borchardt's  paper, 

Eorchardt,  "TJeber  die  Darstellung  der  Kummersc\e  Flache  vierter  Ordnung  mit 
sechzehn  Knotenpunkten  dureh  die  Gopefeche  biquadratisehe  Relation  zwischen  vier 
Thetafunctionen  mit  zwei  Variabeln,"  Ditto,  pp.  234 — 244. 

My  other  later  papers,  [663,  664,  665,  697,  703],  are  contained  in  the  same  Journal. 

FIRST   PART.— INTRODUCTOEY. 
Definition  of  the  theta-funotions. 

1.  The  p-tuple  functions  depend  upon  ip(^-l)  parameters  which  are  the  co- 
efficients of  a  quadric  function  of  p  ultimately  disappearing  integers,  upon  p  arguments, 
and  upon  2^  characters,  each  =0  or  1,  which  form  the  characteristic  of  the  4^  functions; 
but  it  will  be  sufficient  to  write  down  the  formulse  in  the  case  p  =  2. 

As  already  mentioned,  the  adopted  definition  differs  somewhat  from  that  which 
is   ordinarily   used,     I   use,   as   will   be   seen,   a   quadric   function   j(a,  h,  Ji^m,   nf   with 
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even  integer  values  of  m,  n,  instead  of  (a,  /(,  b~§m,  nf  with  even  or  odd  values ;  and 
I  write  the  other  term  ^irH.inti  +  nv),  instead  of  mu-'rnv;  this  comes  to  affecting  the 
arguments  u,  v  with  a  factor  iri,  so  that  the  quarter-periods  {instead  of  being  m) 
are  made   to   he   =  1. 

2.     We   write 


j  =  \  (a,  h,  b~§vi,  nf  +  ^iri  {mil  +  nv), 


and  in  like  manner 


(ZT'  !ts)-l(«'  ''■  *»  +  <>.  »  +  «'  +  i"l('»  +  «)(«  +  7)  +  («  +  /3)(»  +  S)l, 
\u+y,  V  +  6/ 

and   prefixing   to   either   of  these   the   functional   symbol   exp.   we   have   the    exponential 
of  the  function  in  question,  that  is,  e  with  the  function  as  an  exponent. 

We  then  write,  as  the  definition  of  the  double  thcta-functiona, 


.Qf)(..)=.Se.p.f; 


+  7.   ■ 


where  the  summation  extends  to  all  positive  and  negative  even  integer  values  (zero 
included)  of  m  and  n  respectively :  a,  /9,  7,  S  might  denote  any  quantities  whatever, 
but  for  the  theta^f unctions  they  are  regarded  as  denoting  positive  or  negative  integers ; 
this  being  so,  it  will  appear  that  the  only  effect  of  altering  each  or  any  of  them  by 
an  even  integer  is  to  reverse  (it  may  be)  the  sign  of  the  function ;  and  the  distinct 
functions  are  consequently  the  (4^=)  16  functions  obtained  by  giving  to  each  of  the 
quantities  a,  ^,  y,  B  the  two  values  0  and  1  successively. 

3.  We  thus  have  the  double  theta-functions,  depending  on  the  parameters  (a,  k,  b) 
which   determine   the   quadric   function   (a,  h,  b'^tn,  nf  of  the  disappearing  even  integers 

(m,   n),    and    on    the    two    arguments    (m,   v):    in    the    symbol    (   '  5.).  which   is  called 

the  chai-acteristic,  the  charactere  a,  /3,  7,  B  are  each  of  them  =0  or  1 ;  and  we  thus 
have  the  16  functions. 

The  parameters  {a,  h,  6)  may  be  real  or  imaginary,  but  they  must  be  such  that 
reducing  each  of  them  to  its  real  part  the  resulting  function  ( » j^m,  nf  is  invariable 
in  its  sign,  and  negative  for  all  real  values  of  to  and  n:  this  is,  in  fact,  the  condition 
for  the  convergency  of  the  series  which  give  the  values  of  the  th eta-functions. 

4.  The  characteristic  [  '  ^\  is  said  to  be  even  or  odd  according  as  the  sum 
07  +  QS  is  even  or  odd. 

Allied  functions. 

5.  As  already  remarked,  the  definition  of 
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is  not  restiicted  to  the  case  where  the  a,  j3,  7,  S  represent  integers,  and  there  is 
actually  occasion  to  consider  functious  of  this  form  where  they  are  not  integers:  in 
particular,  a,  ^  may  be  either  or  each  of  them  of  the  form,  integer  +  \.  But  the 
functions  thus  obtained  are  not  regarded  as  iheta-f unctions,  and  the  expression  tlieta- 
function  will  consequently  not  extend  to  include  them. 

Properties  of  the  Theta-Fungtions  :  Various  sub-headings. 
Even-integer  alteration  of  characters, 

6.  If  x,  y  be  integers,  then  m,  n  having  the  several  even  integer  values  from 
—  CO  to  +00  respectively,  it  is  obvious  that  m  -1-  a  +  2i»;,  n  +  /S  +  2y  will  have  the  same 
series  of  values  with  m  +  a,  n  +  ^  respectively ;   and  it  thence  follows  that 

Similarly  if  z,  w  are  integers,  then  in  the  function 

&/'"         ■  ^         )(u   v) 

the  argument  of  the  exponential  fimction  contains  the  term 

^m  {m  +  ci.u  +  y  +  2z  +  n  +  ^.v+5  +  2v!]; 
this  differs  from  its  original  value  by 

^TTi(m  +  a.2e  +  n  +  ^.2w), 

=  TU  (ms  +  nw)  +  TTi  (as  +  jSw), 

and  then,  «t  and  n  being  even  integers,  i^iz  -v  nw  is  also  an  even  integer,  and  the 
fcei'm  id  {ms  +  nto)  does  not  affect  the  value  of  the  exponential :  we  thus  introduce 
into  each  term  of  the  series  the  factor  exp.  -n-i  (as  +  0w),  which  is,  in  fact,  =  (—Ji^+Pw ; 
and  we  consequently  have 

or,  uniting  the  two  results, 

This  sustains  the  before-mentioned  conclusion  that  the  only  distinct  functions  are  the 
16  functions  obtained  by  giving  to  the  characters  a,  8,  7,  6  the  values  0  and  1 
respectively. 

Odd-integer  alteration  of  characters. 

7.  The  effect  is  obviously   to  interchange  the  different  functions. 
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Even  and  odd  functions. 

8.  It    is    clear    that    —in— a,    —n—/3    have    precisely    the    same    series    of    valuey 
with  m  +  a,  n-\- ^  respectively:   hence  considering  the  function 

the  linear  term  in  the  argument  of.  the  exponential  may  he  taken  to  he 

which  is 

=  ^Tj-t  |m  +  a .  M  +  7  +  «  +  ^  - «  +  8|  -  TTi  [vi  +  o .  7  +  n,  +  /3 .  8j ; 

the  second  term  is  here 

'=  —  Tri  (m'y  +  «S)  —  iri  (ay  +  0S), 

where,  m^+iiB  being  an  even  integer,  the  part  — -n-i  (my  +  nB)  does  not  alter  the  value 
of  the  exponential :  the  effect  of  the  remaining  part  —  tti  (ay  +  /3S)  is  to  affect  eaah 
term  of  the  aeries  with  the  factor  exp.  —  m  (ay  +  0B),  or  what  is  the  same  thing, 
exp.  tri  (a7  +  fiS),  each  of  these  being,  in  fact,  =  (-)"v+^5 

We  have  thus 

K":f)'-''-"*-<->"'"'"*C;  ?)<«■">• 

viz.  ^  (  '  ;. )  {i'',  'o)  is  an  even  or  odd  function  of  the  two  arguments  (■((,  v)  conjointly, 
according  as  the  characteristic   (   '   .  |  is  even  or  odd. 

The  quarter-periods  unity. 

9.  Taking  s  and  w  integers,  we  have  from  the  definition 

\7,  0/^  '         \y  +  2,  o  +  w/^       " 

viz.  the  effect  of  altering  the  arguments  u,  v  into  u  +  ^,  v  +  w  is  simply  to  interchange 
the  functions  as  shown  by  this  formula. 

If  ■;;   and   w   are   each   of  them   even,   then   replacing   them   by   2z,  2w  respectively, 
we  have 

which  by  a  preceding  formula  is 
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or   the   function   is   altered   at   most   in   its   sign.     And    again   writing   22,   2w   for   z,   iv, 
we  have 


^  (;  f  ),„+ 4,.  .+4»)=^(;;f )(...). 


In    reference    to    the    foregoing    results    we   say   that   the   theta-functions   have   the 
quarter-periods  (1,  1),  the  half-periods  (2,  2),  and  the  whole  periods  {4,  4). 

The  conjoint  quarter  ijuasi-perwds. 
10,     Taking  x,  y  integers,  we  consider  the  effect  of  the  change  of  ■«,  v  into 

n  -f-  —  iax  +  hy),   v -\r —■  Qvs -V  by). 
It  is  convenient  to  start  from  the  function 

Y/       ,  6       J  \        in  -m  J 

the  argument  of  the  exponential  is  here 
1  (a,  h,  b'^m  +a-x,  n  +  ^-yf 

+  \-!Ti  \m^-a~x.v,^--^  +  —.{ax■\-hy)^■n  +  &-y.•»  +  h  +  —.  {hx  +  hy)\ , 
which  is 

=  \{a,  h,  &Jm+a,  « +^V  + jT!-i(m-t- «.  m  + 7  4- re  +  /3.'U-l-S) 

-!-  other  terms  which  are  as  follows :   viz.  they  are 

-  \  {a,  k,  b\m  ■\-a,  n  +  ^'^x,  y)         +  ^(m  +  a  .aJV  +  hy  +  n  +  0. hx  +  hy) 
+  i(«,  h.  h'^x,  yf  ~^m{x.u^y  +  y.v  +  h) 

-\{x.ax  +  hy+y.h!e  +  by), 
where  the  terms  of  the  right-hand  column  arc,  in  fact, 

-  +  i(«. '•,»$"'  +  «,  »  +  «a^.y) 
.  -  i-iri  (ic .  w  +  7  H- )/ .  ii  +  S) 

and  the  other  terms  in  question  thus  reduce  themselves  to 

-i(a,  h,  h'^x,  yf         ~\Tri{a:.u  +  rf  +  y.v  +  &), 

which   ai'e   independent   of  m,   n,   and   they    thus   affect   each   term    of   tlie    series    with 
the  same  exponential  fector.    The  result  is 


Hosted  by 


Google 


704]  A    MEMOIR   ON    THE   SINGLE   AND    DOUBLE   TH ETA- FUNCTIONS.  4ti9 

or  (what  is  the  same  thing)  fov  a,  ;3,  WTiting  a  +  a:,  ^  -¥y  respectively,  we  have 

Tailing  x,  y  even,  or  writing  2x,  2y  for  a:,  ^,  then  on  the  right-hand  side  we  have 
which  is 

..(;;f)(.,.,: 

but  there  is  still  the  exponential  factor. 

11.  The   formulje   show   that   the   effect   of  the   change   u,   v    into    u-i .(ax  +  hy), 

v-\ — .  (hx  +  by),  where  x,  y  are   integers,  is   to   interchange   the   functions,  affecting   them 

however  with  an  exponential  factor ;  and  we  hence  say  that  — ,  (a,  k),  —.  (h,  b)  are 
conjoint  quarter  quasi-periods. 

The  prodnct-theorenL. 

12.  We  multiply  two  theta-functions 

it  is  found  that  the  result  is  a  sum  of  four  products 

e/i(«  +  -;)+P,  i(^  +  «  +  ?)(2„,  2,).  efi  («-";)+?.  H/3-«  +  5\   2„,    j,,)^ 
V     7  +  7  ,        Q  +  0  /^  \     7-7  ,        8-6  /'  ' 

where  p,  q  have  in  the  four  products  respectively  the  values  (0,  0),  (1,  0),  (0,  1),  and 
(1,  1);  0  is  written  in  place  of  &  to  denote  that  the  parametera  (a,  h,  b)  are  to 
be  chajiged  into  (2a.,  2k,  26).  It  is  to  be  noticed  that,  if  a,  a'  are  both  even  or 
both  odd,  then  ^{a  +  a'),  ^  (a  —  a')  are  integers ;  and  so,  if  /3,  ^'  are  both  even  or 
both  odd,  then  ^(0  +  ^'),  i  (/3  —  /3')  are  integers ;  and  these  conditions  being  satisfied 
(and  in  particular  they  are  so  if  a  =  h',  /3=j(3')  then  the  functions  on  the  right-hand 
side  of  the  equation  are  theta-functions  (with  new  parameters  as  already  mentioned) ; 
but  if  the  conditions  are  not  satisfied,  then  the  functions  on  the  right-hand  side  are 
only  allied  functions.  In  the  applications  of  the  theorem  the  functions  on  the  right- 
hand  side  are  eliminated  between  the  different  equations,  as  will  appear. 

13.  The   proof  is   immediate :    in    the  first    of    the    theta-functions,   the    argument 
of  the  exponential  is 

/m  +  a  ,  n+^        \ 

Ut  +  m'  +  7,  V  +v'  +  h)' 
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and  in  the  second,  writing  in,  n'  instead  of  m,  n,  the  argument  is 


hence   in    the    product,   the    argument    of    the    exponential    is    the    sum    of    these    two 

functions,  viz. 

=  \(a,  h,  Jy^m  +  «,   n  +  ^y  +  ^vi(m  +a  .u  +  u'  +  y  +n  + /3  .v  +  v'  +  B) 
+  J  (a,  k,  6$m'  +  «',  n'  +  0y  +  ^m  (mf  +  a'.u-  w'  +  7'  +  n  +e'.v--v'  +  B"). 
Comparing  herewith  the  sum  of  the  two  functions 

/f  +  i(«  +  "'),  »  +  i(^  +  «\     //  +  i(«-«'),  •''  +  iW-fl')\ 

\2u-^y  +  y'     ,2ti  +  S+S'       }'    V2ii'  +  7-7'    ,^v'  +  h-S'       I' 
=  J  (2o,  24,  265^  +  J  (»  +  n'),  ,  +  i  (/S  +  /3'))' 

+  jTri  |;a  +  i  («  +  «') .  2«  +  7  +  7'  +  «  +  i  (/3  +  ;3') .  2»  +  8  +  8'| 
+  1(21,,  2J,  245/ +  i (»-«■),  x-'  +  iO-Wy 

+  iTi(ji'  +  i(«-«')-2ii'  +  7-7'  +  »'+i('3-/3').2ii'  +  S-S'i, 
the  two  sums  are  identical  if  only 

m  +  W  =  2^,   »  +  .i,'  =  2i-, 
m  —  m'  =  2/,  K  -  ?['  =  2v', 

as  may  easily  be  verified  by  comparing  the  quadric  and  the  linear  terms  separately. 
The  product  of  the  two  theta-fiinctions  is  thus 

with  the  proper  conditions  as  to  the  values  of  /i,  p  and  of  /j,',  v  in  the  two  sums 
respectively.  As  to  this,  observe  that  m,  m'  are  even  integers ;  say  for  a  moment 
that  they  are  similar  when  they  are  hoth  =0  or  both  =  2  (mod  4),  but  dissimilar 
when  they  are  one  of  them  =  0  and  the  other  of  them  =  2  (mod  4) ;  and  the  like 
as  regards  M,  11 .  Hence  if  m,  w!  are  similar,  jl,  jjf  are  both  .of  them  even ;  but  if 
in,  mf  are  dissimilar,  then  /*,  /a'  are  both  of  them  odd.  And  so  if  n,  11'  are  similar, 
V,  v    ai'e  both   of  them  even  ;    but  if  n,  n    are  dissimilar,  then   v,   y    are  both  odd. 

14.     There  are  four  cases : 

TO,  m'  similar,        n,  n'  similar, 
vn,  m'  dissimilar,  n,  n'  similar, 
in,  to'  similar,       n,  n'  dissimilar, 
m,  to'  dissimilar,  n,  n'  dissimilar. 
In  the  fii-st  of  these,  /i,  v,  jj.',  v   are  all  of  them  even,  and  the  product  ia 
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In  the  second  case,  writing  ft  +  l,  /m  +1  for  /j.,  jj! ,  the  new  values  of  /a,  ^'  will 
be  both  even,  and  we  have  the  like  expression  with  only  the  chai-acfccrs  ^  (a  +  a'), 
^  (a  --  a')  each  increased  by  1 ;  so  in  the  third  case  we  obtain  the  like  expression 
with  only  the  characters  i{;8+^')>  J(|S-^')  each  increased  by  1;  and  in  the  fourth 
case  the  like  expression  with  the  four  upper  characters  each  increased  by  1.  The 
product  of  the  two  th eta- functions  is  thus  equal  to  the  sum  of  the  four  products, 
according  to  the  theorem. 

Risifnne,  of  the  ulterior  Uieory  of  the  single  functions. 
15.     For   the   single    theta-functions    the    Product-theorem    comprises    16    equations, 
and   for   the    double    theta-functions,   256    equations :    these    systems    will    be    given    in 
full   in   the   sequel.      But   attending   at   present   to   the    single    functions,   I   write    down 
here  the  first  four  of  the  16  equations,  viz.  these  are 

0.0        'iQiu+u').^(^](u-u-)=   xx'  +  yy; 

1.0  ^   J        „        ^  J,       „       =      YX'+XY', 


1.1  &    J         „        ^  J        „        =-  YX'  +  XY'; 

where   X,    Y    denote    0  Q  (2m),   ©  (^  (2m)   respectively,  and  X\   Y'  the  same  functions 

of  2w'  respectively.  In  the  other  equations  we  have  on  the  left-hand  the  product  of 
different  theta-functions  of  u  +  u',  u  —  u'  respectively,  and  on  the  right-hand  expressions 
involving  other  functions,  Xi,  F,,  X^,  Yi,  &c.,  of  2m  and  2m'  respectively. 

16.  By  Avriting  u'  =  0,  we  have  on  the  left-hand,  squares  or  products  of  theta- 
functions  of  M,  and  on  the  right-hand  expressions  containing  fonctione  of  2m  :  in 
particular,  the  above  equations  show  that  the  squares  of  the  four  theta-functions  are 
equal  to  linear  functions  of  X,  Y ;  that  is,  there  exist  between  the  squared  functions 
two  linear  relations :  or  again,  introducing  a  variable  argument  x,  the  four  squared 
functions  may  be  taken  to  be  proportional  to  linear  functions 

^l(a-x),    ^(b-a:),     g(c-ic),    ^(d~x), 
where   21,   33,   S,    3),   a,   b,   c,   d,   are   constants.      This   suggests   a   new   notation    for   the 
four  functions,  viz.  we  write 


.0(..),  kj)M'  k;)«'  hd<": 

=  A'a,  Bii,  Cu; 

and  the  result  just  mentioned  then  is 


) 


A-u      :      E^u       :       (?u       :      Lf-v 
.31(0-0!)  :  3(4-,t)  :  K(«-a!)  :  »((i- 
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which  expresses  that  the  four  functions  are  the  coordinates  of  a  point  on  a  quadri- 
quadi-ic  curve  in  ordinary  space. 

17.     The   remaining   12   of  the    1(5  equations  then  contain  on  the  left-hand  products 
such    as 

A(u  +  v,").B(u-ii-); 

and  by  suitably  combining  them  we  obtain  equations  such  as 

"^B.A-A.B      „      ^.        .  „ 
^--^-^^--^=  function  (u), 

where  foi'  brevity  the  arguments  are  written  above ;  vIk,  the  numerator  of  the 
fraction  is 

B  {u  +  u)  A  (u  -  u')  -  ^  0(  +  u")  B  {u  -  u'), 
and  its  denominator  is 

C  (m  +  j(')  D  (tt  -  -a')  +  D(u  +  u')  G{u-  w')- 

Admitting  the  form  of  the  equation,  the  value  of  the  function  of  u'  is  at  once  found 
by  writing  in  the  equation  m  =  0 ;  it  is,  as  it  ought  to  be,  a  function  vanishir^  for 
u'  =  0. 

IS.     Take    in    this    equation    u     indefinitely   small;    each   side    divides    by    fi',   and 

the  resulting  equation  is 

AuB-u-BuA'u 

-^-fT —  const., 

UuBu 

where  A'u,  B'u  are  the  derived  functions,  or  differential  coefficients  in  regard  to  u. 
It  thus  appears  that  the  combination  AuBu  —  BuA'ii  is  a  constant  multiple  of 
GuDu :    or,   what   is   the   same   thing,   that   the   differential   coefficient    of    the    quotient- 


19.     And   then   substituting   for  the   several   quotient- functions  their  values  in  terms 
T,  we  obtain  a  differential  relation  between  a:,  u ;   viz.  the  form  hereof  is 


and    it    thus    appears    that    the    quotient-functions    are    in    iact    elliptic-functions :    the 
actual   values   as  obtained   in   the   sequel   are 


Bnjr»  = 

-vl*'^ 

rOu, 

onii-»-, 

/l-^ 

rGu. 

AnKv,. 

■mAu- 

hCi. 
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■and   we   thus   of  coui^e  identify  the  functions   An,  Bu,  On,  Dm  with   the   H   and   the  0 
functions  of  Jaeobi. 

20.  If  in  the  above-mentioned  four  equations  we  write  first  ii  =  0,  and  then  m'  =  0. 
and  by  moans  of  the  results  eliminate  from  the  original  equations  the  quantities 
X,  Y,  X',  Y'  which  occur  therein,  we  obtain  expressions  for  the  four  products  such 
as  A{M,  +  ti')  A'{u  —  u').     One  of  these  equations  is 

(^.G{u  +  u')C{u-u')  =  OuChi'  -IfiuDh^. 
Taking  herein  u    indefinitely  small,  we  obtain 

Ohi  ~  CO      [OOJ  C'u' 

where    the    left-hand   side   is   in   fact    t-AosCu,  or  this   second   derived   function   of  the 

Du 
theta-function   Cu    is    given    in    terms   of   the    quotient-function   t^-;    hence,  integrating 

twice   and   taking   the   exponential   of   each   side,   we   obtain   Gu   as   an   exponential    the 

argument    of   which    contains    the    double    integral    1 1  -^^  {diCf,   of 

function.     This,  in  feet,  corresponds  to  Jacobi's  equation 

%u  =  /J~ — e    *■    'f'     J"    '" 

21.  From  the  same  equation 

(X) .  C  («  +  u')  G{a-  u')  =  Chi Cv!  -  B'uD'u'. 


differentiating   logarithmically  in   regard   to  u'  and  integrating  in  regai'd   to  i 


equation   containing   on  the   left-hand   side   a    term 


5C(»  +  «') 


and  ( 


we  obtain 
the  right- 


l  to  jj;   this,  in  fact,  corresponds  to  Jacobi's  equation 


=/. 


fc^snttcn  csdna 


22,  It  may  further  be  noticed  that  if,  in  the  equation  in  question  and  in  the 
three  other  equations  of  the  system,  we  introduce  into  the  integral  the  variable  ic 
in  place  of  u,  and  the  corresponding  quantity  J  in  place  of  u,  then  the  integral  is 
that  of  an  expression  such  as 

d^ 

rVa  —iB.b  —  ie.G-x.d  —  x' 


-  ^,  or  is  - 


any  one  of  three  forms  such  ; 

],      *  +  ?,      .T^     . 

1,     a+  b,     ab 

1,     c  +  d,     cd 
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Resume  of  the  ulterior  theory  of  the  doyhle  functions. 

23.  The  ulterior  theoiy  of  the  double  functions  is  intended  to  be  cai-ried  out 
on  the  like  plan.  As  regards  these,  it  is  to  be  observed  here  that  we  have  not  only 
the  16  equations  leading  to  linear  relations  between  the  squared  functions,  but  that 
the  remaining  240  equations  lead  also  to  linear  relations  between  binary  products  of 
different  functions.  We  have  thus  between  the  16  functions  a  system  of  quadric 
relations,  which  in  feet  determine  the  ratios  of  the  16  functions  in  terms  of  two 
variable  parameters  x,  y.  (The  16  functions  are  thus  the  coordinates  of  a  point  on 
a  quadri-quadric  two-fold  locus  in  15 -dimensional  space.)  The  forms  depend  upon  six 
constants,  a,  b,  c,  d,  e,  f:   writing  for  shortness 

v«  =  Va  —  w .  a  —  y, 

Vab  = [  Va  —  x.b  —  w ./—  x.c  —  y.d  —  y.e  —  y  +'Ja  —  y.h  —  y  .f~  y  .c  —  x.d  —  x.e  —  se], 

(observe  that  in  the  symbols  "Jah  it  is  always  /  that  accompanies  the  two  expressed 
letters  a,  h — or,  what  is  the  same  thing,  the  duad  ah  is  really  an  abbreviation  for 
the  double  tiiad  abf.cde):  then  the  16  functions  are  proportional  to  properly  determined 
constant  multiples  of 

Va,  V6,  Vc,  V(^,  Ve,  V/,  Vab,  Vac,  Vnrf,  Vae,  '•/bo,  "Jbd,  'Jhe,  '^cd,  Vce,  Vt^e: 

and  this  suggests  that  the  functions  should  be  represented  by  the  single  and  double 
letter  notation  A  (u,  v),...,  AB (%  «),...;  viz.  if  for  shortness  the  arguments  are  omitted, 
then  we  have 

A,    B,    C,    D,    E,    F,    AB,    AC,    AD,    AE,    BC,    BD,    BE,    GD,    CE,    BE, 
proportional     to     determinate     constant     multiples     of    the     before- mentioned     functions 
V(S, . . . ,  Vab, ...,  of  a;  and  y. 

24.  It  is  interesting  to  notice  why  in  the  expressions  for  Vab,  &e.,  the  sign 
connecting  the  two  radicals  is  -I-;  the  effect  of  the  interchange  of  «,  y  is,  in  fact,  to 
change  (w,  v)  into  (—  u,  —v);  consequently  to  change  the  sign  of  the  odd  functions, 
and  to  leave  unaltered  those  of  the  even  functions :  the  interchange  does  in  fact  leave 
Va,  &e.,  unaltered,  while  it  changes  v^,  &c.,  into  -Vab,  &c. ;  and  thus,  since  only 
the  ratios  are  attended  to,  there  is  a  change  of  sign  as  there  should  be. 

25.  The  equations  of  the  product-theorem  lead  to  expi-essions  for 

where  the  ai-guments,  written  above,  are  used  to  denote  the  two  arguments,  viz.  ft  +  u' 
to  denote  (u+u',  v+v')  and  u  —  u'  to  denote  (u-u',  v-v);  and  where  the  letters 
A,   B   denote    each    or    either    of    them    a    single    or    double   letter.     These   expressions 
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are   found   in   terras   of  the   fimctions  of  (u,  v)   and   of  {u',  v'):   in   any   such 

taking  u',  v'  each   of  them   indefinitely  small,  bub   with   their  ratio   arbitrary,  we   obtain 

the  value  of 

A.dB-B.dl, 
(viz.  u  here  stands  for  the  two  ai'guments  (u,  v),  and  3  denotes  total  differentiation 

dA  =  du~A  (m,  v)-Vdv^A  (m,  «)\ 

as  a  quadric  function  of  the  functions  of  (m,  v):  or  dividing  by  A'^,  the  form  is  9  -j  equal 

to   a   function   of  the   quotient-functions    -j,   &c.,   that  is,   we    have    the    differentials   of 

the  quotient-functions  in  terms  of  the  quotient -functions  themselves,  Substituting  for 
the  quotient-functions  their  values  in  terms  of  x,  y,  we  should  obtain  the  differential 
relations  between  da),  dy,  du,  dv,  viz.  putting  for  shortness 

X  =  a  —  x.h  —  x.c  —  x.d  —  x.  e  — ic./-ic, 
and 

Y=a-y.h-y.c-y.d-y.e-y.f-y, 
these  are  of  the  form 

dx       dy       ccdx     ydy 

each  of  them  equal  to  a  linear  function  of  du   and   dv :    so   that   the   quotient-functions 

•Bdx  _ 

and  there  is  thus  an  addition-theorem  for  them,  in  accordance  with  the  theory  of 
these  integrals. 

26.  The  first  16  equations  of  the  pro  duct -theorem,  putting  therein  first  u  =  Q, 
v=0,  and  then  u  =0,  v'  —  0,  and  using  the  results  to  eliminate  the  functions  on  the 
right-hand  side,  give  expressions  for 

"a".  B,"&c., 

that  is,  they  give  A{u-Vu',  « +  «')  .B{u  —  u',  v  —  v'),  &c.,  in  terms  of  the  functions  of  (m,  v) 
and  (w.',  v') :  and  we  have  thus  an  addition-with-subtraction  theorem  for  the  double 
thota-functions.  And  we  have  thence  also  consequences  analogous  to  those  which  present 
themselves  in  the  theory  of  the  single  functions. 

Remark  as  to  notation. 

27.  I  remark,  as  regards  the  single  th eta-functions,  that  the  characteristics 

Q.  ©.  ©.  (D. 

might  for  shortness  be  represented  by  a  series  of  cun^ent  numbers 
0,        1,        2,        3: 


fact    the    15    hyperelliptic    functions    belonging    to    the    integrals    \~p^>    \~i= 
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and  the  functions  be  accordingly  called  ^„i(,  %u,  %u,  \u ;  but  that,  instead  ol'  this, 
I  prefer  to  use  throughout  the  before-mentioned  functional  symbols 

A,         B,         C,        D. 

As  regards  the  double  functions,  I  do,  however,  denote  the  characteristics 

00  10     01      11    I    00     10     01      11    j    00     10     01      11    !    00     10     01      II    I 
00'    00'    00'    00    !    10'    10'    10'    10    '    01'    01'    01'    01    i    11'    11'    11'    11    I 

by  a  series  of  current  numbers 

0,       1,       2,      3,         4,       5,      6,       7,         8,       9,      10,     11,      12,     13,     14,     15, 

and  write  the  functions  as  %„  S^i,...,  &is  accordingly;  and  I  use  also,  as  and  when  it 
is  convenient,  the  foregoing  single  and  double  letter  notation  A,  AB,...,  which 
correspond  to  them  in  the  order 

BD,   GE,  CD,  BE,    AG,     C,    AB,    B,       BC,  BE,    F,      A,     AD,    D,      E,    AE. 

Moreover,  I  write  down  for  the  most  part  a  single  argument  only :  thus,  A  {u  +  u') 
stands  for  A  (u  +  u',  v  +  v'),  A  (0)  for  A  (0,  0) :   and  so  in  other  cases. 

SECOND    PART.— THE    SINGLE    THETA-FU NOTIONS. 

Notation,  <&c. 

28.  Writing  exp.  a  =  g,  and  converting  the  exponentials  into  circular  functions, 
we  have,  directly  from  the  deiinition, 

^     (•i()  =  ^;(  =Au=\  -\-1qcns-mi.-\-2ffQos2mb+  Sg'cos  S^tm  +  ... , 

"i      (m)  =  %u  =  Bu  =         25*  cos  \-jni-  +  2q^  cos  f ■7r»  +  ^'^''  cos ^iru  +..., 

S     {u)  =  'is^a  =  Cu  =  1  -2(^cos7rM-|-2g^cos27rt(-25"cos37nH-..,  {=%{Kii),  Jacobi), 

S  J  (i()  =  %%i.  -  i)i(.  =     -  2q'  sin  i-n-it  +  25^  sin  fira  -  2q^  cos  f-n-w  +...(=-  H {Ku),  Jacobi), 

where  a  is  of  the  form  a  =  ~a  +  ^i,  a  being  non-evanescent  and  positive :  hence 
5'  =  exp,  (— a  +  ^i)  =  e"'"(cos^ -t-isin^),  where  ff"^,  the  modulus  of  q,  is  positive  and 
less  than  1  ;  cos  ,8  may  be  either  positive  or  negative,  and  (^  is  ivritten  to  denote 
exp.  i(— a-l-^i),  viz.  this  is  =e-i"  [cos^^-l-isin^;S|.  But  usually  ^  =  0,  viz.  5  is  a 
real  positive  quantity  less  than  1,  and  g^  denotes  the  real  fourth  root  of  q. 

1  have  given  above  the  three  notations  but,  as  already  mentioned,  I  propose  to 
employ  for  the  four  functions  the  notation  Au,  Bu,  Cu,  Du:  it  will  be  observed  that 
Du  is  an  odd  function,  but  that  Au,  Bu,  Cu  are  even  functions,  of  it. 
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Tlis  Constanta  of  the  theory. 
29.     We  have 

^0  =  1+22  +2^*  +2^^   +..., 

-80=  2^^  +  25^  +  25^"+..., 
00  =  l-2g  +25^-2g'  +..., 
HO-O, 

D'O-    -w{qi--iq>+iq'-' -...}. 
If,  as  definitions  of  k,  k',  K,  we  assume 


,    go     „_C"o  Ao  lyo 

"-AV    "'AV  BO-  CO- 


ttien  we  have 


•  l  +  g'  +  g'+...  1 


*  =*"'«llf^2?TTr.}  ■  -*V5(1-4J  +  145.+  ...), 
J/. 


'l^q±2q'^^ 
|l  +  2}+25'  +  ., 
^(1 +  2^  +  25' +  ...)(! -3}' +  55'-...) 


■"-     2(i-!'n  +  S"'-     "l+»"  +  »-+     1    ■  -fU  +  lS  +  'lS  +0S  +...). 

I    have 
have  identically 


2  (1-25  +  23'-. ..)(!  + {■  +  }■+...) 
here   I    have   added   the  first   few   terms   of  the   expansions    of   these    quantities.     We 
i=+i'"  =  l. 
It  will  he  convenient  to  write  also,  as  the  definition  of  E, 
(TO 

CO  '■ 

we  have  then 

^'=-^-r5^=xo7™'c(ri«)l-^=»<^'»)'+*°-«''-''"'')' 

moreover, 

E_  1      (TO     _2if^    q-iq'+9q'~... 

K~  K''  m  •    ~  K'-T-2q  +  iq'+...  • 
giving 

y-         l-85  +  185'-2245'  +  .... 

and  thence 

E-iir{l-i{j  +  -20q^-    645"+. ..|. 


30.     Other  formulae  are 


'11+5.1  +  5-...J 

n       q.l      q'      V 

"-  I1  +  5.I+5...J 


[1  -  5 . 1  -  5^ . .  1  +  5M  + '/  . , 
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31,     Jacobi's   definition   of  q   is   from   a   different   point   of  view   altogether,  viz.   we 

K  ■ 

jf^r #..__. 


and,  regarding  herein  ^  as   a  given   function  of  q,  this  equation  gives  AT'  as  a  function 
of  q. 


The  produot-theorem. 
32.     The  product -the  or  em  is 

V  7  +  7    ■'  V  7-7    /  \       7+7        ''  \       7-7       J 

Here   giving  to      ,      ,   ttieir  different   values,  and   introducing   unaccented   and  accented 
capitals  to  denote  the  functions  of  2w  and  2z('  respectively,  the  16  equations  are 

a  IJii  +  B'a  "«-»'=       XX' +  YY;    (squais-sel) 

rX'+  XY', 

-  XX'-  YY', 
=  -    YX'+  XY'; 

',' =      X,X;+Y,Y,'.    (first  product-set) 

-  xj;  -  y,y;, 

-  y,x;  +  x,y;, 

-  YX'-xr'; 


A. A 

.».  +  , 

< 

B.B 

K 

K 

C.C 

< 

" 

-1 

D.D 

-\ 

-I 

C.A 

.;. 

i+i 

■< 

A.O 

-"o 

< 

D.B 

^1 

K 

B.B 

-; 

-\ 
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E.A 
A.B 
D.C 
CD 
D.A 
A.B 
B.G 
C.B 


0* 

+'''^»- 

tt'- 

FF'  +    QQ',    (second  product-set) 

0 
0 

„  .J  „ 

- 

■PC  +  QF, 

1 
1 

„  .1  „ 

= 

iPP  -  iqq. 

0 

1 

„  .\ .. 

= 

iPq  -  iQP; 

1 

....»»- 

/- 

PJP,'  +    Q/Q/.   (tliird  product-set) 

0 
0 

- 

ip,Q;-iQA; 

I 

0 

„  .;  ., 

-- 

-  iPA:  +  iQ.Q,'. 

p,q:+  ftp;- 


33.     Here,  and  subsequently,  we  have 
®0'  ®0'  ^1"  ®  JP")  =^'  ^-  ^'-   ^. 

„(2!(')  =  X',  F,  x;,  y; 
„      „      „      „  (0)  -  o  ,   A   «„  A 

viz.   we   use  also   a,  A  a,,   A,   and  p,  q,  p.,   q,  to  denote  the   zero-functions ;    A  is  =  0, 
but  we  use  /S,'  to  denote  the  zero-value  of  -^  F,. 


3^.  ej,  ©f,  ©}(2«)=P,  Q,P.,  Q„ 
„     „     „     „(2jo=-p'.  e;  i"/.  q;, 

„    (0)   =  p,     q,     p„  q,; 


In  order  to   obtain  the  foregoing  relations,  it  i 


to  observe  that 


by   which   the   upper    character    is   always   reduced   to   0,   1,    \   or  ^;   and   that,   for  ] 
ducing  the  lower  character,  we  hav^e 


7+2 


-i%^ 


7-2 


,  =■;©  ^: 


by  means  of  which  the  lower  character  is  always  reduced  to  0  or  1 :  in  all  these 
formula  the  argument  is  ai-bitrary,  and  it  is  thus  =  2m,  or  2m'  as  the  case  requires. 
The  formulae  are  obtained  without  difficulty  directly  from  the  deiinition  of  the 
functions  ©, 
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35.     As  an  instance,  taking     ,     ,  =  .  ,   ^  ,  the  product-equation  is 

a}(.+«').^J(«-»')  =  9j(2»).6*(2«')  +  ©|(2»).®J(2»'), 
=  i©  »  (2») .  e  *  (2»')  -  ie  I  (2.1) .  O  I  (2»'), 


which  agi'ees  with  the  before-given  vaiue. 


■  <■«.«■, 


36.     The   following  values   are   not   actually  required:  but   I   give   them   to   fix   the 
1  and  to  show  the  meaning  of  the  quantities  with  which  we  work. 


X  =0,  (2i()  =  l  +22'  eos2wu  +  2q^  cos4<m',  +  ..., 
Y  =®^(2u)=        2^*cos    TTU  +  ^q^ cos S-n-u  +  ..., 

X,  =  @,  (2m)  =  1  —  2q^  cos  2Tru  +  2q"  Qosiwu-  ..., 
F,  =  ®  J  {2*0  =     -  2g!i  sin    ttm  +  2^^  sin  3-n-u-..., 


a    =1     +2(/  +  2q^  + ..., 
^    =  2qi  +  2q^+,.,, 

a,  =1-     25=4-21^-..., 
^;  =  27r(-5*-F3g^-...) 


J*  =  0  *  (2ii)  =  (/i  (cos  ^-TTU+i  sin  ^mi,)  +  5^  (eos  ^mi  -  i  sin  f  mt) 

+  q^  (cos  |7rw  +  i  sin  ^ttu)  +  ... , 

Q  =  ©  ^  (2t0  =  5*  (cos  ^-n-u  -  i  sin  ^Trit)  +  5^  (cos  Ittm  -f- 1  sin  frnt) 

-i-5^"(cos^7^i(-^sinf7^M)-^  ..., 

P,  =  @  I  (2m)  =  — ^  W^(eos^7rw  +  isin^7r!()-5^  (cosfTrit-isinfmt) 

—  5^  (cos|7n(-f-isin^7rM)  + ...[ 
Q.  =  ©  f  (2m)  =  -~^  \q^  (cos  ^TTW  -  i  sin  ^th^)  -  q^  (cos  fTTM  -I- 1  sin  ^iru) 


V2 

and  therefore  also 

p=:q  =  2^+  q%^q^  j^ ^ 


—  5  "^  (cos  f  TTM  —  t  sill  I  ttm)  4-  ...[■; 


P,= 


V2 


_jg^_2t_2-r  +  ^-T-  +  g'r 


Do.    ;  p,  =  ^,. 


Hosted  by 


Google 


704]  A    MEMOIR    ON    THE    SINGLE    AND    DOUBLE   THETA- FUNCTIONS.  481 

The  square  set,  w'  =  0 ;   and  x-formulce. 

37.  We   use   the   square-set,   in   the   first   instance   by   writing    therein   u'  —  0;    the 
equations  become 

Ahi  =  cLX  +^Y,  =«^2l  («-*■), 

Bhi  =^X+  aY,  =  w^S  (h  -  3!), 

Ou=aX  -07,  =o}%(c^!e), 

D'u  =^X-  aY,  =  o^S  {d  -  x), 

viz.   the   equations   without   their  last   members   show  that   there   exist   functions  w^  and 

xm\    linear    functions    of  X    and  Y,    such    that   %   %   g,   £,   91a,    SS6,   (Sc,   %d,   being 

constants,   the   squared   functions  may   be    assumed    equal   to   21a .  w^  —  SI .  w^x,   &c.,   that 

is,  (D^%  {a  -~  x\  &c,,  respectively :  the  squared  functions  are  then  propmi^onal  to  the 
values  31  (a  —  x),  &c. 

To   show  the  meaning  of  the  factor  <o^,  observe  that,  from  any  two  of  the  equations, 
for  instance  from  the  first  and  second,  we  have  an  equation  without  to, 

Ahi-r  B'u  =  ^{a,-x)~'^  {b~ x); 

and  using  this  to  determine  x,  and  then  substituting  in  to^  =  Ahi  -t-  2[  (a  -  ic),  we  find 

™  '    {a-b)%'&    ' 

where  the  numerator  is  a  function  not  in  anywise  more  important  than  any  other 
linear  function  of  Ahi,  and  Bhi. 

38.  The  function  Du  vanishes  for  w  =  0,  and  we  may  assume  that  the  corresponding 
value  of  IK  is  =  d.    Writing  in  the  other  equations  w  =  0,  they  become 

A''0  =  {o?+l3-')  =  W^{a-d), 
B'O  =  2a/3  =  W^  (h  ~  d), 
C=0=  a?-^  =  a)o=S  (c  -  t?), 

where  roo^  is  what  w^  becomes  on  writing  therein  x  =  d.  It  is  convenient  to  omit 
altogether  these  factors  a^  and  cog^;  it  being  understood  that,  without  them,  tho 
eq\iations  denote  not  absolute  equalities  but  onl}'  equalities  of  ratios :  thus,  without 
the  W,  the  last-mentioned  equations  wouid  denote 

A'O  :  B'O  :  G'^  =  a'+^'  :  2aff  :  a^-^^  =^(a-d)  :  ^{h-d)  :  (&(c~d). 

The  quantities  ?l,  33,  Q,  Si  only  present  themselves  in  the  products  2[w^,  &c.,  and 
their  absolute  magnitudes  are  therefore  essentially  indeterminate :  but  regarding  w'  as 
containing  a  constant  factor  of  properly  determined  value,  the  absolute  values  of 
^,  S,  ©,  3)  may  be  regarded  as  determinate,  and  this  is  accordingly  done  in  the 
formulse  Sl^  =  — agh,  &c.,  which  follow. 

C.  X.  61 
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Relations  between  the  constants, 

39.     The   formuliB   contain    the    differences    of   the   quantities   «.,   h,   c,   d;    denoting 
these  differences 

b—c,    c  —  a,     a  —  h,    a  —  d,     b—d,    c  —  d, 
in  the  usual  manner  by 

so  that 


f, 


g. 


.  -h    +g   -a  =  0, 

h       .    -f    -b  =  0, 

-  g  +  f        .     -  c  =  0, 

a  +b   +c        .  =0, 

and  also 

af+bg  +  ch         =0, 

and   then   assuming   the   absolute   value   of  one   of  the   quantities   %  ©,  ®,  3),  we  have 
the  system  of  relations 


3l3)f,         aibcf  =  -  ®g3>,         SlSeS)  =  abcfgh, 


bhf, 


6^=     cfg,         2lSc  =  -g3)h,       gabh=     21392), 

D^=-abc,  ®fgh  =  -aia3e, 

e^aS^  +  h^&  -  f=2)^  =  bcf  (af  +  bg  +  ch),  =  0, 
-  e'Sl'         .    +  a=e^  -  g=2)^  =  cag  (  „  ),  =  0, 

-Va[=  +  a=33=       .     -h=3)^  =  abh(         „         ),  =0, 
-P2l=  +  g=S=+h'g^        .     =fgh(  „  ),  =0. 

It  is  to  be  remarked  that,  taking  c,  a,  b,  d  in  the  order  of  decreasing  magnitude, 
■we  have  -  a,  b,  c,  f,  g,  h  all  positive ;  hence  21^  33^,  S^,  2)°  all  real ;  and  taking  as 
we  may  do,  2)  negative,  then  21,  S,  ©  may  be  taken  positive ;  that  is,  we  have 
—  a,  b,  c,  f,  g,  h,  9i,  S5,  S,  -  2)  all  of  them  positive. 


■40.     We  have 


The  foregoing  equations 


^■^0  =  «^  +  ^^  =  9lf, 
^0  =  2a^  =  *8g, 
C^0  =  a=~^^=6h. 
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and  we  thence  have 


satisfying 


bg 
"-af 


41.     Observe  further  that,  substituting  for  a,  b,  c,  f,  g,  h  their  values, 

'd,  =     c—d.d—b.b-c, 

-d,  =     d—a.a  —  c.c—dj, 

l.b-d,  =-a^b.b-d.d-a, 

-  h,  =  —  h^c.c~a.a~b, 


^^c-h.h-d 


^'  =a-b.a-i 
S)=  =  c  -  fc .  c  -  ( 


where  in  the  first  set  of  values  all  the  differences  are  positive,  but  in  the  second  set 
of  values,  we  take  the  triads  of  ahcd,  in  the  cyclical  order  bed,  cda,  dab,  abc.  There 
is  in  this  last  form  an  apparent  want  of  symmetry  as  to  the  signs  (viz.  the  order 
which  might  have  been  expected  is  +  —  +  -),  but  taking  the  order  of  the  letters  to 
be  (5,  91,  ®,  2)  and  c,  a,  b,  d,  then  the  cyclical  arrangement  is 

(J2  =  —  ])—(l_d~a.a-'b, 
SI=  =-d-o.c  -h.b-d, 
©==  —  c  —a  .a  —  d  .d  —  c. 


where  the  four  outside  signs  are  all  - 
bed. 


and 


bdc,        doa, 


i  —  b.b  —c  .0  —a. 
Observe  that  the  triads  of  a 
la,        dab,        abc, 
ahd, 


where  in  the  first  and  second  columns  the  terms  of  the  same  column  correspond  to 
each  other  with  a  reversal  of  sign,  whereas  iu  the  third  and  fourth  columns  the  lower 
term  of  either  column  corresponds  to  the  upper  term  of  the  other  column,  but  without 
a  reversal  of  sign. 


The  product-sets,  u  ±  u' :   and  u'  indefinitely  small,  differential  formulce. 
42.     Coming  now  to  the   product-sets,  these  may  be  written 


i[C,A+A.G]  =  X^;, 
„{D.B+B.D]=  Y,X;, 
^{B.A  +  A.B}=       {P+  Q}(P-  +  q), 
„[D.G  +  C.S]=     i(P  -  Q){P' +  Q'}, 
^{D.A+A.I)}^       (P,  -  iQ,)  (P;  +  iQ,-), 
„{B.C  +  C  .B]  =  ^i(P,- iQ^) (P;  +  iQ;), 


^{G .A-A.  o\  =  y,y;, 

„  {I).B-B.D]=Xj;, 
^[B.A-A.B]=  (P  -  Q)iP'  -  Q-), 
„{D.G  -G  .D]=  i(P  +  Q)(P'  -  (T), 
^{D.A-A.I)]=  iP,  +  iQ,)  (P;  -  iQ,'), 
„[B.C  -G.B]  =  ~i{P,-  iQ)  (P;  -  iQ;). 
61—2 
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43.     We   can   from   each  set  form  two   fractions  (each  of  them  a  function  of  u  +  u' 

and   u  —  u'),   which    are   equal   to   one   and   the   same   function   of  u'   only :    for   instance, 

Y' 
from   the   first   set   we   have    two    fractions,   each    -^-, :    putting   in   such   equation   m  =  0, 

we  obtain  a  new  expression  for  the  function  of  u'  involving  only  the  theta-functions 
Alt',  &c,,  which  new  expression  we  may  then  substitute  in  the  equations  &cst  obtained : 
we  thus  arrive  at  the  six  equations 


G.A-A.G     D.B-B.D     Du'.Bu' 


D.B  +  B.n  G.A+A.G  Ou\Au" 
B.A-A.B  _B.C-G.B  _Du' .Cu' 
D.G+G.D~  B.A+A.B~  Bu'.Au" 
_  B.G-G.B  _  D.A-A.B  _  I)i[^u' 
D.A+A.D      B.G+G.B~'Bu'  .Ca" 

where  observe  that  the  expressions  all  vanish  for  m'  =  0. 

44.  Taking  herein  ii!  indefinitely  small,  we  obtain 

Au.G'u-Ga.A'u_Bu.iyu-nu.B'u     1/0.50  „  i?0 

Bu.Du  ~  Cu.  All  ~ 'GO.AO  "^ ~      A'O ' 

_  Au .  Eu  -  Bxi .  A'u  _  Gu .  D'u  -  Bu .  G'u  _  D'O  .  CO  _   _  „CH> 

Gu.Bu  ~  Au.Bu  ~  AO.BO~  AH)' 

_  Cit.B'u-Bu.C'u  ^  Au.B'u-Du.A'u ^ B'O .  AO  __„ 

Au . Bu  "         Bu.  Cu         '  ~  BO. 00  ~         ' 

where  the  last  column  is  added  in  order  to  introduce  K  in  place  of  B'O. 

45.  These  formulas  in  effect  give  the  derivatives  of  the  quotient-functions  in  terms 
of  quotient- functions :   for  instance,  one  of  the  equations  is 

_rf^^__«.£M    Gu  _ 
du  Au~  Au  '  Au' 

substituting  herein  for  the  quotient-fractions  their  values  in  terras  of  x,  this  becomes 

d       /d'-x         „     /Be  'Jb^x.  c-x  ^^     /f  Vt^"^:^"-"^ 

ZuN-^:^x  =  -^^Nm—a::r^—'  =-^Vl      a-x      ' 

or  the  left-hand  being 

-^f  dx 


{a  —  wf'Jd  —  xd/ik' 
this  is  _ 

,  I  Vaf .  dx 

Kdu= , 

■>/a  —  x.o—x.a-a!.d—x 

where   on    the    right-hand    side    it   would   be    better    to   write   V— af  in   the   numerator 
and  07  —  d  in  place  of  d  —  x  in  the  denominator. 
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Comparison  with  Jacobi's  formulm. 
46.     The  comparison  of  the  forraulffi  with  Jacohi's  formulEe  gives 

where  it  will  be  recollected  that 

k^  =  H-      K^  =  A . 
—  af  —  af 

It  may  be  remarked  that  we  seek  to  determine  everything  in  terms  of  a,  h,  c,  d. 
The  formula  just  written  down,  P  =  bg  -h  —  af,  gives  k  in  terms  of  these  quantities ; 
and  k,  K  being  each  given  in  terms  of  q,  we  have  virtually  K  as  a.  function  of  k, 
that  is,  of  a,  b,  c,  d:  but  it  would  not  be  easy  from  the  expressions  of  Ic,  K,  each 
in  terms  of  q,  to  deduce  the  actual  expression 


H, 


J4 


0  Vl  — &^sm^0 
of  Jf  as  a  function  of  k. 

The  s(jiiare-set,  u  ±  u'. 
47.     Reverting  to  the  square-set 

A{u  +  u')A(u-u')-   xx'+rr, 

£(«  +  !i')B  (»-»')-  YX'  +  xr, 
0(»  +  ti')0  (<•-«')=  XX' -YY', 
i)  (»  +  «')  Z>  (»  -  11')  =  -  KX'  +  Z  F, 

if  we  first  write    iierein  w'  =  0,   and    tiien    it  =  0,   using    tlie    results    to    determine    the 
Values  of  X,  Y,  X\  Y'  we  find 

a(?ii-/3i)%-(ii'-;8")X,  I  aCV-PD'ti:  =  {a!'-n^', 

PCHt-aD'u^       „        Y,         I         fiCtt' -  ajl-u' =      „        Y' , 
and  thence 

(a"  -  Sff  XX'  -  a' .  O'uOhi  +  fi' .  O'uB't,'  -  aff  {C'umi  +  DHiGV), 

YY'^ff-       „      +0?         „       -K^ 
whence 

(a-  -  /?)■  {XX'  +  TF)  =  (a-  +  /3>)  (C'liCV  +  I>"iiXl"ii')  -  2«/3  (C'liflV  +  H'liC'iO, 

(«•  -  (3=)  (XX'  -  YY')  =  {C-„aV  -  D-iiflV), 
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where   observe   that,   in   taking   the   differei 
K*  — ^^   and   therefore   in   the   final  result 
factor  a=  -  ^=  instead  of  (a'  -  &% 


!,  the   right-hand   side  becomes  divisible  by 
have   on    the    left-hand    side    the    simple 


Similarly 


XY'  = 


x^  {ChiChi:  +■  l)'ul>u')  -  celfuG'u'  -  B'GhiD'u 


and  thence 

{o^-^fi    YX'+XY') 

(a^-/30  {-YX'  +  XT)^ 

48.     Hence  recollecting  that 


^0  =  2a^, 


original  equations  become 

CD  .A(u  +  u')A  (u  -  u')  =  ^=0  (C^Cu'  +  D'uB'u')  -  B'O  (O^uD'u 
CO  .B(u  +  u')B(u-  u')  =  B^  (CuCu'  +  D'uDho')  -  .4=0  (O^Dht 
C'O  .C(u  +  u')G(u-  u')  =         G^CV  -  D'uD^', 
CO  .D{u-^u')D{u~  u')  =         D'uCHi'  -  CitD'u'. 


yDhiGhf). 
yl>uG-'u'), 


49.  It  will  be  observed  that  the  four  products  A{u  +  u')  A{u  —  m'),  &c.,  are  each 
of  them  expressed  in  terras  of  (7%,  D^u,  Ght',  Bhi.  Since  each  of  the  squared  functions 
A'^,  Bht,  C'u,  D'm  is  a  linear  function  of  any  two  of  them,  and  the  like  as  regards 
A^',  Shi',  Cu,  Bhi!,  it  is  clear  that  in  each  equation  we  can  on  the  right-hand 
side  introduce  any  two  at  pleasure  of  the  squared  functions  of  v,,  and  any  two  at 
pleasure  of  the  squared  functions  of  u' .  But  all  the  forms  so  obtained  are  of  course 
identical  if,  taking  al  the  same  function  of  u  that  x  is  of  %  we  introduce  on  the 
right-hand    side    «,   x'    instead    of   u,  u' ;    and    the    values    of  A  {v,  -1-  u')  .A{u  —  w'),   &c., 

7 s,  where 


are  found  to  be  equal  to  multiples  of  V,  V 
V=x  —  x',     Vi=    1,     x  +  o)',    xx' 

1,     a-V  d,     ad 

1,     h  +  G,      he 


1,     x  +  ic\     XX- 
1,     h  +  d,      bd 


Vi,  =  i  1, 


50.     In  fact,  from  the  equations 

Ahh  =  ^(a- 


X), 


we  have 


f=>lHa-x-), 

-A%CV),    = -^(AhiB^' -  BhiAVX 
-LPuBhi),     -|^(m.Z>»'-D"iiCV), 
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where  it  will  be  recollected  that 

f8lD=a8S,    -gSS-bSa,    -hSI>  =  c?l8. 


Moreover 
(S-c)  V,  =  -|  h- 


(c-o)V,  =  -(  c-» 
I  c-6 


r,~x,     a  —  x 
c-d,     a-b 


-d 


(a-d)V,.l  »-« 

j  a—  b 

(6-iJ)V,  =  |  6-ai 

b-c 


a;'],       (o-d)V,-l 


a  —  e,  d—b 

b-x',  d-w 

b  —  a,  d—  c 

c  —  a/  d  —  w 

c  —  b,  d~a 


d-a  I 
d  —  x'\ 
d~b    I 


-d,      b-  c.b~d 
or  as  these  may  be  written 
Vi=  —  {bh,  h  —  x.b—x'.  +  ng.c— tn.c  ~x'],    =-^  Igh.ct  — aj.a-iK'.  +  bc  ,d  —  o;.d—x'\, 
Vj^-r-jcf.c-^.  c-it;'.  +  ah.«-a;.a-a:'),     =-\hi  .h  -  a;  .b -x' .  + c^  .d  —  x.d- as'], 
Vhi.b-x.b-x'],     =l{ig.C-X.C~!c'.  +  Bh.d-X.d-!^}, 


V3  =  -- 
that  is, 


ICuG'u'V 


-h' 


=  ^  m^  A'uAhi'  +  .^^  B^tD^t'j 


-  i  1^  0=mC^'  +  ^  ^=jf^=i.'l ,     =  -  1^^  B'uB^u'  +  g  0'Mi)%j 


--   ;^,A\UV  +  ^  J 


or  finally 


g  I 


+  C'uCV), 

bg 
1  , 


I- J,.-' 
J  (A'uAV  +  mtBHi), 


-  (-  A-iiA'ii:  +  5%Mi').     =     4-  (GhiC'u'  -  BHiD'-u'}. 
51.     Hence  V,  Vj,   V^,  V,  denoting  these  functions  of  a:,  ic   or  of  M, 

4(»+»0^(«-«')-^v„ 

C(,.  +  „')C(,.-„')  =  |v.. 
Z)(,i  +  «')H(«-«')=SV. 
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The  square-set  u  +  it!,  u'  indefinitely  small :   differential  formulai  of  the  second  order. 

52.  I  consider  the  original  form 

G'O  G  (u  +  u')  G{u-  u')  =  GhiO^u'  -  D^uB^u', 
which  is  of  course  inekided  in  the  last-mentioned  equations. 
Writing  this  in  the  form 

CO ^ o«--p^, 

and  taking  vf  indefinitely  small,  whence 

C  (n  +  «')  =  C«  +  u'O'u  +  1«''C"%,     C«'  =  00, 
0(u-u)~Cu-u'C'u  +  iu"0"u,    Du'=u'D% 
C  (ti  +  »')  C(u  -  »')  =  0%  +  a-  (C«C"»  -  (C'uf\, 

the  equation  becomes 

'"« (i + '•'■  {2  -  (£)"})  -  ''•■' + "■•  {<»«"»  -  (^'o)-?^:}  • 

that  is, 

(?«       ICiJ  ~  CO      [COJ   G'u' 
viz,   we   have   [3-]   log  Cm   expressed   in   terms   of  the   quotient -function  ^— ,  and  conse- 
quently  Ou   given   as   an   exponential,   the   argument   of    which    depends    on   the    double 
integral  jdujdu-^. 

53.  To  complete  the  result,  I  write  the  equation  in  the  form 

fc  'OS "" = w  -  5  ©' + Kot  )'('-*  S)  • 

-=—  is  =  —  V&fi",  and   -T^  is  =  i^  (^  —  E) ;  hence  the  equation  is 

|,ioga.  =  ;r.(i-|-.g^).   .z.(i-|-..sn.;r„), 

or  integrating    twice,   and    observing   that   -j-  log  Cu  and   log  Gu,   for  it  =  0,   become    =  0 
and  log  CO  respectively,  we  have 

log  Cti  =  log  CO  -M  (1  -  J)  K^'  -k^j  duj  du  K^  sn^  Ku, 
which  is  in  fact 

log  0  (Zm)  =  log  <^0  +  i  (1  -  J)  i^%=  ~k'j  duj  dv  K^  sn^  ^M, 
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agreeing  with  Jacobi's  formula 

log  @u  =  log  SO  +  ^(l-  -^j'uF-  k''  j  du  j  du  sn^  u. 


Elliptic  integrals  of  the  third  kind. 


54.     Wr  mav  write 


A(t 

+  uf)A{ii- 

»' 

1 

Vi 

A'liAV 

sigh  a- 

-«.a- 

B(u  +  u')B(u- 

j'L 

1 

"  8ht  6  - 

B'uMh^' 

It' 

0(. 

+  »')C(«- 

u' 

1 
-  L%  c 

V, 

O'bCV 

x 

D( 

.  +  «■)!)(»- 

-»' 

I 

i-i' 

We  differentiate  logarithmically  in  regard  to  u'.     Observing  that 


"/a-, 
suppose,  the  first  equation  gives 


4%    4>--«')_ 


x'  .c  —  x  .d  —  af'         VX' 


Vaf    dx 


and  if  for  a  moment 


IS  put 
then 


1, 

x  +  x'. 

xx' 

1, 

a  +  i, 

ad 

1, 

b+c. 

hi 

dx' 


iM 


=  P(a-x')+Q(d-x'), 


But,  writing  a/  =  a,  we  have 

Q(d~a),   --Q!=ll,    a  +  x,    ax 

1,     a  +  d,     ad 
,t  is, 

§f--bo(<!-ii!). 


(a-S)((.-c)(ii-«i),   _-be(<i-«). 


dx' 


Hence  tlie  equation  i 


tc(ii-ic) 


iOO     ^  (.-«')      ^  («  +  «■)        Vat  (<i-^-)V,' 
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and  similarly 


B  (»■; 

)   if  («  - »'; 

1     s- («  +  »') 

£(«  +  «) 

^^^' 

,      d~x 
(i-J!')V,' 

1    c-(«  +  «')_ 

^-' 

(c-i)v; 

1    !)■{«  +  «') 
£(»  +  »') 

^« 

d-i: 

66. 

Multiply    each    of    these 

equations    hy 

(ill,   -l' 

have  equations  such  as 

2„^ 

»'),,„„  ^(« 

;  -  »') 

bcVx 

■      f(d-a,)dii 

«')^^°<'a(« 

,  +  «■) 

showing 

■  how  the  integrals  of  the  third  kind 

1''-^^ 

■Jx  '    i    v.Vz  '    1    v,VZ  ' 

J(*-^)VZ 

depend 

on  the  theta-functions. 

If, 

instead,  we  work  with  the 

original  equation 

C(.  +  »')C(—.')  _ ,  _  £5.  -»»' 
C%.CV  C-uOh," 

we  find  in  the  same  way 

'^  (7(m')  ^  (7(M-iO      CO(-l-«0       rf«''"^V       (7'«cvr 

du' 

_     2k^K  sn  .git'  en  Ku'  dn  .^ii.'  sn^  Ku  , 
"■  l-Jt^sn'Z'M'sn^^i^  ^ 

or,  multiplying  by  |rfw  and  integrating,  we  have 

C'{u')      ,-.      C(u  —  u')_  f  k"  sn  Ku' en  Ku' dn  Ku' srv' Ku .  Kdu 
""  ~G(u')  +  *  ^"^  0  («  +  ii')  ~  j  ~^         l-^sn'iTH'sn^^w  ' 

which  is  in  fact  Jacobi's  equation 

I  do  not  effect  the  operation  but  consider  the  forms  first  obtained, 
^  (,.  +  «■)  ^  {«-»■)  =  I;  V„&c„ 
as  the  equivalent  of  Jacobi's  last-mentioned  equation. 
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Addition-formula). 
56.  The  addition-theorem  for  the  quotient -functions  is  of  course  given  by  means 
of  the  theorem  for  the  elliptic  functions;  but  more  elegantly  by  the  formulse  relating 
to  the  form  d^-i-'Ja  —  x.b  —  x.c  —  cc.d  —  o;  obtained  in  my  paper  "On  the  Double 
^-Functions"  (Crelle,  t.  lxssvil  (1879),  pp.  74—81,  [697]);  viz.  for  the  differential 
equation 

dx       dy      ^^  _n 

to  obtain  the  pstrticular  integral  which  for  y  =  d  reduces  itself  to  z  =  x,  we  must, 
in  the  formula  of  the  paper  just  referred  to,  interchange  a  and  d :  and  writing  for 
shortness  a,  b,  e,  d=a  —  x,  h—x,  c  —  w,  d  —  ai,  and  similarly  a^,  b,,  c,,  d^  =  a  —  y, 
b  —  y,  c  —  y,  d  —  y,  then  when  the  interchange  is  made,  the  formulae  become 


^/f^ 


V<i- 

4.ii-i!|Vailb,c,  +  V»,d,bo| 

(6c,  ad) 

■Jd- 

■  h.d-c.m-y 

tVb.d.ca! 

{d- 

c)Vaba,b,~(6- 

)Vcdo,d, 

•/d- 

-b.d-c  jVcdaX  +  Vabc,d,i 

"  (d-h)  Vaca.c,  -(c-a)  Vbdb,d,  ' 


'\/^3~i  i(d  -  c)  v^;b; +{h-a)  \'^d,} 

~  {be,  ad)  "^     ~—^' 

Vadb^c^  —  Va,d,bc 
y  ^3^(ac,  hd) 
(d  —  c)  Vaba,b,  —  (&  —  «)  Vcdc,d, ' 
*/  -f^^  {{d  -  a)  Vbcb^c^  +  (h  -  c)  Vaha^b,) 
(d  -  b)  \/aca;c,  -{c-a)  VbdbA 


aJ\~  [{d  -  h)  V^^  +  {c-a)  VbdbAI 

a/j^  [Vcda,b,  -  Vabc,d,] 

Vadb,c,  —  Va,d,bc 
VJIll  {(«?  -  (»)  \'b^,c;  -  (?>  -  c)  V^d^l 
"*  {d-c)  VabaTb,  -ih-a)  Vcdc^d^ 

\/^3^(«i>  erf) 
'~  {d  -  b)  Va"^^,  -  (c  -  a)  VbdbA  ■ 
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57.     In  the  foregoing  formulEe,  (be,  ud),  (ac,  bd),  and  (ab,  cd)  denote  respectively 


1, 


1, 


I  1,     h  +  c,    be 

I  1,     a  +  d,     ad 
and   substituting   for  31,   9},   S,    2)   thei 
b  —  X,  &c.,  we  have  moreover 

Ahi.  =  ^0  -b.b-d.o—d  (a 

B'u='/c-a.c~d.a-d  (b 

C^u,  =  'Ja  —  b.a-d.h  —  d  (c  —x) 
l>a=^'Jc-h.i 


.    '  +  V, 

xy 

1     a  +  h, 

ab 

,     c+d. 

cd 

1,    c  +  a, 
1,     b+d, 

ir   values,   and   for   a,  b,  &c.,  writing  again   a  — 


(»-s) 

C-s) 

(=  -  V) 

(d-3) 

(«-4 

(»-2), 

(«-^). 

id-z). 

,.a~  b    (d-a 

AHu+v)  =  ^' 

BHn  +  v)  =  'J' 

OHu  +  v)^^/' 

D'  {u-vv)  =  V" 

the  constant  muitipliers  being  of  course  the  same  in  the  three  columns  respectively. 
According  to  what  precedes,  the  radical  of  the  fourth  line  should  be  taken  with  the 
sign  -.  The  functions  {be,  ad),  &c.,  contained  m  the  formulae,  require  a  transformation 
such  as 

Q)-c){bc,  ad)  =  '  b  —  x.h-y,  c  —  ie.e  —  y\, 
'  b  —  a.b  —  d,  c  —  a.c  —  d\ 
in  order  to  make  them  separately  homogeneous  in  the  differences  a~x,  b  —  te,  c-~x, 
d  —  x,  and  a  —  y,  b-  y,  c  —  y,  d—  y,  and  therefore  to  make  them  expressible  as  linear 
functions  of  the  squared  functions  Ahi,  &c.,  and  A'v,  &c.,  respectively :  the  formula  then 
give  the  quotient-functions  A  (u  +  v) -i- 1)  (u  +  v),  &c.,  in  terms  of  the  quotient- functions  of 
u  and  V  respectively. 


Doubly  infinite  product-forms. 
58.     The   functions   Aa,  Bu,   Cu,   Du   may   be   expressed   > 


product.     Writing  for  shortness 


doubly   intinite 


m        +  n.~.  =  (m,  n), 

m  +  l+  n.\={7h,n), 

m         +(r^  +  l)±.  =  i,n.nl 
m^\+{n-^\)—-  =  (m,  n), 


Hosted  by 


Google 


704]  A    MEMOIR   ON"   THE   SINGLE    AND    DOUBLE   TH ET A -P UNCTIONS.  493 

then  the  foiinulje  are 

Bu  =  Bo.  nnjiH-— ^l, 
Gu  =  oo.  nn  |i  +  v-^} , 

Du  =  m.uTlu\l  +  j-^, 
{       {in,  ri)] 

where  in  all  the  formulje,  m  and  n  denote  even  integers  having  all  values  whatever, 
zero  included,  from  -co  to  +  <» :  only  in  the  formula  for  Du,  the  term  for  which  in 
and  n  are  simultaneously  =0,  is  to  be  omitted. 

59.  But  a  further  definition  in  regard  to  the  hmita  is  required  i  first,  we  assume 
that  m  has  the  corresponding  positive  and  negative  values,  and  similarly  that  n  has 
corresponding  positive  and  negative  values*;  or  say,  in  the  four  formulas  respectively, 
we  consider  m,  n  as  extending 

m  from  —  fi  to  fi  +  2,     n  from  -v  to  v  +  2, 


where   ^   and   v   are   each   of  them   ultimately   infinite.      But,   secondly,   it    is    necessary 

that  /i  should  be  indefinitely  larger  than  v,  or  say  that  ultimately   —  =  0, 

/^ 

60.     In   fact,  transforming  the   §-seriea   into   products   as   in   the   Fundammta   Nova, 
and  neglecting  for  the  moment  mere  constant  factors,  we  have 

Au  =  (1  +  2^  cos 7rw  +  5=) (1  +  22^ cos ■ttu  +  q^)..., 

Bu  =  cos  ^7ni{l  +  2q'^ cos TTtc +  €[') (I +  2q* cos -TTU +  q^).... 


C'tt  = 

(1 

-2g  cosTn 

•  +  ?■)(! 

-2^ 

eoa7m  +  5*)..., 

Du=s 

in|7 

»(1 

-2g=C0STri 

•  +  9')(1 

-23' 

COSTT 

..  +  }■)-. 

and 

writing 

for 

a   moment 

»  =  : 

— ,  and  therefore  5* 

+  r 

K  =t 

jl.«  +  e-l- 

=  2cos^Tra,  &c., 

each   of   these   expressions   is  readily   converted   into   a   singly   infinite   product   of   sines 
or  cosines 

Au  =  II .  cos  ^  (u  +  ji«), 

£?i  =  II .  cos  ^  (u  +  no), 

Oit  =  II .  sin  ^  («  +  iia), 

/)«  =  n .  sin  ^  («  +  no), 

*  This  is  more  than  is  1160638817  i  i'  would  be  enougli  if  the  ultimate  values  of  nt  were  -/i,  fi',  w  and  n' 
being  in  a  ratio  of  eiinalitj ;  and  the  like  aa  regards  n.  But  it  ia  convenient  that  the  numbers  should 
be  absolutely  eq^ual. 
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where  n  is  writteu  to  denote  n  +  1,  and  n  has  all  positive  or  negative  even  values 
(zero  included)  from  —  go  to  +  co ,  or  more  accurately  from  —v  to  v,  if  v  is  ultimately 
infinite. 

61.  The  sines  and  cosines  are  converted  into  infinite  products  by  the  ordinary 
formidffi,  which  neglecting  constant  factors  may  conveniently  be  written 

sin  ^wu  =  n  ('it  +  m),     cos  Jmt  =  11  (m  +  m), 

where  m  is  written  to  denote  m  + 1,  and  m  has  all  positive  or  negative  even  values 
(zero  included)  from  —  oo  to  +  co ,  or  more  accurately  from  -  /*  to  /i,  if  /a  be  ultimately 
infinite.     But  in  applying  these  formulse  to  the  case  of  a  function  such  as 

sin  ^TT  (u  +  na), 

it  is  assumed  that  the  limiting  values  [i,  —  fi  of  m  are  indefinitely  large  in  regard  to 
u  +  na.;   and   therefore,  since  n  may  approach   to   its  limiting   value    +  v,  it   is  necessaiy 

that  yu.  should  be  indefinitely  large  in  comparison  with  v,  or  that  -  =  0. 

62.  It    is    on    account    of    this    unsymmetry    as    to    the    limits    —  =  0,    -=ao,    that 

we  have  1  as  a  quarter-period,  — .  only  as  a  quarter- quasi- period  of  the  single  theta- 
functions. 

The  transformation  q  to  r,  log  q  log  r  =  tt^. 

63.  In  general,  if  we  consider  the  ratio  of  two  such  infinite  pi-oduets,  where  for 
the  first  the  limits  are  (+  /i,  ±  v),  and  for  the  second  they  are  (±  ^',  +  v),  and 
where  for  convenience  we  take  fi>  jjf,  v>  v ,  then  the  quotient,  say  [fi,  f]  -^  \jj! ,  v'\  is 
=  exp.  (Jlf-it^),  where 


®.'J  (m.  nf 


f  dm  dn 

I  (m.  ny 

taken  over  the  area  included  between  the  two  rectangles.     We  have 

(m,  n)=m-\--^.7i,  =m  +  i8n 
suppose,  where  (a  being  negative)  0  — is  positive:   the  integral  is 


jj (m  -I-  idnf  ■   ""  J  *"■■"" i^ [ii^+Ten) _„' 
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or  finally  between  the  proper  limits  the  vahie  is 

where  the  logarithms  are 

log  (p  -  i6v)  =  log  -Jfj?  ^-v^  —  i  tan"'  — ,  fee., 

and    the    tan~'    denotes    always    an    arc    between    the    limits    -  ^tt,    +  ^tt.      Hence,    if 
-  =  oo  ,  ^  =  0,  the  value  is 

i(-0i_0i  +  i^i  +  i„-)  =  -^.  =-?i';    or  ir  =  li'. 
Hence  finally 

[^4-^,  =x]^[^-^,  =0]  =  exp.(i^%.=V 

64.  We  have  a,  =  log  q,  negative ;  hence  taking  i  ■•uch  thit  log  q  log  r  =  tt^,  we 
have  a!  =  log  r,  also  negative ;  and  r,  like  q,  is  positive  and  less  than  1.  We  consider 
the  theta- functions  which  depend  on  r  in  the  same  mannei  that  the  oiiginal  functions 
did  on  q,  say  these  are 


S(m,  r)  =  B  (0,  r)     HH 


C{m,  r)  =  c  (0,  r)   nn 


D  (u,  r)  =  ff  (0,  r)  u  UU 

limits   as   before,  and   in   particular   -  =  cc;    it   is   at   once   seen   that   if  in   the   original 

functions,   which   I   now   call   A  (u,  q),  B  (w,  q),  G  (w,  q),  D  (u,  q),   we   write   — .  for  w,  we 

obtain  the  same  iniinite  products  which  present  themselves  in  the  expressions  of  the 
new  functions  A^u,  r),  &c.,  only  with  a  different  condition  as  to  the  limits;  we  have 
for  instance 

nn    1  +  — -—  l=nn/i+  — ^\,  =nn/i  +  —  ^— -A, 
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which,  interchanging  m,  n,  and  of  course  also  fi,  v,  is 

-  nil  / 


r^f 


with    the    condition    -  =  0    instead    of    -  =  x.      Hence    diBiegardiiig    for    the    moment 
constant  factors,  and  observing  that  a  is  replaced  by  a',  we  have 

=  exp.  (i  ^  M^J  ,  =  exp.  (iu'  log  q). 

65.     We    have    equations    of    this    form    for    the    four    functions,    but    with    a    proper 
constant  multiplier  in  each  equation :   the  equations,  in  fact,  are 

A  (»,  r)  =  lA  (0,  r)  +  A  (0,  ,))  exp.  (i»'  log  ,)  ^  g ,  9) , 

B{«,  r)-(i!(0,  r)H-ii(0,  ,)1  „  ■»  (S  ■  ')  ' 

C(«,  r)  =  (C(0,  r)  +  C  (0,5)1  »  ''(S"')' 

B  (»,  r)  -  {])'  (0,  r)  +  !)■  (0,  ,)] "        „  i)  (^ ,  ?)  . 

It    is    to    be    observed   that   r   is    the    same    function   of  k'   that   q   is   of  A:.     This 
would     at    once    follow   from    Jacobi's    equation    logg  = j.   ,   for   then   logglogr  =  7r^ 

and   therefore   log''  =  — ^    (only  we   are  .not   at   liberty  to  use  the  relation  in  question 


g(0.  8)     ,..     C'(0,  g) 

-i'(o,  ?)'        J-<o,  S)' 


A(0, 

?)W(o, 

1) 

5(0, 

<,)C(0, 

I)' 

^(0. 

t)  £>■(<), 

r) 

B(0, 

r)G(0, 

r)  ■ 

■rK 

iog<;=  -  ~n^,  lo 

where,  if  the  identity  of  the  two  values  of  k  or  of  the  two  values  of  k'  were  proved 
independently  (as  might  doubtless  be  done),  the  required  theorem,  viz.  that  r  is  the 
same  function  of  k'  that  q  is  of  h,  would  follow  conversely:  and  thence  the  other 
equations  of  the  system. 
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66.     We  have,  in  the  Fundamenta  Nova,  p.  175,  [Jacobi's  Ges.    Werke,  t.  i.,  p.    227], 
the  equation 

fl(»,  t)_/t  £,/?(.'..  t'). 
e(o,  k}~  V  k       e(o,  k')' 

writing  here  K'u  instead  of  u  the  equation  becomes 

HiiK'u,  h)     .     Ik  I,  ttK'   ,\    H{K'u,  k') 

or,  what  is  the  same  thing, 

^(S- «)  .Ik     ,  ,  „   ,  i)(».  r) 

-0(5^  =  •  V F "-r- <- i"  '"S 9> ■  0(577) 

which   can  be   readily   identified   with    the    foregoing    equation    between   D[~.,  5]   and 

I){u,  r).    But   the   real   meaning   of   the   transformation   is   best   seen   by   means   of  the 
double -prod  act  formulfe. 


THIRD   PAET.~THE  DOUBLE   THETA-FUNCTIONS. 

Notations,  <&g. 


containing  each  of  them  four  numbers,  ia  too  cumbrous  for  ordinary  use,  and  I 
therefore  replace  it  by  the  current-number  notation,  in  which  the  characteristics  are 
denoted  by  the  series  of  numbers  0,  1,  2,...,  15:  we  cannot  in  place  of  this  introduce 
the  single -and-double- letter  notation  A,  B,...,  AB,  &c.,  for  there  is  not  here  any  cor- 
respondence of  the  two  notations,  nor  is  there  anything  in  the  definition  of  the 
functions  which  in  anywise  suggests  the  single-and-double-)etter  notation :  this  first 
presents  itself  in  connexion  with  the  relations  between  the  functions  given  by  the 
product-theorem ;  and  as  the  product -theorem  is  based  upon  the  notation  by  charact- 
eristics, it  is  proper  to  present  the  theorem  in  this  notation,  or  in  the  equivalent 
current-number  notation:  and  then  to  show  how  by  the  relations  thus  obtained 
between  the  functions  we  are  led  to  the  single-and-double-letter  notation. 

68.     There   arc   some   other   notations   which   may  be   referred   to :    and  for   showing 
the  correspondence  between  them  I  annes  the  following  table  :— 
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The  double  TiiExA-rUNCrroNS. 


1. 

3. 

3. 

'      i. 

5. 

6. 

7. 

8. 

Asteiist 
denotes  the 
odd  timetiona. 

Current 

Character. 

Singla-ftnd- 

dowble-letter, 

Cayley. 

Giipel. 

GO  pel- 
Cayley. 

Weier. 

Kummer. 

3. 

*00 

BD 

F- 

F,                Si,^ 

■% 

12 

. 

10 
00 

GE 

ir 

A',                            S3 

^ 

8 

01 
00 

CD 

\   Q'" 

1 

Q. 

. 

0, 

10 

■ 

11 

00 

BE 

*■" 

■Ss 

.. 

- 

6 

• 

00 
10 

AC 

P' 

Pj 

.. 

« 

4 

• 

J 

10 
10 

C 

:    iK 

M.      1          . 

s 

16 

. 

01 
10 

AB 

Q' 

Q. 

„ 

^ 

2 

* 

' 

11 

10 

B 

iS- 

Sy 

„ 

. 

14 

. 

00 
01 

nc 

F" 

A 

, 

1. 

9 

3 

10 
01 

DE 

F'- 

it,    ■ 

03 

5 

• 

1. 

01 
01 

F 

iQ" 

Q, 

■n 

02          '■               11 

* 

■' 

11 

01 

A 

iS" 

s, 

. 

7 

,. 

00 

11 

AD 

P 

F 

W 

0 

1 

* 

13 

10 

11 

D 

iF 

B 

10 

w 

13 

• 

,. 

01 

11 

E 

iQ 

Q 

0. 

, 

3 

.. 

11 
11 

AE 

S 

S 

" 

'^ 

15 
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69.     These  are  the  notations  ;— 

1.  By  current-numbers.  It  may  be  remarked  that  the  series  was  taken  0,  1,...,  15, 
instead  of  1,  2,.,.,  16,  in  order  that  0  might  correspond  to  the  characteristic        ; 

By  characteristics; 

By  single-aad-double  letters; 

Gopel's,  in  his  paper  above  referred  to,  and 

The  same  as  used  in  my  paper  above  referred  to; 

Rosenhain'a,  in  hie  paper  above  referred  to ; 

Weierstrass',  as  quoted  by  Kljnigaberger  in  his  paper  "Ueber  die  Transfor- 
mation der  Abehchen  Functionen  erster  Ordnung,"  Grelle-Borckardt,  t.  LXIV.  (1865), 
p.   17,  and  by  Borchardt  in  his  paper  above  referred  to; 

8.  Not  a  th eta-notation,  but  the  series  of  current-numbers  used  in  Kummer's 
Memoir  "Ueber  die  algebraischen  Strahlen-systeme,"  Bsrl.  Ahh.  1S66,  for  the  nodes 
of  his  16-nodal  quartic  surface,  and  connected  with  the  double  theta-functions  in  my 
paper  above  refeiTed  to. 

But  in  the  present  memoir  only  the  first  three  columns  of  the  table  need  be 
attended  to. 

70.     It  will  be  convenient  to  introduce  here  some  other  remarks  as  to  notation,  &c. 

The  letter  c  is  used  in  connexion  with  the  zero  values  u  =  0,  w  =  0  of  the 
arguments,  viz. :. — 

&„,  X,  &„  %,  ^„  %,  %,  %,  %,  ^15 

are  even  functions,  and  the  corresponding  zero-functions  are  denoted  by 

there  are  thus  10  constants  c. 

When  (u,  v)  are  indefinitely  small  each  of  these  functions  is  of  course  equal  to 
its  zero-value  pkts  a  quadric  term  in  (m,  v),  and  we  may  write  in  general 

^  =  c  +  J  (c'",  c",  e'Jw,  v'f : 
there  are  thus  30  constants  c'",  c'",  c". 

The  remaining  functions 

%,   %,  %<,,  %i,   ^la,   % 
are    odd    functions    vanishing   for  m  =  0,   v  =  0;    when    these    arguments    are    indefinitely 
small,  we  may  write  in  general 

^  =  (c',  c'^ti,  v) : 
there  are  thus  12  constants  c',  c". 


Hosted  by 


Google 


500  A    MEMOIR    ON   THE    SINGLE   AND   DOUBLE   TH ETA- FUNCTIONS.  [704 

71.  All  these  constants  are  in  the  first  instance  given  as  transcendental  functions 
of  the  parameters,  or  say  rather  of  exp.  a,  exp.  h,  exp.  6,  which  exponentials  cor- 
respond to  the  q  of  the  single  theory :  viz.,  in  a  notation  which  will  be 
understood,  the  constants  c,  c'",  c",  c"  of  the  even  functions  are 


-i^'2(«  +  «)-.  2(»  +  »)(«  +  «,  („  +  «-,  Mp.("'  +  °'  'Y): 

and  the  constants  c',  c"  of  the  odd  functions  are 


I  TriS  (m  +  a),  (n  +  0),  exp.  (^  ^  " 
\     7 


72.  It  is  convenient  for  the  verification  of  results  and  otherwise,  to  have  the 
values  of  the  functions,  belonging  to  small  values  of  exp.  (—a),  exp.  (-  b) ;  if  to 
avoid  fractional  exponents  we  regard  these  and  exp.  (—  h)  as  fourth   powers,  and  write 

exp.  (-  a)  =  Q*,  exp.  (-  h)  =  R\  exp.  (-  h)  =  S\ 
also 

QB'S^A,  QB-'S^A',  and  therefore  AA' =  Q^S\ 

then  attending  only  to  the  lowest  powers  of  Q,  S  we  find  without  difficulty 

^1)  (it)=      1,  and  therefore  also  Cf,  =1, 

&,  =     2Q  cos  ^-^u,  c,  =  2Q, 

%  =     2Scoe^^v.  c,=2S. 

%  =     2A  cos  ^TT  {«  +  v}  +  2A'  cos  Jtt  (ii  -  v),  c,  =  2A  +  2A', 

%  =     1,  c,  =1, 

^,  =-2Qsin^7rM, 

X  =      2S  cos  ^TTU,  Ca   =2S, 

%  =-  2A  sin  iir  {u  +  v}-  2A'  sin  ^tt  {u  -  v), 

%  =     I,  c«  =  1, 

%  =     aQcoa^TTM,  c„  =2Q, 

%„  =-2S  sin  ^■jTO, 

^11  =-2Asin^',r(u  +  v)  +  2A'mn^w{u-v), 

%.  =      1,  o,,  =  l, 

^13  =--2Qsin^7ra, 

^j4  =-2SsinJ-7ra, 

^,5  =  -  2A  cos  ^w  (if  +  v)  +  2A'  cos  ^-rr  (u  -  v),  c.^  =  -  2A  -|-  2A'. 
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73.     The  expansions  might  be  cai'ried  further;   we  have  for  instance 
^0  (m)  =1  +  2Q'  cos  ttu  +  2S'  cos  -rrv,  0,  =1+2(^-1-  2S\ 


X 

- 1  -  2Q'      „ 

+  2S'      „      ,                                                     c,  =l-2Q'+2iS', 

». 

"i  +  ai?    „ 

-2S'      „      ,                                                     Cs  =l  +  2(3^-2S^ 

*1. 

-1-2*      „ 

-2S'      „      ,                                                     c,,  =  1  -  2g' -  2S', 

a, 

28  COS  im 

»  +  ae-  cos  }m.  +  24  cos  1  IT  (•(  +  2»)  +  2  A'  cos  i  TT  (11  -  2»), 

c,  =28 +  28* +24 +24', 

^ 

=     -2(3  sill  iiri 

»  +  20-  sin  f  TO  -  24  sin  Jtt  {«  +  2»)  -  24'  sin  Jx  (»  -  2«), 

a. 

=        agoosim 

!i  +  2Q'  cos  f  mi  -  24  cos  i>r  (a  +  2»)  -  24'  cos  Jx  (ii  -  2»), 

c,  =28  +  28' -24 -24', 

^1. 

=     -2(3  sin  im 

1  +  28-  sin  Im.  +  24  sin  lir  (ii  +  2i.)  +  24'  sin  Jir  («  -  2»), 

in 

which  last  formulie 

4  =  8«-*,-*|;^'  =  eie-«',=^. 

74.  In  the  single-and-double-letter  notation  we  have  six  letters  A,  B,  C,  D,  B,  F\ 
and  the  duads  AB,  AG,  ...,  BE  are  used  as  abbreviations  for  the  double  triads  ABF, 
CDE,  &c.,  the  letter  F  always  accompanying  the  expressed  duad;  there  are  thus  in 
all  six  single-letter  symbols,  and  10  double-letter  symbols,  in  all  16  symbols,  cor- 
responding to  the  double-theta  functions,  as  already  mentioned  in  the  order 

&   0  1  2  3  4  5         6  7         3  9  10      H         12        13      14         13 

BD,    CE,    CD,    BE,    AG,    G,    AB,    B,    BC,    BE,    F,    A,    AD,    i),    E,    AE, 

where   observe   that  the  single  letters  C,  B,  F,  A,  D,  E  correspond  to  the  odd  functions 
f),  7,  10,  11,  13,  14  respectively. 

75.  The  ground  of  the  notation  is  as  follows : — 

The  algebraical  relations  between  the  double  th eta-fan ctions  are  such  that,  intro- 
ducing six  constant  quantities  a,  b,  c,  d,  e,  f  and  two  variable  quantities  x,  y,  it 
is  allowable  to  express  the  16  functions  as  proportional  to  given  functions  of  these 
quantities  {a,  b,  c,  d,  e,  f;  a,  y) ;  viz.  there  are  six  functions  the  notations  of  which 
depend  on  the  single  letters  a,  h,  c,  d,  e,  f  respectively,  and  10  functions  the  notations 
of  which  depend  on  the  pairs  ab,  ac,  ad,  ae,  be,  bd,  be,  cd,  ce,  de  respectively:  each  of 
the  16  functions  is,  in  fact,  proportional  to  the  product  of  two  ^tors,  viz,  a  constant 
factor  depending  only  on  (a,  b,  c,  d,  e,  f),  and  a  variable  factor  containing  also  x 
and    y.      Attending    in    the    first    instance    to    the    variable    factors,    and    writing    for 

a  —  x,  b~x,  c  —  x,  d  —  x,  e  —  x,  f—x^s,,  h,  c,  d,  e,  f ;  cc-y^B; 
a  —  y,  b  —  y,  c  —  y,  d-y,  e  —  y,f—y  —  &,,  b,,  c„  d,,  e„  f,; 
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these  are  of  the  forms 

'Ja=  Vaa,,  'Jab  =  -^  |Vahfe,d,e,  +  \/a,b,f,cde|. 

I    remark   that    to    avoid    ambiguity   the    squai'es    of   these    expressions    ai'e    throughout 
wntten  as  (Vb)^  and  (Va6)^  respectively. 

76,  There  is,  for  the  constant  factors,  a  like  single-and- double-letter  notation  which 
will  be  mentioned  presently;  but  in  the  first  instance  I  use  for  the  even  functions 
the  before- mentioned  10  letters  c,  and  for  the  odd  ones  six  letters  k.  I  assume 
that  the  values  x,  y=ix>,  cc  (ratio  not  determined)  correspond  to  the  values  ia  =  0, 
v=0  of  the  ai'guments;  and  that  o)  is  a  function  of  (a;,  y)  which,  when  {co,  y)  are 
interchanged,   chauges   only   its  sign,   and   which   for    indefinitely   large   values   of   (x,   y) 


Decomes   =~, — ^.      ims    oemg    so.   we   wriie    \im 
afterwards  explained) 

amg  a   secoiia   column    wnic 

1   wni    De 

0,  =\ya. 

l  =  CE-„c,  v^, 

c,  -..v'cc. 

2=CD-„t4  v'rf. 

c.-,.VTd, 

S  =  BE  =  „c..  Vie, 

0,-.,^^, 

i  =  AG  =  „G,  Vac, 

c,  =„Vm, 

3-    C  -„k,Vc. 

h     .„Vl, 

6=^£=„C3  Vd), 

o.=„VTb. 

1=  B  =  „lc,  Vb, 

k,      -..^. 

S=Ba-„e,  Vhs, 

c,  =„VU, 

9-J)E~„c,  Vde, 

o.=.,i'I,, 

10-  F  -„K,Vf, 

k,     -,.<^7. 

U-  A   -„KV1i, 

fc,i      =„v'a, 

l2  =  AD^„CnV'^, 

Ci2  =  ,.v^arf. 

13-   -D  ~,KVd, 

*..     -..v-S, 

11=   E  =„t,X«, 

K    -„Vl 

lo  =  AE=„c„v'm, 

c..-„^»; 

viz.    here,  on  writing  x,  y  =  x ,  x ,  each   of  the 

functions   i/ftd,  &c.  becomes 

=  2(3*. 

and   each   of  the   functions   Va,  &c.,   becomes   =  Nxy ;    hence   by   reason  of  the   assumed 
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form   of  m,   the   odd   functions   each   vanish   (their   evanescent   values 
to   Aj,  h,,  &I0,  k,i,  ki3,  k,i  respectively),  while  the  even   functions   becon' 
Ca,  Csi  c,,  Ca,  Cj,  Cj,  0,3,  Cis  respectively. 

Observe   further   that   on   interchanging   x,   y,  the   even   ftincfcions 
while   the   odd   functions   change  their  sign;   that  is,  the  interchange  of  «, 
to  the  change  w,  v  into  —  v.,  —  v. 

77.  As  to  the  values  of  the  10  c's  and  the  six  k'a  in  terms  of 
these  are  proportional  to  fourth  roots,  va,  &c.,  v  a6,  &c. ;  in  v  a,  a  is  in  the  first 
instance  regarded  as  standing  ibr  the  pentad  hcAef,  and  then  this  is  used  to  denote 
a  product  of  differences  hc.bd  .be.bf.cd.ce.  c/.de.df.ef;  similarly  ab  is  in  the  first 
instance  regarded  as  standing  for  the  double  triad  abf.  cde,  and  then  each  of  these 
triads  is  used  to  denote  a  product  of  differences,  ab.af.bf  and  cd.ce.de  respectively. 
The  order  of  the  letters  is  always  the  alphabetical  one,  viz.  the  single  letters  and 
duads  denote  pentads  and  double  triads,  thus: 

a  =  bcdef, 
b  =  acdef, 
c  =  ahdef, 
d  =  abcef, 
e  =  ahcdf, 
f  =  abode, 


There  is  no  fear  of  ambiguity  in  writing  (and  we  accordingly  write)  the  squares  of 
Vo  and  Va5  as  v'a  and  Vab  respectively ;  the  fourth  powers  are  written  {Vaf 
and  (Vaby;  the  double  stroke  of  the  radical  symbol  V  is  in  every  case  perfectly 
distinctive. 

This  being  so  we  have  as  above  c„  =  Xv6d,  &c.,  ]cs  =  \'^c,  &c. :  it  is,  however, 
important  to  notice  that  the  fourth  roots  in  question  do  not  denote  positive  values, 
but  they  are  fourth  roots  each  taken  with  its  proper  sign  (+,  — ,  +1,  —i,  as  the 
case  may  be)  so  as  to  satisfy  the  identical  relations  which  exist  between  the  sixteen 
constants;,  and  it  is  not  easy  to  determine  the  signs. 

The  variables  ic,  y  are  connected  with  u,  v  by  the  differential  relations 


ah 

=  ahf .  cde, 

ac 

-aef.bde. 

ad 

=  adf.hce, 

aa 

=  a<if.bcd„ 

Ik 

-  hef .  ade. 

U 

-hdf.  ace. 

be 

^  hef  .a/id. 

cd 

-cdf.aie. 

ce 

.  cef .  abd. 

de 

^def.abc. 

y  du  -1 


,  (  da:       dy  ) 


i-pdv^-^ 
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where  X=abcdef,  F  =  a^b,c^d^e,f, ;    which   equations   contain   the   constants  nr,  p,  <t,  t,  the 
values  of  which  will  be  afterwards  connected  with  the  other  constants. 

78.     The   c's   are  expressed  as  functions  of  four  quantities  a,  /3,  7,  8,  and  connected 
with  each  other,  and  with  the  constants  a,  b,  c,  d,  e,  f,  by  the  formula 


0  =  a'+/3"  +  7"  +  S'=o..> 

•m. 

i-2(«^+jS}    -..-yz, 

2-2(<i7  +  ^S)        -  „  VS. 

3-2(aS  +  /37)        =  „  v'S, 

i  =  ^-^^rf-^=    „    \/^, 

6=2(07-/38)        =  „  V^S, 

8=a»  +  /3"-y-S-=  „ 

/fc. 

9  =  2(«;3-7S)       =  „  •/£, 

12  =  n--/3"-7>-S-=  „ 

/s, 

15  =  2(iiS-/37)        -  „  •S 

It  hence  appears  that  we  can  ibnn  an  arrangement 

Ci=',         c,S         C«^     -7-Co= 

<.,  i 

C3%     -C4S         tf 

a',     4' 

ij",     t" 

a    system    of    coefficients    in     the     transformation     b 

etween 

coordinates. 

between     two     sets     of    rectangulat 


We   have,  between   the   squares   of  these   coefficients   of  transformation,  a  system   of 
6  +  9  equations 


«"= +  6"^ +  (/"  =  !, 


h'"^  +  c"^  —  a^  +  a"^, 
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that  is, 


c'    c'           c^     c" 

13 

+  1 

+  6 

-  0 

9 

+  4 

+  3 

-  0 

2 

+  15 

+  8 

-  0 

12 

+  9 

+  2 

-  0 

I 

+  4 

+  15 

-  0 

6 

+  3 

+  8 

-  0 

1 

+  6 

-  9 

-  2 

6 

+  12 

-  4 

-  15 

12 

+  1 

-  3 

-  8 

4 

+  3 

-  2 

-12 

3 

+  9 

-  15 

-  1 

9 

+  4 

-  8 

-  6 

15 

+  8 

-  12 

-  9 

8 

+  2 

-  1 

-  4 

2 

+  15 

-    6 

-  3 

and  we  have,  between  their  products,  a  system  of  6  +  9  equations 
a'a'+b'V'-^c'c"  =0, 
a!'a  +  h"h  +  c"c  =  0, 
aa'  +  66'  +  cc'  ~  0, 
be  +  b'c'  +  b"o"  =  0, 
ca  +  c'a'  +  c"a"  =  0, 
ah  +a'b'  +a"6"  =  0, 
a  ,  6  ,  c  =b'c"  —  b"c',  c'a" — 
a' ,     b' ,     c'      b"c  ~  he" ,    c"a  — 


h",    c"     6c'   —  b'c  , 


a'b"-a"b', 
ah"  ~a"h, 
ah'  —a'b  : 
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c-         <? 

c^ 

c^ 

a'         c" 

9 

2 

+    4 

15 

-     3       8 

2 

12 

-  15 

I 

-    8       6 

12 

9 

-     1 

4 

+    63 

1 

6 

^    4 

3 

+■15       8 

6 

12 

+     3 

9 

-    8       2 

12 

1 

~    9 

4 

-    2     15 

-    0 

12 

+     4 

8 

+     3     15 

-     0 

1 

+    3 

2 

+     8       9 

-    0 

6 

-    9 

15 

+     34 

-    0 

9 

-  15 

6 

+     8       1 

+    0 

4 

~    8 

12 

-    6       2 

-    0 

3 

-  12 

15 

-    1       2 

-    0 

2 

+     1 

3 

+    4       6 

+    0 

15 

+    6 

9 

-    3     12 

+    0 

8 

-  12 

4 

-     9       1 

each  of  the  first  set  of  15  giving  a  homogoneous  linear  relation  between  four  terms 
c*;  and  each  of  the  second  set  giving  a  homogeneous  linear  relation  between  three 
terms   c^.d',   formed   with   the   10   constants   c.     Thus. the   first   equation   is 

and  so  for  the  other  lines  of  the  two  diagrams. 

79.     I  form  in  the  two  notations  the  following  tables : — 
Table  of  the  16  Kummer  iiexads. 


A 

A 

A 

A 

A 

B 

B 

B 

B 

C 

C 

C 

B 

B 

E 

A 

B 

C 

D 

S 

F 

C 

n 

B 

E 

D 

E 

F 

E 

F 

r 

B 

A3 

AC 

AD 

AE 

AB 

BC 

BD 

BE 

AB 

CD 

CE 

AC 

BE 

AB 

AE 

0 

CD 

B3 

BC 

BC 

AC 

AD 

AC 

AC 

BC 

AB 

AB 

BC 

AB 

BB 

BE 

d' 

CE 

BE 

BE 

BB 

AB 

AE 

AE 

AD 

BD 

AE 

AB 

CD 

AC 

CD 

CE 

e' 

HE 

BE 

CE 

CD 

AE 

BE 

CE 

CB 

BE 

BE 

BD 

CE 

BC 

BE 

BE 

F 

11 

U 

11 

11 

11 

7 

7 

7 

7 

3 

5 

5 

13 

13 

14 

11 

7 

Ty 

13 

14 

10 

5 

13 

14 

10 

13 

14 

10 

14 

10 

10 

7 

6 

4 

14 

12 

6 

8 

0 

3 

6 

2 

1 

4 

9 

12 

15 

5 

2 

0 

8 

8 

4 

12 

4 

4 

8 

6 

6 

8 

6 

0 

3 

13 

1 

3 

3 

3 

13 

15 

15 

12 

0 

15 

12 

2 

4 

2 

1 

14 

9 

9 

1 

2 

15 

9 

1 

2 

3 

3 

0 

1 

8 

9 

9 

10 
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1            Ci    Ci     o 

1      t,     Cj     ^     «5 

fel     aq     t>     C( 

A.AE 
B  .BE 
G  .CE 
D.DE 

^      ^     fel    O 
fe.    O    (5    «? 
Ci     CQ     O     Et! 

A.  AD 
B.BD 
C  .GD 

E.DE 

fe]     fe)     tq 
fej     -^     ft;     O 

c^    c^    ci    ci 
•^     ft]     o 

F  .DE 
A  .BC 
B.AC 
CAB 

C.F 
AB.DE 

AD.  BE 

AE .  BD 

A  .AG 
11.  BC 
D.GD 
E  .  CE 

tq     Eq     ^ 
faq     -t;     S     /^ 

c:>    CL>    <::>    c; 
1         ->    a;    5 

K;      C|      Cj      a^ 

Cj     cq     ^     ^ 
fe,     'q     ft!     0 

CD 
ACAD 
BC.BD 
GE.DE 

F.GD 
A.  BE 
B  .AE 
E.AB 

fe!      Sq      Cl 

^_   S    3   3 

ft,'     t:^     ci     Eq 

'^    -^    'n 

ft)     O     C)     Eq 
-T,     cq     S5     ^ 

"1     O     =i     B^ 

K)     Eq     fel 
Eq     ^     O    c^ 

^     ^     §    § 

F.BE 
A  .CD 
G  .AD 
D.AG 

B.D 
AB.AD 
BC .  CD 
BE.DE 

=5     Eq     Eq     O 
cq     O     ^     -t! 

fen      ^     O      fe! 

B.C 
AB.AC 
BD.CD 
BE .  CE 

F.BC 
A  .  DE 
D.AE 
E  .AD 

A.F 
BC.DE 
HD.CE 
BE.GD 

B  .AB 
C  .AG 
D.AD 
E  .AE 

A.E 
AB.BE 
AC.GE 
AD.DE 

&1     Ci     Ci     o 

■^    o    aa    «i 
fei     aq     O    Ci' 

A.D 
AB.BD 
AC  .CD 
AE.DE 

Ci     fe)     1^     ^      1 
^    o    ft;    ft) 

t*i    aq     O    aq 

A.C 
AB.BG 
AD.GD 
AE.CE 

F.AC 
B  .DE 
D.BE 
E  .BD 

A.B 
AC  .BC 
AD.BD 
AE .  BE 

F.AB 
C  .DE 
D.  CE 
E.CD 

^     S     o     o^  o,     o     So 
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81.     Table  of  the  (iO  GOpel  tetrads. 


A.B .AB. BE 

C .D.GE .DE 

E .F .AB .GD 

AC .BD.AD.BG 

A.B .AD.BD 

C .E .CD.DE 

D.F.AB . GE 

AG .BE .AE .BC 

A.B.AC .RG 

C.F.AB.DE 

D.E.CD.CE 

AD.BE  .AE  .BD 

A.G .AM .GE 

B.D.BE.DE 

E  .F.AC .BD 

AB  .CD  .AD  .BG 

A. C .AD. CD 

B.E.BD . DE 

D.F.AG .RE 

AB .GE .AE .BC 

A.C .AR.BC 

B.F.AC  .DE 

D.E.BD. BE 

AD.  GE .AE.CD 

A.D.AE.DE 

B.C .BE .GE 

E.F.AD.BG 

AB . GD .AG .BD 

A.D.AC.GD 

B.E.BC .CE 

G .F.AD.BE 

AR.DE .AE.RB 

A.n.AB.BD 

B.F.AD.GE 

C .E. CD.DE 

AC .DE .AE.GD 

A.E.AD.DE 

B.G .BD.CD 

D.F.AE.BG 

AB .GE .AG .BE 

A.E.AC .CE 

B.D.BG .CD 

G .F.AE.RD 

ab.de.ad.be 

A .E.AB .BE 

B.F .AE.CD 

C .D.RG .BD 

AC .DE.AD.CE 

A.F .BG .DE 

B.C  .AB .AG 

D.E .AD.AB 

BD .CE .BE . GD 

A.F.BD.CE 

B.D.AB.AD 

C .E.AC.AE 

BG  .DE.BE.CD 

A.  E. BE .CD 

B.E .AB .AE 

G  .D  .AG  .AD 

BG  .DE.BD.CE 

11       7 

15     3 

5     13 

1 

9 

14 

10 

6 

2 

4 

0 

12 

8 

11       7 

12     0 

5     14 

2 

9 

13 

10 

6 

1 

4 

3 

15 

8 

11       7 

4     S 

5     10 

6 

9 

13 

14 

2 

1 

12 

3 

15 

0 

n      5 

1ft     1 

7     13 

3 

9 

14 

10 

4 

0 

6 

2 

12 

8 

11       5 

13     -3 

7     14 

0 

9 

13 

10 

4 

3 

6 

1 

15 

8 

11       5 

6     8 

7     10 

4 

9 

13 

14 

0 

3 

12 

I 

15 

2 

11     13 

15     9 

7       5 

3 

1 

14 

10 

12 

8 

6 

2 

4 

0 

11     13 

4     2 

7     14 

8 

1 

5 

10 

12 

3 

6 

9 

15 

0 

11     13 

6     0 

7     10 

12 

1 

f^ 

14 

2 

9 

4 

9 

15 

2 

11     14 

12     9 

7       ft 

0 

2 

13 

10 

15 

8 

6 

1 

4 

3 

11     14 

4     1 

7     13 

8 

2 

5 

10 

15 

0 

6 

9 

12 

3 

n    14 

6     3 

7     10 

15 

2 

5 

13 

8 

0 

4 

9 

12 

1 

11      10 

S     9 

7       5 

6 

4 

13 

14 

12 

15 

0 

1 

3 

2 

11      10 

0     1 

7     13 

6 

12 

5 

14 

4 

15 

8 

9 

3 

2 

11      10 

3     2 

7     14 

C 

15 

5 

13 

4 

12 

8 

9 

0 

I 
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The  product-theorem,  and  its  results. 
^2.     The  prod  net- theorem  was 


-se 


i(a  +  «')+j,.     iO  +  /3')  +  5  „i{«-i')+p,     iW-ff) 


7  +  7 


S  +  S 


(2.).e' 


S-8' 


»(2«'), 


where  only  one  argument  is  oshibited,  viz.  u  +  uf,  u  —  u',  2w,  2u'  are  wi'itten  in  place 
of  (li  +  u',  v  +  v'),  (((-!(',  v  —  v'),  (2m,  2v),  {2u',  2i/)  respectively.  The  expression  on  the 
right-hand  side  ia  always  a  sum  of  four  terms,  corresponding  to  the  values  (0,  0), 
(1,  0),  (0,  1),  and  (1,  1)  of  (p,  q).  For  the  development  of  the  results  it  was  found 
convenient  to  use  the  following  auxiliary  diagram. 

Upper  half  of  characteristic. 


u 

^ 

„ 

^ 

+ 

+ 

+ 

V6l 

in 

a  CQ. 

'« 

+    + 

+  + 

1 

I 

a  03, 

-fl 

41. 

^  s 

0 

s 

-i-S 

^ 

=0. 

^  s 

s 

^s 

s 

-^H^ 

^ 

HC 

■■  "■"  ^' 

H^ 

-^ 

0     1 

-M 

-*4 

"*"*■ 

-B. 

"*' 

0     0 

0 

0 

0     0 

0 

0 

1  I     0 

1 

0 

0 

1    I 

1 

1     0 

0 

0 

h     0 

4 

0 

i  ^     0 

1- 

0 

^  1 

h 

■ff   1 

1 

0     1 

0 

0 

0     \ 

0 

h 

,  1  i 

1 

i 

0       T 

0 

^  4 

1 

1     1 

0 

0 

h  i 

h 

i 

t  h 

t 

h 

^  t 

4 

4  # 

4 

0    0 

1 

0 

I    0 

% 

0 

i4    0 

^ 

0 

a     1 

if 

il-   1 

1 

1     0 

1 

0 

1     0 

0 

0 

0     0 

1 

0 

1    1 

0 

0     1 

1 

0     1 

1 

0 

i  h 

4 

^ 

-1  h 

^ 

i 

^    4 

4 

1 

I   1 

1 

0 

1   h 

0 

i- 

0     ^ 

1 

i 

1  f 

0 

0    4 

1 

0     0 

0 

^ 

0    I 

0 

1 

1  i 

1 

1 

0     -1 

0 

I  1 

4 

1     0 

0 

h  h 

h 

■1 

t       5 

1 

1 

4    4 

i 

■t    4 

4 

0     1 

0 

0     I 

0 

0 

1    1 

] 

0 

0     0 

0 

1     0 

I 

I    I 

0 

h  1 

i 

0 

S    1 

^ 

0 

J     0 

1 

4   0 

1 

0    0 

I 

h  i 

■1 

1 

^  4 

h 

1 

i   4 

3 

t  1 

1 

1     0 

1 

1  h 

0 

1 

0    i 

1 

1 

1  -^ 

0 

0     1 

4 

0  1 

1  1 

1 

1 

4    ' 
1    1 

0 

0 
0 

#  1 

0     I 

1 

0 
0 

1     0 

0 

4   0 

0     0 

1 
1 
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Lower  half  of  characteristic. 


^^ 

■"?-Jo 

+   + 

?- 

So 

1 

--: 

1 

Jo 

1 

™ 

+ 

So 

+ 

1 

T 

0     0 

0    0 

0     0 

0 

0 

0     0 

0 

0 

0     0 

0 

0 

0 

0 

0 

0 

1     0 

0     0 

1     0 

1 

0 

1     0 

1 

0 

1     0 

1 

0 

1 

0 

1 

0 

0     1 

0     0 

0     1 

0 

1 

0     1 

0 

1 

■  0     1 

0 

1 

0 

1 

0 

1 

1  1 

0     0 

0    0 

1    1 

1     0 

1 

1 

1 

1 

I   1 

1 

1 

1 

1 

1 

1 

1     0 

- 1 

0 

1     0 

-1 

0 

i  1     0 

-  1 

0 

1 

0 

-  1 

0 

1     0 

1     0 

2     0 

0 

0 

2     0 

0 

0 

!  2     0 

0 

0 

2 

0 

0 

0 

0     1 

1     0 

I    1 

- 1 

1 

1    1 

-  1 

1 

!  1     1 

-  1 

1 

1 

1 

-  1 

1 

1    1 

1     0 
0     1 

2     1 

0 

1 

2     1 

0 

1 

j  2     1 

0 

1 
-  1 

1 

0 

1 

0     0 

0     1 

0 

- 1 

0     1 

0 

-  1 

0     1 

0 

0 

1 

0 

- 1 

1     0 

0     1 

1    1 

1 

-  1 

1     1 

1 

-  1 

1   1 

1 

-  1 

1 

1 

1 

-  1 

0     1 

0     1 

0     2 

0 

0 

0     2 

0 

0 

i  0     2 

0 

0 

0 

2 

0 

0 

0     1 

I     2 

1 

0 

1     2 

1 

0 

1     2 

1 

0 

1 

2 

1 

0 

0     0 

1    1 

1     1 

-  1 

- 1 

1     1 

-  1 

-  1 

'   1     1 

-  1 

-  1 

1 

1 

-  1 

-  1 

1     0 

1   1 

2     1 

0 

-  1 

3     1 

0 

- 1 

2     1 

0 

~  1 

1 

0 

- 1 

0     1 

1    1 

1     2 

- 1 

0 

0     2 

-  1 

0 

i  0     3 

-  1 

0 

'  1 

2 

- 1 

0 

1    1 

1    1 

2     3 

0 

0 

2     2 

0 

0 

i  2     2 

0 

0 

:  2 

2 

0 

0 

83.  The  upper  characters  of  the  O's  have  thus  the  values  0,  1,  ^,  f ;  the  lower 
characters  are  originally  2,  1,  0,  or  —  1,  aud  these  have  when  necessary  to  be,  by 
the  addition  or  subtraction  of  2,  reduced  to  0  or  1 ;  the  effect  of  this  change  is 
either  to  leave  the  O  unaltered,  or  to  multiply  it  by  —1  or  ±i,  as  follows: 


^0 


e 


0^         = 
7  +  2 


10^ 


-10^ 


where  only  the  first  column  of  characters  is  shown,  but  the  same  rule  applies  to  the 
second  column;  and  where  we  must  of  course  combine  the  multipliers  corresponding 
to  the  first  and  second  columns  respectively :   for  instance 


-)-e. 
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Thus   taking   the   tenth   line   of  the   upper   half^  and   the   fifth   line   of   the    lower   half, 
we  have 

10     I     01     j     i     J     I     { 

00     I     10     I     1     0-1     0 
giving  the  value  of 


4    i    f    » 

WW 

t   i    ' 

i 

1     0-1     0 

1     0-1     0 

1     0- 

0 

1  0^ 
1  0^ 


-t  ^  "  ^       1   n  ^  "  ^ 


+  "1  qI  »^'-'_l  o*» '      '^1  o'-"'     1  o^»  '■ 

where   the  first   column   is  the   value  given  directly  by  the  diagram :   it   is  then  reduced 
to  that  given  by  the  second  column. 

84     But  instead  of  the  @'s,  we  introduce  single  letters  (X,   Y,  Z,   W),  {E,  F,  G,  II}, 
(I,  ./,  if,  t),  (J/,  N,  P,  Q),  with  the  suffixes  (0,  1,  2,  3),  in  all  6*  symbols,  thus 

0  00   10  01   n  (2ii)  =    X   r  z   w 


«™r2„i-x    «^ 


e  JO  ji   fo  }i  (2ii)  -    E  y   a   H 

0 
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[704 


01,  2 

11 !  3 , 

The  functions  of  (2z[')  are  deooted  in  lil^e  manner  by  accented  letters 
f*  H     14     41     tl(2«)=      i/     A^    P     Q 


00 
10 


85.     To   simplify   the   expression   of    the   results,   instead    of    in    each    case    writing 
down  the  suffixes,  I  have  indicated  them  by  means  of  the  column  headed  "  Suff'." 


1  8-0 
means  that  the  equation  is  to  be  read 


-ti'^XX'    +YY'   +ZZ' 


-  X^X-  +  Y^Y^  +  ^A'  +  W,  W.'. 


Jt   is   hardly   necessary   to   mention   that  the    |  8  —  0  j  of  the  left-hand  column  shows 
the  current  numbers  of  the  theta-functions ;   viz.  the  left-hand  side  of  the  equation  is 

And   by   a   preceding   remark   the   single   arguments  u  +  u'  and  u  —  u   ai-e  written  in 
place  of  (u  +  u',  v-^v")  and  (u—u',  v  -  v')  respectively. 
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The  256  equations  now  are 

86.     First  set,  64  equations. 


0-0 

■'oo"-'" 

■^oo''- 

m'     =     XX' 

+  Y¥' 

+  ZZ' 

+  WW 

Suffixes. 

0 

4-0 

00 
10 

00 
00 

=     XX' 

+  yr 

^ZZ 

+  T7IF' 

1 

8-0 

00 
01 

00 
00 

=     XX' 

+  YY' 

■\-ZZ' 

+  WW 

2 

12-0 

00 

11 

00 
00 

=     XX' 

+  ¥¥' 

+  ZZ 

+  WW 

3 

0-4 

■^lo"- 

u'     =     XX 

-rr 

+  ZZ' 

-  WW 

1 

4-4 

00 
10 

00 
10 

--.     XX 

-7i" 

•vZZ' 

-  WW 

0 

8-4 

00 
01 

00 
10 

=     XX' 

-YT 

^ZZ' 

-  WW 

3 

12-4 

00 

11 

00 
10 

=     XX 

-YY' 

+  ZZ' 

-  WW 

2 

0-8 

S^^u  +  u 

■■^oi'' 

v:   =  XX 

^YY' 

-ZZ' 

-  WW 

3 

4-8 

00 
10 

00 
01 

^     XX' 

+  YY' 

-ZZ' 

-  WW 

3 

8-8 

00 
01 

00 
01 

=     XX' 

+  77' 

-ZZ 

-WW 

0 

12-8 

00 

11 

00 
01 

=    XX 

+  7F 

-ZZ 

-  WW 

1 

0-12 

nOO 

..-.- 

i'     =     XX 

-YY' 

-ZZ' 

+  WW 

3 

4-12 

00 
10 

00 

11 

=    XX' 

-  YY' 

-ZZ' 

+  WW' 

2 

8-  12 

00 
01 

00 

n 

=     XX' 

-YY 

-ZZ' 

+  WW 

1 

12-12 

00 

11 

00 

11 

=     XX 

-  YY' 

-ZZ' 

+  WW 

0 
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irst  set,  64  equations  (continued). 


1-1 

■^oo"- 

u-     =     YX' 

^•XT 

+  W2'     +  ZW 

Suffixes. 

0 

5-1 

10 
10 

10 
00 

=     YX' 

+  xr 

+  WZ'   +2:w' 

1 

9-1 

10 
01 

10 
00 

=     YX' 

+  xr 

+  W2'   +zyv' 

2 

13-1 

10 
11 

10 
00 

-     YX' 

+  XY' 

+  WZ'    +  ZW 

3 

1-6 

.-..„ 

111     =     YX 

-XY' 

+  WZ'    -  ZW 

1 

5-5 

10 
10 

10 
10 

=  -^YX' 

+  Z7' 

~-WZ'       -rZW 

0 

9-5 

10 
01 

10 
10 

=     YX' 

-XY' 

+  WZ'    -  ZW 

3 

13-5 

10 

n 

10 
10 

=  ~YX' 

+  XY' 

-  WZ'     +  ZW 

2 

1-9 

n  10 

%o"  +  " 

■■^oi''" 

l'        =:         YX' 

+  XY' 

-  WZ'     -  ZW 

2 

5-9 

10 
10 

10 
01 

=     YX' 

+  XY' 

-  WZ'     -ZW 

3 

9-9 

10 

01 

10 
01 

=      YX' 

+  XY' 

-  WZ     -  ZW 

0 

13-9 

10 

11 

10 
01 

=     Yr 

+  XY' 

-  WZ'     -  ZW 

1 

1-13 

.:„.. 

-;?«- 

u!     -     YX' 

-XY' 

-WZ'     +ZW 

3 

5-13 

10 
10 

10 

11 

~-^-YX' 

+  xr 

+  WZ'     -ZW 

2 

9-13 

10 
01 

10 

11 

=     YX' 

-XY' 

-  WZ'     +  ZW 

1 

13-13 

10 

11 

10 

11 

=  -YX 

+  zr 

+  WZ'     -  ZW 

0 
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A    MEMOIR   ON   THE    SINGLE    AND   DOUBLE   THETA-rUNCTIONS. 


First  set,  64  equations  (continued). 


2-2 

%0"^^ 

"■■'oo"- 

/   -   zx- 

+  M'Y' 

+  XZ' 

+  YW' 

Suffixes. 

0 

6-2 

01 
10 

01 

00 

-     ZX' 

+  WY' 

■¥  XZ' 

+  YW' 

1 

10-2 

01 
01 

01 
00 

--=     ZX' 

+  WY' 

A-  XZ' 

+  YW' 

3 

14-2 

01 

11 

0! 
00 

=     ZX 

+  WY' 

+  XZ' 

+  YW 

3 

2-6 

^oo''"' 

'■<"- 

u'     =     ZX 

-  WY' 

+  XZ' 

-  YW' 

1 

6-6 

01 
10 

01 
10 

-     ZX' 

-  WY' 

+  XZ' 

-  YW 

0 

10-6 

01 
01 

01 
10 

=     ZX' 

-  WY' 

^XZ' 

-  YW' 

3 

U-6 

01 

11 

01 
10 

^     ZX' 

~WY' 

^XZ' 

-  YW' 

2 

2-10 

■^oo"^ 

"■^oi"~ 

■u'     =     ZX' 

+  WY' 

-XZ' 

-  YW' 

2 

6-10 

01 
10 

01 
01 

^     ZX' 

+  WY' 

-XZ' 

-  YW' 

3 

10-10 

01 
01 

01 
01 

^-ZX 

-  WY' 

+  XZ' 

+  YW 

0 

14-10 

01 

11 

01 
01 

=  -ZX' 

~  WY' 

+  XZ' 

+  YW 

1 

2-14 

^oo"  + 

.'  ^^\. 

"■^n"" 

u'     =     ZX 

-  WY' 

-XZ' 

+  YW 

3 

6-14 

01 
10 

01 

11 

=     ZX' 

_  WY' 

-  XZ- 

+  YW' 

2 

10-14 

01 
01 

01 

11 

^-zx 

+  WY' 

+  XZ' 

-  YW' 

1 

14-14 

01 

11 

01 

11 

^-ZX' 

+  rj" 

+  XZ' 

-riF 

0 
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First  set,  64  equations  (concluded). 


3-3  .,^.»-..;;.- 

,■   =    wx- 

+  ^¥- 

+  YZ' 

+  xr 

Saffixes. 

0 

7-3 

1                   11 

0                   00 

=     WX' 

+  ZY' 

+  YZ' 

^xw 

1 

11-3 

1            11 

1                   00 

=     WX' 

+  ZY' 

+  YZ- 

+  XW' 

2 

15-3 

1           11 

1                   00 

-     WX' 

+  ZY' 

+  YZ' 

■1-  XW' 

3 

3-7        » 

v!     =     WX' 

-zy 

+  YZ' 

-XW' 

1 

7-7 

1                   11 
0                   10 

=  -WX' 

+  ZY' 

-YZ' 

+  XW' 

0 

11-7 

1                    10 

=      WX' 

-ZY' 

+  YZ' 

-  XW' 

3 

15-7 

1               u 

1                   10 

^-WX' 

+  ZY' 

-YZ' 

+  XW' 

2 

3-11       & 

u     =     WX' 

+  Z¥' 

-YZ- 

-  XW' 

3 

7-11 

1             n 

0                   01 

=     WX' 

+  ZY' 

-  YZ' 

-XW 

3 

U-U 

1            11 

1                   01 

=  -  WX' 

-ZY' 

+  YZ' 

+  XW' 

0 

16-11 

1            11 

1                   01 

=  -  WX- 

-ZY' 

+  YZ' 

+  xw- 

1 

3-15       A 

1                 -      n    11 

o^^^-^ii"- 

w'     =      WX' 

-ZY' 

-  YZ' 

+  XW' 

3 

7-15 

1           11 

0                   11 

=  -  WX' 

+  ZY' 

+  YZ' 

-xw- 

2 

11-16 

1           11 
1           11 

=  -  WX' 

+  zr 

+  YZ' 

-xw- 

1 

15-15 

1             11 
1             11 

=     WX' 

-ZY' 

-  YZ' 

+  xw- 

0 
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87.     Second  set,  64  equations. 


1-0 

AqqU  +  U 

=      ES'     +   OG'     +  FF' 

+  Hir 

Suffixes. 

0 

6-0 

10 
10 

00 
00 

=      FF'     +  GG'     +   FF- 

+  HM' 

1 

9-0 

10 
01 

00 
00 

-      FE'     +  Gff     +  FF' 

+  HH' 

2 

13-0 

10 

11 

00 
00 

-      EE     +   GG-     +  FF' 

+  HE' 

3 

1-i 

.-... 

..-„-. 

^-iEE'     +iGG'     -IFF- 

+  iHir 

1 

5-4 

10 
10 

00 
10 

-     iEE     -iGG'     +iFF' 

~iHH' 

0 

9-4 

10 
01 

00 
10 

=  -iEE    +iGG-    ~iFF' 

+  iHH' 

3 

13-4 

10 

11 

00 
10 

=    iEE'    -iGG'    +iFF' 

-iHH' 

2 

1-8 

Sq^^U  +  U 

'^oi'*-" 

-      EE'     +  GG'     -  FF' 

-  Hir 

2 

5 --8 

10 
10 

00 
01 

=     EE    +  GG'    -  FF' 

-  HH' 

3 

9-8 

10 
01 

00 
01 

=      EE'     +  GG'     -  FF' 

-  HH' 

0 

13-8 

10 

11 

00 
01 

=      EE'     +  GG'     -  FF' 

~  HH' 

1 

1-12 

,11... 

..n.-«' 

^-%EW    +iGG'    +iFF 

-iHH' 

3 

5-12 

10 
10 

00 

11 

=    iEE    -iGG-    ~iFF' 

+  iHH' 

2 

9-12 

10 
01 

00 

11 

=-iEE-    +iGG'    +iFF' 

-iHH' 

1 

13-12 

10 

11 

00 

11 

=    iEE    -iGG'    -iEF- 

+  iHH' 

0 
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Second  set,  64  equations  (continued^). 


0-1 

"  00  ^ 

■■'oo"- 

w'    =      EG' 

+  GE 

+  FH' 

+  HE' 

Suffixes. 

0 

4_1 

00 
10 

10 
00 

r--           EG- 

+  GE 

+  Fir 

+  HF' 

1 

8-1 

00 
01 

10 
00 

=      EG' 

+  GE 

+  FH' 

+  HE' 

2 

12-1 

00 

u 

10 
00 

=      EG' 

+  GE 

+  FH' 

+  HE' 

3 

0-5 

„00 

■^lo"- 

'It'     =     iEG' 

-iGE' 

+  iFH' 

-  iHE' 

1 

4-5 

00 
10 

10 
10 

=     iEG' 

~iGE 

+  iFH' 

~iHF' 

0 

8-5 

00 
01 

10 
10 

=     iEG' 

~  iGE' 

+  iFH' 

-  iHF' 

3 

12-5 

00 

n 

10 
10 

=    iEG' 

-iGE 

+  iEI{' 

-iNF' 

2 

0-9 

^00^-"" 

■'%l"" 

u'    =     EG' 

+  GE' 

-  FH' 

-  HF' 

2 

4-9 

00 
10 

10 
01 

^      EG' 

+  GE' 

-  FH' 

~  HF' 

3 

8-9 

00 
01 

10 
01 

=      EG' 

+  GE 

-  Fff' 

-  HF' 

0 

12-9 

00 

u 

10 
01 

=      EG' 

+  GE 

-  FH' 

-  HF' 

1 

0-13 

.»... 

-;;»- 

v!     -     iE& 

-iGE 

-iFH' 

+  iHF' 

3 

4-13 

00 
10 

10 

11 

=     iEG- 

-iGE 

-iFH' 

+  iHF' 

2 

8-13 

00 
01 

10 

11 

=    iEG' 

-iGE' 

-iFH' 

+  iHF' 

1 

12-13 

00 

11 

10 

11 

=     iEG' 

-iGE' 

-iFH' 

+  iHF' 

0 
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Second  sot,  64  equations  (continued). 


3-2 

^11 

.....«„;.- 

u'     =      FS'     -1-  MG'     +  EF' 

+  GE' 

Suffixes. 

0 

7-2 

n 

10 

01 
00 

=.      FE'     +  EG'     +  EF' 

+  GH' 

1 

11-2 

11 

01 

01 
00 

=■      FE'     +  HG'     +  EF' 

+  GH' 

2 

15-2 

11 
11 

01 
00 

=      FE'     +  HG-     +  EF' 

+  GE' 

3 

3-6 

^00' 

.....Ji.- 

u'     ^-iFE'     +illG'     -iEF' 

+  iOH' 

1 

7-6 

11 

10 

01 
10 

=     iFE"     -ilW     +iEF' 

-iGH' 

0 

11-6 

11 

01 

01 
10 

■^-^iFE'     +iHG'     ~iEF' 

+  iGH' 

3 

15-6 

u 
11 

01 
10 

--     iFE'     -iUG'     ^iEF' 

-iGH' 

2 

3-10 

<> 

i'     =      FE'     +  HG'     -  EF' 

-  GH' 

2 

7-- 10 

11 

10 

01 
01 

--:      FE'     4-  HG'     -  EF' 

-  GH' 

3 

11-10 

u 

01 

01 
01 

--  FE'     -  HG'     +  EF' 

+  GE' 

0 

15-10 

11 
11 

01 
01 

=  -  FE     -  HG-     +  EF' 

+  GE' 

1 

3-14 

^JJ» 

"'-n- 

/     ^-IFE     +iIIG'     +iEF' 

~iGE' 

3 

7-14 

11 

IQ 

01 

11 

=     iFE'     ~iHG'     -iEF' 

+  iGE' 

2 

11 -H 

XI 
0] 

01 

u 

-     iFE'     -iUG'     -iEF' 

+  iGE' 

1 

15-14 

u 
11 

01 

11 

=  -iFE'     A-iUG'     +iEF' 

-iGH' 

0 
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Second  wet,  64  equations  (concluded). 


2-3 

S^^u  +  u 

u'     ^      FO' 

+  IIF' 

+  EH' 

+  GF' 

Suffixes. 

0 

6 -a 

01 
10 

11 

00 

=      FG' 

+  HE 

+  EH' 

+  GF' 

1 

10-3 

01 
01 

11 

00 

=      FG' 

+  HW 

+  EH' 

H-  OF' 

2 

U-3 

01 

11 

11 

00 

=      FG' 

+  HE' 

+  EH' 

+  GF' 

3 

2-7 

.»... 

-;;- 

u'     =     iFG- 

^iHE' 

+  iEH' 

-iGF' 

1 

6-7 

01 
10 

11 

10 

=     iFG' 

~iHE' 

+  iEH' 

-  iGF' 

0 

10-7 

01 
01 

11 

10 

=     iFG' 

-iHE' 

+  iEH' 

-iGF' 

3 

14-7 

01 

11 

11 

10 

=     iFG' 

~iHE' 

+  iEW 

-iGF' 

2 

2-11 

-:;- 

u'     =      FG' 

+  HE' 

-  EH' 

-  GF' 

2 

6-11 

01 
10 

11 

01 

=      FG' 

+  HE' 

-  EH' 

-  GF' 

3 

10-11 

01 
01 

11 

01 

=  -  FG' 

-  HE' 

+  EH' 

+  GF' 

0 

14 -U 

01 

11 

11 

01 

=  -  FG" 

-  HE' 

+  EH' 

+  GF' 

1 

2-15 

<w- 

..,;;„- 

n'     =     iFG' 

-iHE' 

-iEH' 

+  iGF' 

3 

6-15 

01 
10 

11 
11 

=    iFG' 

-iHE' 

-iER' 

+  iGF' 

2 

10-15 

01 
01 

11 
11 

=  -iFG' 

+  iHE' 

+  iEH' 

-iGF' 

1 

14-15 

01 

11 

11 
u 

^-iFG' 

+  iHE' 

H-  iEH- 

-iGF' 

0 
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Third  set,  64  equations. 


2-0 

oOl 

■'oo"^ 

u'     =      IF 

+  //' 

+  KK- 

+  LL' 

Suffixes. 

0 

6-0 

01 
10 

00 
00 

-■       //' 

+  JJ' 

+  KK' 

+   LL 

1 

10-0 

01 
01 

00 
00 

-      //' 

+  JJ- 

+   KK' 

+  LU 

2 

H-0 

01 

11 

00 
00 

=      //' 

+  //' 

+  KK- 

+  LL' 

3 

2-4 

„..,:„- 

u'     =      //' 

-  JJ- 

+  KK- 

-  LL' 

1 

6-4 

01 
10 

00 
10 

=       //' 

-  JJ- 

4-   KK' 

-  LL- 

0 

10-4 

01 
01 

00 
10 

=      //' 

-  JJ- 

+  KK' 

-  LL- 

3 

14-4 

01 

11 

00 
10 

=      IF 

-  JJ- 

+  KK- 

-  LL- 

3 

2-8 

Z'^ 

u'   =-in' 

-iJJ- 

+  iKK' 

+  iLL- 

2 

6-8 

01 
10 

00 
01 

=  -  ilF 

-UJ' 

+  iKK- 

+  iLL' 

3 

10-8 

01 
01 

00 
01 

-    ilF 

+  iJJ- 

-  iKK- 

-iLL- 

0 

14-8 

01 

u 

00 
01 

=   iir 

+  iJJ- 

-  iKK- 

^iLL' 

1 

2-12 

<l-^ 

i'     =  -  ilF 

^iJJ- 

+  iKK- 

-iLL- 

3 

6-12 

01 
10 

00 

11 

=  -iIF 

+  iJJ' 

+  iKK- 

-iLL' 

2 

10-12 

01 
01 

00 

11 

-     ilF 

-{JJ- 

-  iKK' 

+  iLL- 

1 

14-12 

01 

11 

00 

11 

=     ill' 

-ijj' 

-  iKK' 

^iLL' 

0 
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Third  set,  64  equations  (continued). 


3-1 

^j;»^ 

w'  =    JI' 

4-    //' 

+   LK' 

+   KL' 

Suffixes. 

0 

7-1 

11 

10 

10 
00 

=    JI' 

+    IJ' 

+   LK' 

+  KL' 

1 

11-1 

n 

01 

10 
00 

=    jr 

+    IJ' 

^   LK' 

+   KL' 

2 

15^1 

11 
11 

10 
00 

=    jr 

+    IJ' 

+   LK' 

+   KL' 

3 

3-5 

^;;- 

''■■^lo"- 

u'      =       JI' 

-    I  J' 

+    LK' 

-  KL' 

1 

7-5 

11 

10 

10 
10 

=  -  JI' 

+    I  J' 

-  LK' 

+   KL' 

0 

11-5 

11 

01 

10 
10 

=    JI' 

-   IJ' 

+   LK- 

-  KL' 

3 

15-5 

11 
11 

10 
10 

=  -  jr 

+    I  J' 

-  LK' 

-h   KL' 

2 

3-9 

■'j;- 

»•-;?"- 

i'   ^-ijr 

-iW 

+  illC 

^iKL' 

3 

7-9 

11 

10 

10 
01 

=  -  ijr 

~iIJ' 

+  iJ.K' 

+  iKL' 

3 

11-9 

11 

01 

10 
01 

=.   ijr 

+  iij' 

-iLK' 

-  iKL' 

0 

15-9 

11 
11 

10 
01 

-   ijr 

+  iij' 

-iLK' 

-iKL' 

1 

3-13 

Kl'^ 

....,-„- 

('   =  -  ijr 

-¥iIJ' 

+  iLK' 

-iKL' 

3 

7-13 

11 

10 

10 

11 

=   iji' 

-ill' 

-  iLK' 

+  iKL' 

2 

11^13 

11 

01 

10 

11 

=   iji' 

-iij' 

-iLK' 

-i-  iKL' 

1 

15-13 

11 
11 

10 

11 

=  -  ijr 

+  iij' 

+  iLK' 

-  iKL' 

0 
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Third  set,  64  equations  (continued). 


0-2 

„00 

u-     =      TIC 

+  JL' 

+   KF 

+  LJ' 

Suffixes. 

0 

4-2 

00 
10 

01 
00 

=.    iir 

+   JU 

+   KF 

+  LJ' 

1 

8-2 

00 
01 

01 
00 

=      IK' 

+  .TV 

+   KF 

+  LJ' 

2 

12-2 

00 

11 

01 
00 

=    nc 

+  JL' 

+   KF 

+  LJ 

3 

0-6 

C'* 

u'     =       I!C 

-  JL' 

+   KF 

~  LJ' 

1 

4-6 

00 
10 

01 
10 

=    lie 

-  JL' 

+   KF 

-  LJ' 

0 

S-ty 

00 
01 

01 
10 

=    //r 

-  JL' 

+   KF 

-  LF 

3 

12-6 

00 

11 

01 
10 

=      IK' 

-  JL' 

-I-   KF 

-  LJ' 

2 

0-10 

^00 

^oo"  + 

vl     =     UK' 

+  iJL' 

-  UW 

-iLF 

2 

4-10 

00 
10 

01 
01 

=     UK- 

+  iJL' 

~iKF 

-iLJ' 

3 

8-10 

00 
01 

01 
01 

=     UK' 

+  iJL' 

-iKF 

-iLJ' 

0 

12-10 

00 

11 

01 
01 

=     UK' 

+  iJL' 

-  uw 

-iLJ' 

1 

0-14 

■^oo"^ 

„...;;.- 

u'     =     UK' 

-iJL' 

~iKF 

+  iLJ' 

3 

4-14 

00 
10 

01 

11 

=     UK- 

-iJL' 

-iKF 

+  iL.F 

3 

8-14 

00 
01 

01 

11 

=     UK' 

-iJL' 

-iKF 

+  iLJ' 

1 

12-14 

00 

11 

01 

11 

=    UK' 

-UL' 

-  ixr 

+  iLJ' 

0 
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Third  set,  64  equations  {concluded). 


1-3 

.::„.. 

<>- 

V     =      JK' 

+  IL' 

+  LI' 

+  KJ' 

Suffixes. 

0 

5-3 

10 
10 

11 

00 

=      JK' 

+  IL' 

+  LI' 

+  KJ 

1 

9-3 

10 
01 

11 

00 

=      JK' 

+  IL' 

4-   LI' 

+  KJ' 

2 

13-3 

10 

11 

11 

00 

=      JK' 

+  IL' 

+  LI' 

+  KJ' 

3 

1-7 

.,;;.- 

vJ     =      JK' 

-  IL' 

+  LI' 

-  KJ' 

1 

5-7 

10 
10 

11 

10 

=  ~  JK' 

+  IL' 

-  LI' 

+   KJ' 

0 

9-7 

10 
01 

11 

10 

=      JK- 

-  IL' 

+  LI' 

-  KJ' 

3 

13-7 

10 

11 

u 

10 

--  JK' 

+  IL' 

-  LI' 

+    KJ' 

2 

1-11 

■^00^  +  " 

-l\"- 

u'     =     iJK' 

■1-  ilL' 

~iLi' 

-  ilW 

2 

5-11 

10 
10 

11 

01 

^     iJK' 

^ilL' 

-iLI' 

-  ilW 

3 

9-11 

10 
01 

11 

01 

=     iJK' 

+  iIL' 

-iLI' 

-  iKJ' 

0 

13-11 

10 

11 

11 

01 

=     iJK' 

^ilL' 

-iLI' 

-iKJ' 

1 

1-13 

.-„.. 

..;;„- 

u'  =  ijr 

-ilL' 

-iLI' 

+  UW 

3 

5-15 

10 
10 

]i 
u 

'-^-iJK' 

+  i7i' 

■i-iLF 

-iKJ' 

2 

9-15 

10 
01 

11 
11 

=     iJK' 

-ilL' 

-iLI' 

■^iKJ' 

1 

13-15 

10 

11 

11 
11 

=  -  iJK' 

-rilV 

+  iLr 

-iKJ' 

0 
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89.     Fourth  set,  64  equations. 


3-0        .•> 

)0                  00 

ti'    =      MM' 

+  NN' 

+  PP    +  QQ' 

Suffixes. 

0 

7-0 

1                   00 
0                  00 

=      MM' 

+  Nir- 

+  PF    +  QQ' 

1 

11-0 

1                   00 
)1                   00 

=      MM' 

+  NN' 

+  PP'    +  QQ' 

2 

15-0 

1                   00 
1                   00 

=      MM' 

+  NN' 

+  PP    +  QQ' 

3 

3-4        ^ 

u'     ^~iMM' 

+  iNN' 

-iPF    +iQQ' 

1 

7-4 

1                   00 
0                   10 

-  4-  iMM- 

^iNN' 

+  iPP    -iQQ' 

0 

11-4 

1                   00 
1                   10 

=  -  iMM- 

+  iNN' 

-iPP    +iQQ' 

3 

15-4 

1                   00 

1                   10 

=  +  iMM' 

-iNN' 

+  iPP    --iQQ' 

2 

3-8         ^ 

u'     =  -  iMM' 

-iNN' 

+  iFP    +iQQ' 

2 

7-S 

1                  -00 
0                  01 

=  -iMM' 

-iNN' 

+  iPF    +iQQ' 

3 

11-8 

1                   00 
1                  01 

=     iMM' 

+  iNN' 

-iPP    -iQQ' 

0 

15-8 

1                  00 
1                  01 

=     iMM' 

+  iNN' 

-iPF    -iQQ' 

1 

3-13       .^ 

^'     =-  MM- 

+  NN' 

+  PP    -  QQ' 

3 

7-12 

1                  00 

0            n 

=  +  MM' 

-  NN' 

-  PP    +  QQ- 

2 

11-12 

1                   00 

1           11 

=  +  MM' 

-  NN' 

-  FP     +  QQ' 

1 

15-12 

1                   00 

1            11 

=  -  MM' 

+  NN' 

+  PP     -  QQ' 

0 
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Fourth  set,  Qi  equations  (continued). 


2-1 

■■^oo"" 

11     =      MW 

+  NM' 

+  PQ' 

+  QF 

Suffixes. 

0 

6-1 

01 
10 

10 
00 

.      MN' 

+  SM' 

+  iV 

+  QF 

1 

10-1 

01 
01 

10 
00 

=      MN' 

+  NM' 

*  PQ' 

*  QF 

2 

14-1 

01 

11 

10 
00 

.      MN' 

+  NM' 

+  FQ- 

+  QF 

3 

.-5 

«'   =   ais' 

-iNM' 

+  iPQ' 

-iQF 

1 

6-5 

01 
10 

10 
10 

=    iMN' 

-  iNM' 

+  iFQ' 

-iQF 

0 

10-5 

01 
01 

10 
10 

.    iMN' 

-iNM' 

*iPQ' 

-iQF 

3 

14-5 

01 

11 

10 
10 

=    iMN' 

-iNM' 

+  irQ' 

-iQF 

2 

2-9 

.«;.... 

■K>- 

u'    ^-iMN' 

-iNM' 

*tPQ' 

■tiQP 

2 

6-9 

01 
10 

10 
01 

.-iMN' 

-iSW 

+  iFQ' 

*iQF 

3 

10-9 

01 
01 

10 
01 

=    iMN' 

^iNM' 

-iPQ' 

-iQF 

0 

14-9 

01 

11 

10 
01 

.    iMN' 

+  iNM' 

-iFQ' 

-iQF 

1 

2-13 

-;?■- 

u'    =      MN' 

-  NM' 

-  PQ' 

+  QF 

3 

6-13 

01 
10 

10 

11 

=      MN' 

-  NM' 

-  PQ' 

+  QP 

2 

10-13 

01 
01 

10 

11 

=  -  MN' 

+  NM' 

*  PQ' 

-  QF 

1 

14-13 

01 
11 

10 

11 

.-  MS' 

+  NM' 

+  />«' 

-QF 

0 
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Fourth  set,  64  equations  (continued). 


1-2 

.11... 

«'    =      MF 

+  NQ' 

+  PM' 

+  QW 

Suffixes. 

0 

5-2 

10 
10 

01 

00 

.    ary 

+  m 

+  PM' 

+  QS' 

1 

9-2 

10 
01 

01 

00 

=      MF 

+  w 

+  PM' 

+  Qr 

2 

13-3 

10 

11 

01 
00 

=      MF 

+  S« 

t  PM' 

+  QS' 

3 

1-6 

...... 

»•    .-iilF 

+  iNQ' 

-  iPM' 

*iQN' 

1 

5-6 

10 
10 

01 
10 

.     iMP 

~iNq 

+  iPM' 

-iQi" 

0 

9-6 

10 
01 

01 
10 

=  -iMF 

.iwq 

-  iPM' 

*iQN' 

3 

13-6 

10 

11 

01 
10 

-     iMF 

-isq 

+  iPM' 

-iQN' 

2 

1-10 

S^^^U  +  U 

■^oi"- 

«'    .    iMP 

.isq 

-  iPM' 

-iQS' 

2 

5-10 

10 
10 

01 
01 

=   arp 

+  iFQ' 

-  iPM' 

-iQS' 

3 

9-10 

10 
01 

01 
01 

=    iMP 

+  iNQ' 

-iPM' 

-iQS' 

0 

13-10 

10 

11 

01 
01 

=    iMP 

+  iW 

-  iPM' 

-iQS' 

1 

1-14 

A^^u  +  u 

-:;- 

m'    =      MP 

-  ITQ' 

-  PM' 

+  QS 

3 

5-14 

10 
10 

01 

11 

=  -  MF 

+  NQ' 

+  PM' 

-  QS 

2 

9-14 

10 
01 

01 

11 

.     MF 

-  J«' 

-  PM' 

+  QN' 

1 

13-14 

10 
11 

01 

11 

=  -  MF 

+  SQ' 

+  PM' 

-  QS' 

0 
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Fourt?]  set,  64  equations  (concluded). 


0-3 

.i^^u  +  u 

<'-"' 

-      MQ' 

+  NF 

+  FN' 

+  QM' 

Suffises. 

0 

4-3 

00 
10 

11 

00 

-     MQ' 

+  NF 

+  FN' 

+  QM' 

1 

8-3 

00 
01 

11 

00 

.      MQ' 

+  NF 

+  FN' 

+  QM' 

2 

12-3 

00 

11 

11 

00 

-      MQ' 

+  NF 

+  FN 

+  QM' 

3 

0-7 

,-..„ 

..;j.^... 

.    iiW 

-iNF 

■¥iFN' 

-iQM' 

1 

4-7 

00 
10 

11 

10 

.    iMQ' 

-iNF 

+  iPN' 

-iQM' 

0 

8-7 

00 

01 

11 

10 

=   iiiq 

-  iNF 

+  iPN' 

-iQM' 

3 

13-7 

00 

11 

11 

10 

=    iMq 

-iNF 

+  iFN' 

-iQM' 

2 

0-11 

Ol'' 

-    iMQ' 

+  iNF 

-iPN 

-iQM- 

2 

4-11 

00 
10 

11 

01 

=    iMQ 

+  iNF 

-iPN 

-iQM' 

3 

8-11 

00 
01 

11 

01 

=    «f«- 

+  iNF 

-  iFN' 

-iQM' 

0 

12-11 

00 

11 

11 

01 

=    iMQ' 

+  iNF 

-iPN' 

-iQM' 

1 

0-15 

..;;.-. 

—  MQ' 

+  NF' 

+  PA" 

-  QM' 

3 

4-15 

00 
10 

11 

11 

=  -  MQ' 

+  NF 

+  FN' 

-  QM' 

2 

8-15 

00 
01 

11 
11 

=  -  MQ' 

+  NF 

+   FN' 

-  QM' 

1 

12-15 

00 

11 

11 
11 

.-  Mi! 

+  NF 

+  FN' 

-  QM' 

0 
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90.  I  re-arrange  these  in  sets  of  16  equations,  the  equations  of  the  first  or 
square-set  of  16  being  taken  as  they  stand,  but  those  of  the  other  sets  being 
combined  in  pairs  by  addition  and  subtraction  as  will  be  seen.  And  I  now  drop 
altogether  the  characteristics,  retaining  only  the  current  numbers :  thus,  in  the  set  of 
equations  next  written  down,  the  first  equation  is 

X  {u  +  u')  %  {u  -  u')  =  XX'  +  Y¥' + zz'  ^^w^y'■. 

in  the  second  set,  the  first  equation  is 

\  {^,  {u  +  It')  ^,  {u  - u')  +  \(u  +  u) % {u - u')\  =  X,X,'  +  Z,Z/, 
and  so  in  other  cases. 

First  or  square-set  of  16. 


s 

A 

(Suffixes  0,) 

0 

0 

=      XX' 

+  YY' 

+  ZZ' 

+  WW 

4 

4 

=      XX' 

-  YY' 

+  ZZ' 

-  WW 

8 

8 

--.      XX' 

+  YY' 

-  ZZ' 

-  TFB^' 

12 

12 

=-.      XX' 

~  YY' 

-  ZZ' 

+  WW 

1 

1 

=       YX' 

+  XY' 

+  WZ' 

+  ZW' 

fl 

5 

=  -  rx' 

+  X¥' 

-  WZ' 

+  ZW' 

9 

9 

=      YX' 

+  XY' 

-  WZ' 

-ZW 

.3 

13 

=  -  YX' 

+  XY' 

+  WZ' 

-ZW 

■2 

■2 

=      ZX' 

+  WY' 

+  XZ' 

+  YW 

6 

Q 

-      ZX' 

-  WY' 

+  XZ' 

-  YW 

.0 

10 

=  -  ZX' 

-  WY' 

+  XZ' 

+  YW 

■A 

14 

=  -  ZX' 

+  WY' 

+  XZ' 

-  YW 

3 

3 

=       WX' 

+  ZY' 

+  YZ' 

+  XW' 

7 

7 

^  -  WX' 

^  ZY' 

-  YZ' 

+  XW' 

.1 

11 

=  -  WT 

-ZY' 

+  YZ' 

+  xw 

.5 

15 

=       WX' 

-  ZY' 

-  YZ' 

+  XW' 

91.     Second  set  of  16. 

+    $      .      S-  ]         (Suffixes  1,) 


XX' 

^ZZ' 

XX' 

-  ZZ' 

YX' 

+  WZ' 

YX' 

-  WZ' 

ZX' 

+  XZ' 

-  ZX' 

+  XZ' 

WX' 

+  YZ' 

-  WX' 

+  YZ' 

(Suffixes  I.) 

YY' 

+  WW 

YY' 

-  WW 

XY' 

+  ZW 

XY' 

-  ZW 

WY' 

+  YW 

-  WY' 

+  YW 

ZY' 

+  XW' 
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92.    Third  set  of  16. 


H^ 


(Suffixes  3.) 

XX' 

+  XT 

XX' 

_  rr 

YX' 

+  xr 

rx' 

+  X7' 

ZX' 

+  WY' 

ZX' 

-  irr 

|{  .:/      .      5      -     5      .      5  }  (Suffixes  2.) 


ZZ' 

+  WW 

ZZ' 

-  WW' 

WZ' 

+  ZW' 

-  WZ- 

+  ZW' 

XZ' 

+  YW 

XZ' 

-  YW' 

YZ- 

+  XW' 

-  YZ' 

+  XW' 

93.     Fourth  set  of  16. 


^\ 

(Suffixes  3.) 

12    = 

XX' 

+  WW 

8 

XX' 

-  WW 

13 

YX' 

+  ZW 

0 

YX' 

^  ZW 

14 

ZX' 

+  YW 

10 

ZX' 

-  YW 

Ift 

wx- 

+  XW 

11 

WX' 

-XW 

«-«' 

^} 

(Suffixes  3.) 

12    = 

rr 

+  ZZ' 

8 

-  YY- 

+  ZZ- 

13 

XY' 

+  WZ' 

9 

-XY' 

+  WZ' 

14 

WY' 

+  XZ' 

10 

~  WY' 

+  XZ' 
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94.     Fifth  set  of  16, 


F  +  H  .r  ^-H' 


E-  G  . 
i.E  -vG 


95.     Sixth  set  of  16. 


F-  II .  F'  -  IF 


i.F +11 
E  -G 


h{^ 


l{  » 


E  +  iG  . 

E'  - 

iG' 

+ 

F  +  ill 

- 

.E-iG 

- 

i.F  -iH 

E+iG 

- 

.F  +  iH 

.E^iG 

+ 

i.F-iH 

F  +  iH 

+ 

E  +  iG 

- 

.F  -iH 

- 

i.E-iG 

- 

.F  +  iff 

-t- 

.E  +  iG 

+ 

.F-ill 

- 

i.E-iG 
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96.     Seventh  set  of  16. 


-S  +  e 

E'  +  G'     + 

F  -  U 

F' 

-W 

B-6 

+ 

i.F  +  H 

K  +  a 

- 

.F-H 

E-G 

- 

i.F  +  H 

, 

F  +  II 

+ 

E-G 

F  -  H 

+ 

i.E  +  G 

F  +  H 

_ 

.E-G 

F-H 

(Suffixe 

i.E  +  G 
2.) 

07.     Eighth  set  of  16. 


(Suffixes  3.) 


-%.E^ 
F  - 


\\» 


(Suffixes  3.) 


F  - 

E.F' 

F  + 

H 

F- 

H 

F^ 

H 

E- 

G 

E  + 

G 

E~ 

G 

E  + 

G 
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98.     Ninth  set  of  16. 


15    -i.J+L 
99.     Tenth  set  of  16. 


i.I  ^  K 


(Suffixes  1.) 


i.I  -K 
i.I  -K 


J  -L  ,.r  -U 


\\^ 


(Suffixes  1.) 
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100.     Eleventh  set  of  16. 


[704 


10  =     I  -iK .  r  +  iK' 


.J-iL  .J'  ^ 

.J- 

L 

.J  +  iL 

.J  + 

L 

I  - 

K 

I  -iK 

.1  + 

K 

.1  + 

K 

I  -i-iK .  r  -  iic 


(i    -i.i -iK 


-i.j-iL 

-i.J-iL 


101.     Twelfth  set  of  1 


i!  ^ 

B     +     ^ 

^} 

(Suffixes 

3.) 

M 

0 

0 

14  = 

I  -iK 

r 

'riK' 

+ 

J  ^iL 

J' 

-iL' 

10 

4 

4 

10 

I  -iK 

_ 

.J  +  iL 

6 

8 

8 

6     - 

i.l  +  iK 

- 

i.J  -iL 

2 

12 

12 

2     - 

i.I  +  iK 

+ 

i.J  -iL 

15 
11 

1 

1 

5 

15 

n 

J-iL 
J-iL 

- 

I  +  iK 
.1  +  iK 

9 

i.J  +  iL 

- 

i.J  -iK 

14 

0 

0 

14   = 

J  +  is: 

I- 

-iK' 

+ 

J- 

L 

J' 

vilJ 

10 

4 

4 

10 

J  +  iK 

_ 

.J  - 

L 

6 

8 

8 

6     - 

.I^iK 

- 

i.J  + 

L 

2 

12 

13 

2     - 

.J  -iK 

+ 

i.J  + 

L 

15 

1 

1 

15 

J+iL 

+ 

I- 

K 

11 

5 

5 

)1 

J  ^iL 

_ 

.1  - 

K 

7 

9 

9 

7     - 

.J-iL 

_ 

i.i  + 

K 

3 

JZ 

13 

3     - 

.J-iL 

+ 

i.i  + 

K 
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102.     Thirteenth  set  of  16. 


«■» 


Jf+9.  *■  +  «■ 
.M~Q 
.M-Q 

N  +  F 


6     -i.S-F 


i.S  -F 

i.M-Q 

i.M-Q 

.M  *q 


i.M+Q 
i.J/+« 
.M-Q 
N  -F 
i.N  +F 


103.     Fourteenth  set  ol  16. 


i.jV  +  P 
X  -F 
M-Q 
i.M+Q 
i.M+Q 
.M-Q 


M 

-^i 

Q.M' 

M 

+ 

Q 

M 

+ 

Q 

M 

- 

Q 

K 

_ 

P 

N 

- 

P 

N 

+ 

P 

K 

- 

I'        , 

N  +iP  .  N'  -  iP' 
l.N  -iP 
■■..N  -  iP 
.N  +  iP 
M+iQ 
.M-iQ 
.M-iQ 


(Suffixes  1.) 


M  + 

Q. 

w  - 

M- 

Q 

M- 

Q 

J/  + 

Q 

i\'  + 

P 

N  - 

p 

X  ~ 

p 

3'  + 

P 

If-ip.^ 

"  + 

F  +  ip 

If  +  ip 

JV  +  iP 

M~iQ 

M+iQ 

M+iQ 

„ 

M-iQ 
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104.     Fifteenth  set  of  16. 


i\  ^ 


.       M-, 

Q.M' 

i.j¥  + 

Q 

-i.*  + 

« 

M^ 

e 

I^  -iP 

-i.N  *iF 

~i.S  + 

p 

-    .S- 

p 

i\s 


i{» 


=        M  ^ 

Q  .  M'  - 

i.M- 

Q 

-i.M- 

Q 

M  + 

Q 

N  + 

p 

~i.N  - 

P 

-i.JV  - 

P 

-    .N  + 

P 

F  -^ 

P.N'  - 

S  -iP 

s  ~ 

P 

N  ±iP 

M  + 

« 

it- 

e 

it - 

« 

M  + 

Q 

105.     Sixteenth  f 


15   =       AI-  Q  .  M'  - 


JV  +  F  .JV'  +  P' 


-i.MtQ 

.S  -P 

-  .it-q 

ji         + 

N  ^  P 

N  -  P 

+ 

*  +  « 

-i.if  +  P 

„         +    « 

■  il-Q 

-i.N  +  P 

„ 

■  it-Q 

-    .N  -  P 

+ 

U*Q 

(Saffixes 

3.) 

M*Q. 

if  +  8'    + 

N  ~P  .  N'  - 

~i.M-Q 

„          + 

.N  +P 

-i.lf-Q 

„ 

.N  +  P 

-   .M+Q 

„          + 

S  -P 

N  +  P 

11           + 

M-Q         11 

-i.S  -P 

11           + 

■*+« 

-i.N  -P 

„           — 

■it*  a 

-   .N  +  P 

11           + 

«-Q 
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106.     In    the    square    set,   writing   v!  =  v'  =  0,   and   a,   ^,   y,   S   for   X',    Y',   Z' ,    W ; 
also  slightly  altering  the  arrangement, 
the  system  becomes  :  and  further  writing  herein  w  =  0,  v  =  0,  it  becomes 


*• 

0 
4 
8 
12 

a          H          y          8 
.      -ft          y      -8 
a          P     -y      -S 
^      -13     -y          S 

3^ 

0 
4 
8 
12 

- 

o"  +  z?  +  y  +  8- 

a'-P  +  y'-S' 
.■-^■-y--8' 

"•-/?-y'  +  8' 

= 

0 
4 
8 
12 

1 
5 
9 
13 

= 

(3          a          8          y    i 
/J     -.           8      -y    1 
/J          .      -8      -y 
^     -a      -8           y    j 

1 
5 
9 
13 

- 

2(a/J  +  y8) 

0 
2(./S-yS) 

0 

= 

1 
9 

2 
6 
10 
14 

. 

r       8       .       /J  i 
,    -8       .    -;j 

y          8      -a      -/J   1 
y      -8      -«          fi 

2 
6 

10 
14 

= 

2(,.y  +  /3!) 

2(«y-» 

0 
0 

2 
6 

3 

11 
15 

= 

8         y         /J         .   I 
8      -y          ,     -. 
8          y      -/J     -. 
8     -y     -/3        . 

3 

7 
11 
15 

2(«8  +  /Jy) 

0 
0 

2  (.8 -ft) 

3 
15 

viz.   this   last   is   the   before-mentioned  system    of    equations    giving    the    values    of    the 
10  zero-functions  c  in  terms  of  the  four  constants  a,  ^,  y,  8. 

107.  The  system  first  obtained  is  a  system  of  16  equations 
V(w,  v)  =  aX+^Y  +  yZ  +  &W,  &e., 
showing  that  the  squares  of  the  theta-ftinctions  ai-e  each  of  them  a  linear  function 
of  the  four  quantities  X,  Y,  Z,  W.  If  the  functions  on  the  right-hand  side  were 
independent  (asyzygetic)  linear  functions  of  X,  Y,  Z,  W,  it  would  follow  that  any 
four  (selected  at  pleasure)  of  the  squared  t beta-functions  are  linearly  independent, 
and  that  we  could  in  terms  of  these  four  express  linearly  each  of  the  remaining 
12  squared  functions.  But  this  is  not  so;  the  form  of  the  linear  functions  of 
{X,  Y,  Z,  W)  is  such  that  we  can  (and  that  in  16  different  ways)  select  out  of 
the  16  linear  functions  six  functions,  such  that  any  four  of  them  are  connected  by  a 
linear   equation;    and   there   are   consequently  16  hexads  of  squared  theta-fiinctions,  such 
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that   any   four   out   of  the   same   hexad   are   connected  by  a  linear  relation.     The  hexads 
are  shown  by  the  foregoing  "Table  of  the  16  Kummer  hexads." 

108.     The   d  posteriori  verification  is   immediately   effected ;   taking  for  instance  the 
first  column,  the  equations  are 


AB 
CD 
CE- 
DE 


viz.  it  should  thence  follow  that  there  is  a  linear  relation  between  any  four  of  the  six 
squared  fiinctions  11,  7,  6,  2,  1,  9;  and  it  is  accordingly  seen  that  this  is  so.  It 
further  appears  that,  in  the  several  linear  relations,  the  coefdeients  {obtained  in  the 
iirst  instance  as  functions  of  o,  ^,  y,  S)  are  in  fact  the  10  constants  c;  the  15 
relations  connecting  the  several  systems  of  four  out  of  the  six  squared  functions  are 
given  in  the  following  table. 


3^ 

12 

7 

6 

2 

I 

9 

c= 

6 

-    2 

1 

-    9 

6 

+  15 

-  12 

+     4 

_    2 

1 

-15 
+  12 

-    8 

+    8 

-    0 

+    3 

-    9 

-    4 

+    0 

-    3 

6 

3 

-    0 

+    8 

1 

-    3 
+    0 

-    4 

+    i 

-  12 
-15 

-    9 

-    8 

+  12 

+  15 

-15 

+     3 

+     3 

-    I> 

-12 

+    0 

+     1 

-    6 

_    4 

+     8 

+    9 

-    6 

-    3 

+  15 

+    9 

-    1 

-    0 

+  12 

+     9 

-    2 

-    8 

+    4 

+     1 

-    2 

=  0. 


I-  Ci^  W  -  c,'W  =  0, 
-  o.2=&i=  +  Cj=  V  =  0,  &c. 
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110.  The  first  set  of  16  equations  is  the  sqnare-set,  which  has  been  already 
considered.  If  in  each  of  the  other  sets  of  16  equations  ive  write  in  like  manner  u'  =  0, 
each  set  in  fact  reduces  itself  to  eight  equations ;  sets  2,  3,  4  give  thus  8  +  8  +  8, 
=  24  equations;  sets  5  to  8,  9  to  12,  and  IS  to  15,  give  each  8  +  8  +  8  +  8,  =32 
equations ;  or  we  have  sets  of  24,  32,  32,  32,  together  120  equations,  the  number 
being  of  course  one  half  of  256-16,  the  number  of  equations  after  deducting  the 
16  equations  of  the  square  set. 

111.     The  first  set,  24  equations. 
This   is  derived   froin   the   second,  third,  and   fourth   sets,  each   of  16    equations,  by 
writing   therein   u'  =  0.      Taking   a,,   ^i,   y,,   Sj   for    the    zero -functions    cori'espondiiig    to 
Zi,    r„  Zu    W„  then    on    writing   u' =  0,   X^,    F,',   Z,',    W^   become    a.,   A,   7i,   S^.     In 
the  second  set  of  16  equations,  the  first  equations  thus  are 

a,  u .  %u  =  a,X,  +  yX.  0  =  0,Y,  +  B,W„ 

&!=!( .  %u  =  a,X,  -  y,Z„  0=^,Y,-B,W„ 


viz.  the  equations  of  the  column  require  that,  and  are  all  satisfied  if,  01  =  0,  Si  =  0  r 
hence  the  zero-functions  arc  a^,  0,  y^,  0;  and  this  being  so  we  have  only  the  equations 
of  the  first  column.  And  similarly  as  regards  the  third  and  fourth  sets ;  the  zero 
values  corresponding  to 

X„     Y„    Z„     W,        X„     F„    Z,, 


0 


0        0 


X„     Y„ 

a,        0 


0 


11  8  +  8+8,  = 

24  equations 

The 

se  m-e 

{Suffixes  1.) 

{Suffixes  2,) 

(Suffixes  3.) 

X 

z 

y 

3u 
8 

3u 
0 

X 

Y 
"7 

5^( 
12 

5m 
0 

X 

W 

=     Z' 

■^      0. 

? 

^     a 

-y 

12 

4 

^     a 

-/s 

8 

4 

=     a 

-S 

=  y 

9 

1 

=    /5 

« 

IS 

3 

=      S 

a 

=     7 

-a 

13 

5 

-   /s 

-« 

U 

^ 

=  -S 

0. 

Y 

w 

7 

10 

^ 

Z 

13 

1 

Y 

z 

=   ^ 

=     a 

~1 

=     a 

-y 

14 

6 

=     a 

-^ 

9 

5 

=      a 

-S 

=  y 

a 

11 

3 

=  /s 

a 

14 

2 

=      S 

a 

=   y 

~a 

i!> 

' 

-     » 

-a 

10 

G 

=  -S 

-^ 

50 

m 

50 

50 

4     = 
1     = 


0  = 
4  = 
3     -. 
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112.     The  second  set,  32  equations. 

To  exhibit  these  in  a  convenient  form,  I  alter  the  notation,  viz.  I  write 

E+0,    i{E-a),    (F+H),    i{F-H)    I    S.  +  iff,,    «,-i(?„  F,  +  iH„    F,-iH, 

-    X,              Y,             Z,               W         \        jr„             F„  ^„              F, 


(£,+e.), 
=    x„ 


-e,),     (J?,  +  ir,),     i(F,-Ei 


X;,  Y,, 


',  +  iH,,    F,-iH, 


so  that  as  regards   the  present  set  of  equations,  X,  Y,  Z,   W,  signify  as  just  mentioned. 

And,  this  being  so,  the  con-esponding  zero-values  are 

a,     0,     7,     0     I     a„     0,     7,,     0     |     a„     0,     0,     S,     i     a„     0,     0,     S^. 
The  equations  then  ai'e 


H<, 

(Suffixes  0.) 
^     X      Z 
0  =  a^^ 

1       4  = 

(Suffixes  1.) 
X         Z 

-ia      -iy 

(Suffixes  2.) 
31,  .3i,       X       W 
9       0.      -    -S 

(Suffixes  3.) 
3u.3u        K        W 

I 

9      4  =  -i«    -i8 

9 

8  =  a     -y 

9     12  = 

-io.      +  iy 

1       8=.     a        S 

1     12  =  -  ia    +  ;s 

3 

2=y         0. 

3       6  = 

-  iy      -  ia 

15      6=      8        a 

15       2=       3         a 

11 

10  =  y     -a 

n     14  = 

-iy     +  ia 

7     U  =  -S 

7     10  =  -   8         a 

5 

Y       W 

5       0  = 

Y        W 
a           y 

r     2 

13      *.•.        8 

r     z 

13      0  =  ^7'       ? 

13 

U^a     -y 

13       8  = 

a     -y 

5     12=      .    -8 

6      8.       ■    -  S 

7 

6-y         a 

7       2  = 

y           a 

11        2  =  -8          a 

11       6  =  -tS    -in 

15 

14  =  y     -a 

15     10  = 

7     -« 

3     10=      8 

3     14.      i8    -i. 

50 

50 

50.  50 

M.M 

JO.M 

1 

0  =  a^  +  V^ 

1       4  = 

-*(«=  +  /) 

9      0  =     a^  -  8^ 

9      4  =  -i(<.-  +  8') 

9 

8  =  «^  -  / 

9     13  = 

-i(a^-/) 

1       8  .      «•  +  8" 

1     12.-i(a--8") 

3 

2-      2aV 

3       6  = 

15      6  =         2a8 

15      2  =          2a8. 
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113.     Thml  aefi,  32  equations. 

We  again  change  the  notation,  writing 

I  +  K.    i(I-K),    J  +  L.    i(J-L)    I    h  +  K„    i{h-K,),    iJ,  +  L,}, 
=    X.  Y,  Z,  F         I        Z.,  7„  ^„ 

-     X,,  r,,  Z._,  W,       I       X„  Y„  Z„ 

the  zero  values  being 

a,     0,     7,     0     I     «„     0,     0,     S,     I     o„     0,     7,,     0     i     «„     0,     0 
Then  equations  are 


If, 
J, -a. 


(Suffixes  0.) 

(Suffixes  1,) 

(Snffisea  2.) 

(Suffixes  3.) 

iw 

»u     X       Z 

Jm  .  5«.         X       TT 

Bv. 

5m 

X         Z 

5m 

Su         X        W 

3 

o^r^ 

6       0=  ""T^^ 

2 

8  = 

-ia     -  iy 

6 

8^'^il^^ls 

6 

4^a     -y 

2       4=      a         S 

6 

13- 

-ia     +iy 

3 

12  =  -  ia         iS 

3 

l^y        a 

15       9=      8         a 

3 

9  = 

-iy      -ia 

15 

1=8 

7 

5^y     -« 

11     13  =  -8 

7 

13  = 

-iy      +i. 

11 

5  =  -   8 

r     )F 

Y       Z 

y     w 

r      .? 

10 

8=^r^ 

14        8  =  ■    a          S 

10 

0  = 

a           y 

14 

o='~r'    S 

14 

12  =  a     -y 

10      13=       a     ~h 

14 

4  = 

0.     -y 

10 

4=        a     -8 

11 

9  =  y          a 

7       1--S 

11 

1  = 

y           a 

7 

9  =  -i8     -m 

15 

13^y     -a 

3        5=8          a 

15 

5  = 

y     -a 

3 

13=       iS     -ia 

^0 

^0 

50.50 

50 

50 

50 

50 

2 

0  -  0=  +  y^ 

6       0  =      a=  -  g^ 

2 

8- 

-i{a=  +  /) 

6 

8  =  -i{a=+6^} 

6 

4  =  a=  -  / 

2       4  =      a=  +  S'^ 

6 

13  = 

-^i(a'-f} 

2 

12  =  -i(a=-8=) 

3 

1=      2ay 

15       9  =         3a8 

3 

9  = 

-      2»ay 

15 

1  =             2a8. 
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114.     Fourth  set,  82  equations. 
Again  clianging  tiie  notation,  we  write 


M,  +  iQ„    M,- 
=      X,  r, 


z, 


N,-iP, 
W 


i(A'.-P.) 


if  +  ft    i(M-Q),    N  +  P,    t(iV-P)    I 
=     ^,.  Y,,  Z,.  W,  ;' 

tire  zero  values  being 

0,     0,     7,     0     I     «„     0,     0,     8, 
Tlie  equations  tlren  are 


M, 


Y„ 


Nt  +  iP,,    N,-iP, 


0,    A,    7.,    0. 


{Suffixes  0.) 

(Suffixes  1.) 

(Suffixes  2.) 

Su.Su      X       g 

^(  .  5m 

X         W 

5w 

5m         A'         iT 

0          3='     ft            y 

3       4- 

'-  m         ii 

15 

4='^r^ 

15       12  = -a           y 

15       8  = 

i% 

3 

8^_ia     -iy 

2         1=       y           a 

6       1  - 

3 

14 

5=       iy     -Ja 

14      13  =  - Y         a 

10     13- 

-    S          a 

2 

9  =  -^y     -i. 

Y        W 

r     z 

Y       W 

4         7=       T^y 

7       0  = 

a            S" 

11 

0=    r^ 

8      11=      a         y 

11     12  = 

o.     -    S 

7 

12=         a     -y 

6        5=      y     -a 

2       5  = 

iS        -i<X 

10 

1=         y          a 

10       9=     Y        a 

14       9  = 

iS          m 

G 

13=         y     -a 

^0.  50 

50.50 

50 

50 

0       3=      a=4-y= 

3       4^ 

-i(.^-S^) 

15 

4=    i{o:^~f) 

15     12  =  --(a^-f) 

15       8  = 

i(a^  +  S^) 

3 

8  =  -i(a^  +  f) 

2        1  -         2ay 

6       1  = 

2aS 

2 

9  =  -         2Jay           ' 

1 

(Suffixes  3.) 


»  =  -/)    -y 

14 

1=     y     -/S 

2 

13.     y        ,3 

M 

M 

15 

0  — (/S"-?') 

3 

12-     ^-ty- 

6 

9.-     2;3y 
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115.  It  will  be  noticed  that  the  pairs  of  th eta-fun etions  which  present  themselves 
in  these  equations  are  the  same  as  in  the  foregoing  "Table  of  the  120  pairs."  And 
the  equations  show  that  the  four  products,  each  of  a  pair  of  theta-f unctions,  belonging 
to  the  upper  half  or  to  the  lower  half  of  any  column  of  the  table,  are  such  that  any 
three  of  the  four  products  are  connected  by  a  linear  equatio)).  The  coefficients  of 
these  linear  relations  are,  in  fact,  functions  such  as  the  a--|-8^  a^— 8^,  2aS  written 
down  at  the  foot  of  the  several  systems  of  eight  equations,  and  they  are  consequently 
products  each  of  two  zero-functions  c. 

Thus  (see  "  The  first  set,   24  equations ")  we  have 


(Suffixes  3.) 


12  = 

15  ^ 


(Suffix. 


6 


10  = 


116.  In  the  left-hand  four  of  these,  omitting  successively  the  fir.st,  second,  third, 
and  fourth  equation,  and  from  the  remaining  three  eliminating  the  X,  and  W^,  we 
write  down,  almost  mechanically. 


4 
0 


1 


-2aS, 


1^  +  a',     a-  +  S 


7         11     [     -a=-^-^^     B'  +  a.%     -  2aS  1 

and  thence  derive  the  first  of  the  next  following  system   of  equations ;   read 

G<,c,^^X  ~  C4C3  ^„5^l,  +  c,c,^%X,  =  0, 

-  C4Ce  %%  +  CoCuS-c^ia  -  CAs^a^is  =  0, 

where  the  theta-functions  have  the  arguments  w,  v. 

Observe  that,  on  writing  herein  u  =  0,  v  =  0,  the  first  three  equations  become  each 
of  them  identically  0  =  0;   the  fourth  equation  becomes 

which  is  one  of  the  relations  between  the  c's  and  serves  as  a  verification. 

But   in    the   right-hand    system,   on    writing   u  =  v  =  0,   each   of    the    four    equations 
identically  0  =  0. 
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117.     The  equations  are 


3 

4.8 

0.12 

3.15 

7.11 

c 

3.15 

-0.12 

4.8 

-3.15 

-4,8 

-0,12 

0.  12 

-4.8 

3.15 

-4.8 

0.12 

-3.15 

5.9 


1.13         2.  14         6.  10    =0, 


0  ' 

3.15 

-0.12 

4.8 

-3.15 

4.8 

-0.12 

0.12 

-4.8 

3.15 

-4.8 

-0.12 

-3.  15 

2.  12         i.l5         5.  U    =0, 


c 

1.  15 

-2.12 

6.8 

-1.15 

6.8 

-2.11 

2.12 

-6.8 

1  .15 

-6,8 

2,  n 

-1.15 

:t 

0.6 

2.4 

9.15 

11.  13 

=  0, 

0 

9.  15 

-2.4 

0.6 

-  9.  IS 

0.6 

-2.4 

2.4 

-0.6 

9.  15 

-0.6 

2.4 

-9.15 

9- 

3.6 

1.4 

9,  12 

14.  11 

=  0 

9.12  -1.4  3.6 

-9.12  3.6  -  1.4 

1.4       -3.6  9.12 

-3.6            1,4  -9.  12 


5 

7.9 

3.13 

O.U 

4.10 

, 

1.15 

-2.12 

6.8 

-1.15 

6.8 

-2.12 

2.12 

-6.8 

1.15 

-6.8 

2.12 

-1.15 

1.7 

3.5 

8.14 

10.12 

9.15 

-2.4 

0.6 

-9.  15 

0.6 

-2,4 

2.4 

-0.6 

9.15 

-0.6 

2.4 

-9.15 

&  2.7  0.5  8.  13       10.15    =0, 


e 

9.12 

-1.4 

3.6 

-  9.12 

3.  6 

-1.4 

1.4 

-3.6 

9.12 

-3.6 

1.4 

-9.12 

S 

8.9 

0.  1 

2,3 

10.11 

c 

-2.3 

0.1 

8.9 

2,3 

-8.9 

-0.1 

-O.i 

8.9 

2.3 

-8.9 

0.1 

-2.3 

5 

12.13 

4.5 

6.7 

14.15 

« 

2.3 

-2.3 

0.1 
-8.9 

8.9 
-0.1 

-O.I  8.9  2.3 

-8.9  0.  I        -  2.3 
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5         4.6 

0.2 

1.3 

5.7 

cj 

-I.  a 

0.3 

4.6 

1.3 

-4.6 

-0.2 

1-0.2 

4.6 

1.3 

-4.6 

0.  2 

-1.3 

9 

9.11 

13.15 

12.14 

8.10 

c 

-1.3 

0.2 

4.G 

1  .3 

-4.6 

-0.2 

-0.2 

--1.6 

1.3 

4.  6 

0.2 

-1.3 

J 

6.12 

2.8 

3.9 

7.13 

c 

3.9 

-2.S 

-6.  12 

-3.9 

6.  12 

2.8 

2.8 

-6.  12 

-3.9 

6.12 

-2.8 

3.9 

. 

1.11 

5.15 

4.14 

0.10 

^ 

3.9 

-2.8 

6.12 

-  3,9 

-6.12 

2.8 

2.8 

6.12 

-3.9 

-  6.  12 

-2.8 

3.9 

S 

6.15 

1,8 

0,9 

7.14 

c 

0.9 

-1.8 

-6,  15 

-0.9 

6.15 

1.8 

1.8 

-6.15 

-0.9 

6.15 

-1,8 

0-9 

3- 

2,11 

5.12 

4.13 

3.10 

c 

0.9 

-1.8 

6.15 

-0.9 

-6.15 

1.8 

1.8 

6.15 

-0.9 

-6.15 

-l.S 

0.9 

4.9 

1.12 

2.15 

7.10 

2,15 

-1.12 

4.9 

-2.  IS 

4.9 

-1.12 

1.12 

-4.9 

2.15 

-4,9 

1,12 

-2.15 

5 

0.13 

5.8 

6.H 

3.14 

0 

2.15 

1.12 

-4,9 

-2.10 

-4.9 

1.12 

-1.12 

4.9 

2.15 

4.9 

-1.12 

-2.15 

3 

4.12 

0.8 

1,9 

5.13 

" 

1.9 

-1.9 

0.8 
-4.12 

4.12 
-0.8 

-0,8 

4.12 

1.9 

-4.12 

0.8 

-1.9 

5 

3.11 

7,15 

6.14 

2.10 

c 

1.9 

-0.8 

4.12 

-1.9 

-4.12 

0.8 

0.8 

4,12 

-1.9 

-4.12 

-0.8 

1.9 
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^ 

4.15 

3.8 

2.9 

5.14 

e 

-2.9 

3.8 

4.15 

3.9 

-4.15 

-3.S 

-3.8 

4.15 

2.9 

-4.15 

3.8 

-2.9 

5 

0.11 

7.12 

6.13 

I.  10 

e 

-2.9 

3.8 

~4.  1.5 

2.9 

4.15 

-3.8 

-3.8 

-4.15 

2.9 

4.15 

3.8 

-3.9 

5 

6.9 

3.12 

0.15 

5,10 

c 

-0.15 

3.12 

-6.9 

0.15 

-6.9 

3.12 

-3.13 

6.9 

-0.15 

6.9 

-3.12 

0.15 

4.11        1.14    ---0 


3.12 
-6.9 


6.9 
-3.13 


-6.9 
3.12 
0.15 


.y 

12.15 

0,3 

1.2 

13.14 

c 

1.2 

-0.3 

-12.15 

-1.2 

12.15 

0.3 

0.3 

-12.15 

-1.2 

12 ,  15 

-  0.3 

1.2 

5 

8.11 

4.7 

5.6 

9.10 

e 

1.2 

-  0.3 

12.15 

-  1.2 

-12,15 

0,3 

0.3 

13.15 

-1.2 

-12.13  - 

-  0.3 

1.2 

it 

i.6 

3.4 

8.15 

10.13 

8.15 

-3.4 

1.6 

-8.15 

1.6 

-3.4 

3.4 

-1.6 

8.15 

-1.6 

3,4 

-8,15 

.^ 

2.5 

0.7 

11.12 

9.14 

c 

-8.15 

-3.4 

1.6 

8.15 

1.6 

-3.4 

3.4 

-1,6 

-8.15 

-1.6 

3.4 

8.15 

■' 

2.6 

0.4 

8.12 

10.14 

-8,12 

0.4 

-3.6 

8.12 

-3.6 

0,4 

-0.4 

2,6 

-8,12 

3.6 

-0.4 

8.12 

5 

1.5 

3.7 

11.15 

9.13 

. 

-8.13 

-0.4 

3.6 

8,  12 

2,6 

-0.4 

0,4 

-2.6 

-8.12 

-2,6 

0.4 

8,  12 
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118.  The  foregoing  equations  may  be  verified,  and  it  is  interesting  to  verify  them, 
by  means  of  the  approximate  values  of  the  functions :  thus,  for  one  of  the  equations, 
we  have 


+  C^Cs  %%i 


2A  +  2A')(-2A  +  2A') 


=  0, 


1  .  1 

2A  cos  ^TT  (u  +v)  +  2A'  cos  |  tt  (m  -  v). 

-  2  A  cos  ^TT  (m  +  v)  +  2  A'  cos  ^tt  (ts  -  v) 
-  2A  sin  ^TT  {u  +  v)~  2 A'  sin  ^tt  (jt  -  v). 

-  2  A  sin  I77  (m  +  v)  +  2  A'  sin  Jtt  {u  -  v) ; 


=  0, 

iz.  the  equation  to  be  verified  is  here 

-  4A.^  +  4A'= 

+  4A2  cos^  ^■TT-  (!( + ;;)  -  4A'^  co«^  ^tt  (■«  -  v) 
+  4A'  sin^  \iT  (u  +  v)  —  4A''  sin=  ^-tt  (is  -  ii) 
=  0, 


which  is 

right. 

119. 

In  the  equation 

i.e., 

2Q .  1 .  2Q  cos  ^Tnt .  1 

-<hCi%%., 

-2Q.1.2Qcosi^7ru.l 

+  c,c,%,%,, 

=  0, 

=  0; 

thia   is  right,   but   there   is   no   verification   as   to   the   term   CjCa^ii^n ;    taking   the    more 
approximate  values,  the  term  in  question  taken  negatively,  that  is,  —CgC^u%i  is 

=  -  (2A  +  2A')-     2S.     -  2S  sin  ^irv.     -  2 A  sin  ^tt  {u  +  v)  +  2A'  sin  ^tt  (m  -  v). 
which  is 

=  -  8«HA  +  A')^  cos  ^TTW  +  8S' (A  +  A')  A  cos  Itt  (;;.  +  2i!)  +  8,.^^  (A  +  A')  A' cos  ^TT  (m  -  2w), 
and  this  ought  therefore  to  be  the  value  of  the  first  two  terms,  that  is,  of 
(2Q  +  2^-2^-2A'){l-2Q*-2S0i2Qcos^7rw  +  2Q»cos|7nt 

+  2A  cos  Jtt  (m  +  2v)  +  2A'  cos  ^tt  (m  -  2^;)}  (1  -  2§'  cos  thi  +  2S*  cos  m;) 

-  (2Q  +  2Q^  +  2^  +  2^')  (1  -  20-  +  2S*)  {2Q  cos  ^ttm  +  2^  cos  ^tvu 

-  2A  cos  ix  (m  +  2tp)  -  2A'  cos  -^  {u  -  2v)]  (1  -  2i^  cos  ttw  -  2S*  cos  ttv), 
which  to  the  proper  degree  of  approximation  is 
=  (2Q  -  4Q"  -  4QyS*  +  20=  -  24  -  2A')  {2Q  cos  ^im  -  4Q=  cos  Ittw  cos  -mt 

+  4<QS*  cos  ^im  cos  tto  4-  2Q»  cos  f  7m  +  2 J.  cos  Jtt  (m  +  2ti)  +  2 A'  cos  ^tt  ^t  -  2v)} 

-  (2Q  -  4Q=  +  4QS^  +  2Q'  +  24  +  24')  [2Q  cos  ^ttu  -  4Q=  cos  ^tto  cos  ttw 

- 4QS' cos  ^TTU cos  TTi)  +  2Q' cos  -^ttis -  24  cos ^w (u  +  2v) -  24' cos  Jtt (m  —  2v)]. 

69—2 
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This  is 

(21/„-2n,)(2#+2n) 
-  (2M„  +  2Xio)  {2M-  an),     =  8  {M,n  -  Mil,), 
if  for  a  moment 

M=Qcos  ^TTW.  -  2(3»  cos  i-Tfu  COS  iru  +  Q^ eoa  Ittm,  j¥",  =  Q  -  2(3^  +  Q', 

n  =  2(2S*  C08  -TTU  cos  TTW  +  ^  cos  Itt  (u  +  2v)  +  A'  cos  -^tt  (m  -  2v),     Xio  =  2^3^      +A+A', 

or  substituting  and  reducing,  the  value  of  8  (if^ii  -  JtfXJ„)  to  the  proper  degree  of 
approximation  is  found  to  be 

=  -  SQ  (2QS'  +  A  +  A')  COS  Ittm 

+  8  (g^fi"'  +  8Q^)  cos  ^TT  (M  +  2ii)  +  8  (^yS'  +  8QA')  cos  ^tt  (m  -  2v), 

which  in  virtue  of  the  relations  QA  =  A'S^,  QA'  =  A'=S=,  Q^S=  =  AA',  is  equal  to  the 
foregoing  value  of  CA^u^n-  I  have  thought  it  worth  while  to  give  this  somewhat 
elaborate  verification. 

Resume  of  the  foregoing  results. 

120.  In  what  precedes  we  have  all  the  quadric  relations  between  the  16  double 
theta-fimctions :  or  say  we  have  the  linear  relations  between  squares  (squared  functions) 
and  the  linear  relations  between  pairs  (products  of  two  functions) ;  the  number  of 
the  asyzygetic  linear  relations  between  squares  is  obviously  =12;  and  that  of  the 
asyzygetic  linear  relations  between  pairs  is  =  60  (since  each  of  the  30  tetrads  of 
pairs  gives  two  asyzygetic  relations):  there  are  thus  in  all  12+60,  =72,  asyzygetic 
linear  relations.  But  these  constitute  only  a  13-fold  relation  between  the  functions, 
viz.  they  are  such  as  to  give  for  the  ratios  of  the  16  functions  espressions  depending 
upon  two  arhiti'ary  parameters,  x,  y.  Or  taking  the  16  functions  as  the  coordinates  of 
a  point  in  15 -dimensional  space,  these  coordinates  are  connected  by  a  13-fold  relation 
(expressed  by  means  of  the  foregoing  system  of  72  quadric  equations),  and  the  locus 
is  thus  a  13-fo!d,  or  two-dimensional,  locus  in  15-dimensional  space. 

Hence  tdkmg  anj  four  of  the  functions  these  aie  connected  by  a  single  equation; 
that  I  legardmt,  the  fcui  functions  as  the  cooidmates  of  a  point  in  oi'dinary  space, 
the  1  cus  of  the  point  is  a  suitice 

In  piiticulai  the  foui  functions  mij  be  an}  toui  functions  belonging  to  a  hexad  : 
by  what  piecedes  theie  is  then  i  Imeai  lelatioi  between  the  squares  of  the  four 
functuns  oi  the  locus  is  i  quadiic  suiface  Each  h-'xal  gives  1.5  such  surfaces,  or 
the  numbei  ff   ^uadiic  surfaces  is  (16x15=)  240 


The  \Q-nodal  quartic  surfaced. 

121.     If  the   four   functions   are   those   containe{l   in   any  two   pairs   out   of  a  tetrad 
of  pairs   (see   the   foregoing   "Table   of  the   120   pairs"),   then    the    locus    is    a    <]uartic 
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surfefie,  which  is,  in  fact,  a  Kummer's  16-nodal  quartic  surface.  For  if  for  a  moment 
x.y  and  z.w  are  two  pairs  out  of  a  tetrad,  and  r.s  be  either  of  the  remaining 
pairs  of  the  teti'ad ;  then  we  have  rs  a  linear  function  of  xy  and  av) :  squaring,  r^s^ 
is  a  linear  function  of  a^y^,  xyzw,  ^w^;  but  we  then  have  r^  and  s=,  each  of  them 
a  lineal-  function  of  w%  y'',  z^,  11?;  or  substituting  we  have  an  equation  of  the  fourth 
order,  containing  terms  of  the  second  order  in  ix^,  y'^,  ^,  td^),  and  also  a  term  in 
ayyzw.  It  is  clear  that,  if  instead  of  r.s  we  had  taken  the  remaining  paii-  of  the 
tetrad,  we  should  have  obtained  the  same  quartic  equation  in  {x,  y,  e,  w).  And 
moreover  it  appears  by  inspection  that,  if  xy  and  zw  are  pairs  in  a  tetrad,  then  xz 
and  yw  are  pairs  in  a  second  tetrad,  and  xw  and  ys  are  pairs  in  a  third  tetrad: 
we  obtain  in  each  case  the  same  quartic  equation.  We  have  from  each  tetrad  of 
pairs  six  sets  of  four  functions  {x,  y,  z,  w):  and  the  number  of  such  sets  is  thus 
(^6 .  30  =)  60 ;  these  are  shown  in  the  foregoing  "  Table  of  the  60  Gopel  tetrads,"  viz. 
taking  as  coordinates  of  a  point  the  four  functions  in  any  tetrad  of  this  tabic,  the 
locus  is  a  16-nodal  quartic  surface. 

122.      To    exhibit    the    process    I    take    a    tetrad   4,    7,   8,   11    containing   two   odd 
functions ;  and  representing  these  for  convenience  by  x,  y,  z,  w,  viz.  writing 

%.  ^r,  %,  %,{ti)  =  x,  y,  z,  w, 
we  have   then   X,    F",   Z,    W  linear    functions    of   the    four    squares,   viz.  it    is    easy   to 
obtain 

a  {,?  +  s^)  -  S  if  +  w^-)  =  2  (a-=  -  8=>  Z, 

g(     „     )-«(     „     )  =  2(      „     )W, 

-  ^  (i.^  -  s^)  +  ry  (y^  -  «,^)  =  2  (^^  -  7O  F, 

-7(     .     )  +  ^(     .>     )-2(      „     ')Z. 

Also   considering   two   othei-   functions   S>o(-(()   and   ^12(11),  or  as  for  shortness  I  wi-ite 

them,  &n  and  ^,5,  we  have 

V  =aZ  +  /3r  +  7^+STf, 

and  substituting  the  foregoing  vahioa  of  X,   Y,  Z,   W,  we  find 

jl/^„^  =  Ax-"  +  By-'  +  Cz'  +  Dm\ 
iiy^j^^i  =  Gx'  4-  Dy"^  +  Az"^  +  Biif, 


where,   writing   down   the   values   firet   in   terms    of    a, 

0,   7,   8    and    then    i 

n    terms    of 

the  c's,  we  have 

M=      (a^-S0(/3^-70                 =i 

.    <^«'-cA 

A=     /3=S^-6iV 

-  oi(h\ 

iJ  =  -c<8(0^-7^)  +  /37(a--SO  =  . 

C.V  -  c,5V, 

(?=      a^/3=-7^S= 

c?c.^, 

i)  =  -  ng  (0—  7^)  -  /37  {a?  -  60  =  .. 

c,.v-%V; 
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and  we  then  have  further 
that  is, 

whence   equating   the   two   values   of  \'-%i    we   have   the   required   quartic    equation    in 
a),  y,  z,  w. 

123.  But   the   reductiork   is   effected   more  simply  if  instead  of  the  c's  we  introduce 
the  rectangular  coefficients  a,  h,  c,  &c.     We  then  have 

M^(c"^-V%     A^-a"c,     0=a'b, 
B  =  —  b'c  -  h"c",  =hc,     H  =  b'b"  +  c'o",  =  a'a" ; 
and  the  equations  become 

(c"^  —  b'^)  V  =  —  <i"c^  +     bcy'^  +  a'bz^  ~  a'a"vf, 
io'"'  —  b'')  ^,2*  —     a'bai'  —  a'a"y''  ~  a"cz''  +     heufi, 
V&'c"^„&-,5  =^laxz  +  V-  y'rjyw, 
so  that  the  elimination  gives 

h'd' (—  ra"ca!'  +  hvif  +  <:i!b^'-  -  a!a!'vf) {a'baf  —  a'al'y"^  —  a'cs^  +  bcw^) 

=  (c"'  —  6'^)^  [ax^£^  —  6"c'y^^  +  2  V—  ab"c'xyzw], 
viz.  this  is 

—  a'a"bb'cc"  {c^  +  y' +  z' +  w') 
+  a'b'cc"  (a"^  +  b^)  {a?f  +  sW) 

+  [b'c"  (a'^b^  +  a' V)  -     ra  (&'=  -  c"')=}  a^^ 
+  {b'c"  (a  W=  +  6=e=)  +  b"c'  (6'=  -  c'^}  y^vj' 

—  a"bb'c"  (ffl'=  +  cO  (ic%^  4- 1/^2') 

—  2  (b'^  —  c"^)^  V  —  ab"G'xyzw  =  0. 

124.  In   this   equation   the   coefficients   of  x''2^  and   yhv''  are  each  =ft'ft"&c{6'^  +  c"-), 
as  at  once  appears  from  the  identities 

(a'b.b'  —  c"  .a"c  =  a(b''^— c"^), 

[u'b.cf'-b'  .a"c^    (b''~c"% 

la'a" .b' -c"  .bc  =  -  b" (\P  —  a"''), 

[a'a" .  c  —  i' ,  6c  =       c'  (b"^  —  c"^), 
by  multiplying   together   in   each   pair   the   left-hand   and   the    right-hand    sides    respec- 
tively.    Substituting  and  dividing  by  —  a'a"bb'cc",  we  have 

x'+y'  +  z'  +  w' 

2{b'^-c"')W^^"c'  . 

tift  00  cc  '^ 
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or,  if  we  herein  restore  the  c's  in  place  of  the  rectaognlar  coefficients,  this  is 
x'  +  y*  +  &'  +  w' 


Ci%^ 


-{xY  +  ^w')- 


C1C2   C4   C^  Cfi   Grf 

which  is  the  equation  of  the  16-nodal  quartie  eiiriaee. 

Substituting  for  tc,  y,  s,  w  their  values  S-j,  %,  &r,  ^ii(«)>  '^''^  have  the  equation 
connecting  the  four  theta-f unctions  4,  7,  8,  11  of  a  Gopel  tetrad.  And  there  is  an 
equation  of  the  like  form  between  the  four  functions  of  any  other  Gopel  tetrad :  for 
obtaining  the  actual  equations  some  further  investigation  would  be  necessary. 


The  xy-esypret 


>  of  the  theta-functions. 


125.  The  various  quadric  relations  between  the  theta-fiinctions,  admitting  that 
they  constitute  a  13-fold  relation,  show  that  the  theta-functions  may  be  expressed  as 
proportional  to  functions  of  two  arbitrary  parameters  ^,  y;  and  two  of  these  functions 
being  assumed  at  pleasure  the  others  of  them  would  be  determinate;  we  have  of 
course  (though  it  would  not  be  easy  to  arrive  at  it  in  this  manner)  such  a  system 
in  the  foregoing  expressions  of  the  16  functions  in  terms  of  tv,  y\  and  conversely 
these  expressions  must  satisfy  identically  the  quadric  relations  between  the  theta- 
functions. 

126.  To   show   that   this   is   i 
first   the   a^-factors   Vcs,  Vaft,  &c. 
instance 


to   the  general   form   of  the   equations,  consider 
regards  the  squared  functions  {^ahf,  we  have  for 


(Vcrfy  =  1^  {cdfa>,e,  -I-  c,d/,abe  +  2  VXF} ; 


rational :   and  it  is  moreover  integral,  for  we  have 

{"■iahj  -  {'■Jcdy  =  ^,  {abc,d,  -  a,b,ed)  (fe,  -  f,c), 

where   each   lactor   divides   by   0,  and   consequently  the   product   by   6';   the   value 
fact 


-ie-f) 


x  +  p,  xy 
a  +  h,  ab 
c  +d,     cd 
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a  linear  function  of  1,  x  +  y,  my.  This  is  the  case  as  regards  the  difference  of  any 
two  of  the  squares  ('^aby,  {'Jacf,  &c. ;  hence  selecting  any  one  of  these  squares,  for 
instance  {^Idef,  any  other  of  the  squares  is  of  the  form 

and  obviously,  the  other  squares  (Vft)'',  &c.,  are  of  the  like  form,  the  last  coefficient  p 
being  =0.  We  hence  have  the  theorem  that  each  square  can  he  expressed  as  a  linear 
function  of  any  four  (properly  selected)  squares. 

127.     But  we  have  also  the  theorem  of  the  16  Kumraer  hexads. 

Obviously  the  six  squares 

{^a)\   {'/by,   (Vc)^   {Vrf)^    c/'ey,   {^/fy 

are  a  hexad,  viz.  each  of  these  is  a  linear  function  of  1,  cc  +  y,  wy :  and  therefore 
selecting  any  three  of  them,  each  of  the  remaining  three  can  be  expressed  as  a  Unear 
function  of  these. 

But  further  the  squares  (V«)^  (V6)',  (Vi^)',  ('Jcdy,  (V^)^  (Vdey  form  a  hcxad. 
For  reverting  to  the  expression  obtained  for  {vaby  —  (Vcdy,  the  determinant  contained 
therein  is  a  linear  function  of  aa,  and  bb,,  that  is,  of  (way  and  (vi)';   we,  in  fact,  have 


(a-b) 


^(h-c)(b-d)(a-a;}(a-?/)^{a~c)(n-d)(b-x){h^y). 


1,     a  +  h,     a?> 
\-d,     cd 

Hence  {'/aby  —  (•</cdy  is  a  linear  function  of  (Va)^,  {'Jby ;  and  by  a  mere  inter- 
change of  lettere  (VoA)^  —  {^cef,  ('/aby  —  (Vdey,  are  each  of  them  also  a  linear  function 
of  ('^dy  and  ('V&)=;  whence  the  theorem.  And  wc  have  thus  all  the  remaining  15 
hexads. 

128.  We  have  a  like  theory  as  regards  the  products  of  pairs  of  functions.  A 
tetrad  of  pairs  is  of  one  of  the  two  forms 

VaVt,  VdcVfc,  '/ad'/hd,  '/aeVbe,  and   •^/fVab,  \'c'Jde,  'Jd'Jce,  '^e'/cd; 

in  the  first  case  the  terms  are  _ 

Vaa^bb,, 

^^  {(ab,  +  a  b)  Vedefc,d>X  +  (cfd.e,+  c,f,de)  Vaa^bJ, 
\,{        „  „  +(dfc,e, +  cl,t>)       „      1, 

^,  (         ■,  ,.  +  (efcA  +  e,f,cd)       „      }, 

and   as   regards  the   last   three   terms   the   difference   of   any   two    of    them    is    a    mere 
constant  multiple  of  Vaa,bb, ;   for  instance,  the  second  term  —  the  third  term  is 

=  J.  (cd, -  c,d)  (fe,  -  f,e)  Va^^b;,  =(c-  d){f- e)  Va"^b,"; 
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we    have    thus    a    teti'ad    anch    that,    selecting    any   two   terras,   each   of  the   remaining 
terms  is  a  linear  function  of  these. 

In  the  second  case,  the  terms  are 

I  Jf  v'abe;d,e^t;  +  f,  Varh7cdef}, 


whence   clearly   the   four  terms   are   a   tetrad    as    above.      And    it    may   be    added    that 
any  linear  function  of  the  four  terms  is  of  the  form 

-5  |(X  +  jUic)  Vabo^d^e/,  +  (X  +  (ly)  v'a,b,cdef |. 

129.     Considering   next   the   actual   equations   between   the    squared    theta-functions, 
take  as  a  specimen 

C^'  V  -  Ci'^i  +  Ci^i'  -  Cb^^s'  =  0, 

that  is, 

Ge*  {'Jahf  -  c.^  {'^cdy  +  c,"  {-Jcef  -  c,*  {"Jdef  =  0, 

where   c^,   Cj,   Ci,   C9  =  vfl&,   v  cd,  Vce,   vde    respectively.      Since    the    functions    (vabf, 

&c.,   contain   the   same   irrational   term  ^VXF,  it   is   clear   that   the   equation   can   only 

be  tniG  if 

Cfl"  —  Cj^  +  Ci^  —  c^^  =  0 : 

and,  this  being  so,  it  will  be  true  if 

Ca'  {(V^)'  -  C^cdy]  -  c'  {{^'i^y  -  {'Jcefi  +  c'  \(^aby  -  i-^d^f]  =  0, 
where,  by   what   precedes,  each   of  the   terms   in    {    }   is   a   linear  function   of   {s'af   and 
{^b)\     Attending  first  to  the  term  in  (Vw^,  the  coefficient  hereof  is 

ef.  ha.hd.  c-t  —  df.  ha. he.  c^  +  cf.bd.he.  c^*, 
where  for  shortness  he,  bd,  &c.,  are  written  to  denote  the  differences  6— c,  b  —  d,  &e. ; 
substituting  for  c/  its  value  (vcd)',  =cd.cf.df.ah.ae.he,  and  similarly  for  c,"  and  c^' 
their  values,  =ce.cf.e/.ab.ad.hd,  and  de.df.ef.ab.ac.be  respectively,  the  whole  ex- 
pression contains  the  factor  ah.bc.bd.be.cf.df.ef  and  throwing  this  out,  the  equation 
to  be  verified  becomes 

cd.ae  —  ce.ad  +  de.  ac  —  0, 
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which  is  true  identically.  The  verificatiori  is  thus  made  to  depend  upon  that  of 
Cs*  — C2*  +  c,*  — c,'  =  0;  and  similarly  for  the  other  relations  between  the  squared  functions, 
the  verification  depends  upon  relations  containing  the  fourth  powers,  or  the  products 
of  squares,   of  the  constants  c  and  h. 

130.  Among  these  are  included  the  before- mentioned  system  of  equations  involving 
the  fourth  powers  or  the  products  of  squares  of  only  tlie  constants  c;  and  it  is 
interesting  to  show  how  these  are  satisfied  identically  by  the  values  Co  =  vhd,   &e. 

Thus  one  of  those  equations  is  c-^^  +  c,'  -f  c^  =  c^ ;  substituting  the  values,  there  is 
a  factor  ce  which  divides  out,  and  the  resulting  equation  is 

ad . af. df.  bc.be  +  cf.  ef. ab .  ad . bd  +  ab .  af. bf.  cd.de -ac.ae.bd  . bf.  df=  0. 

There  are  here  terms  in  a^,  a,  o?  which  should  separately  vanish ;  for  the  terms 
in  a",  the  equation  becomes 

df.  bc.he->rbd.cf.  ef+  bf  .cd.de -bd.  bf.  df=  0, 
which  is  easily  verified;   and  the  equations  in  a  and  a"  may  also  be  verified. 

An  equation  involving  products  of  the  squares  is  CsC,^  —  Ci'Cj'  +  Ca'Ce*  =  0.  The 
term  Cia'V  is  here  VadfTbce'^def.abc  which  is  ='^{bcy (df)'. ab. ac.ad.af.be. ce.de. ef, 
which  is  taken  =bG.df  vab.ac.  ad  .  af.be.  ce.de.  ef;  similarly  the  values  of  0,%"  and 
Cs'Ce^  are  =bd.cf  and  bf.cd  each  multiplied  by  the  same  I'adical,  and  the  equation  to  be 
verified  is 

be .  df-  hd .  cf+  bf-.  cd=  0. 

which  is  right:   the  other  equations  may  be  verified  in  a  similar  manner. 

131.  Cuming  next  to  the  equations  connecting  the  pairs  of  th eta- functions,  for 
instance 

this  is 

c,iCiBC„Cni  jV6S  Vad  -  Vie  Vm]  +  CiCjo^ki, .  Vft  va  =  0, 

the  products  ^/bd  ^ad  and  V&e  Voe  contain  besides  a  common  term  the  terms 
j^,  (dfc,e,  +  d,f,ce)  V^>b„    and     ^  (efc,d,-f  e/,cd)  v'aa;bb^, 

hence    their    difference    contains    ^ (de,  —  d,e)  (fc,  —  f,c)  Vaa,bb,    which    is    =  de  .fa  Vaa.bb,, 

that  is,  de.fc  v a -^b:  hence  the  equation  to  be  verified  is 

de  .fc .  CaCitCods  +  CjCsSt/c,!  =  0 ; 

cAsCoCia  is  —v''bef.acd-\/aef.bcd\/'bdf.aee'\/adf.bce,  where  under  the  fourth  root  we 
have  24  factors,  which  are,  in  fact,  12  factor's  twice  repeated;  and  if  we  write 
n,  =ab.ac  .ad  .ae  .af.  be.  bd.  he. bf.cd .  ce.cf.de.  df.ef,  for  the  product  of  all  the  15 
factors,  then  the  12  factors  are  in  fact  all  those  of  IT,  except  ab,  ef,  de;   viz.  we  have 


-.^lY-~(ahncff(de)\ 
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Again,  c,^cJc^kll,  =\/acf.bde\/bof.a,de\/acdef\/bc<}£f,  is  a  fourth  root  of  a  product  of 
-32  fectors,  which  are  in  fact  16  factors  twice  repeated,  and  in  the  16  factors,  ah  does 
not  occur,  of  and  de  occur  each  twice,  and  the  other  12  factors  each  once :  we  thus 
have 

c,c^Ai  =  \^lV{eff{dey^{aby, 
and  the  i-elation  to  be  verified  assumes  the  form 

/c .  de  \/T^^fJdef  +  \/{cfY  {def  =0, 

which,  taking  fa.de  =  —  \/{cfy{dey,  is  right.  And  so  for  the  other  equations.  It  will 
be  observed  that,  in  the  equation  de.fc  .c^i^tPa  +  CiCjC'^a  =  0,  and  in  the  other  equations 
upon  which  the  verifications  depend,  there  is  no  ambiguity  of  sign ;  the  signs  of  the 
radicals  have  to  be  determined  consistently  with  all  the  equations  which  connect  the 
c's  and  the  fc's :  that  this  is  possible  appears  evident  a  priori,  but  the  actual  veriiication 
presents  some  difficulty.     I  do  not  here  enter  further  into  the  question. 

FurAer  remits  of  the  product-theorem,  the  is  +  u'  fonimke. 

132.  Eecurring  now  to  the  equations  in  u  +  u',  u  —  u',  by  putting  therein  w'  =  0, 
we  can  express  X,  Y,  Z,  W  in  terms  of  four  of  the  squared  functions  of  u,  and  by 
putting  u  —  d  we  can  express  X',  Y',  Z',  W  in  terms  of  four  of  the  squared  functions 
of  !(';   and,  substituting  in  the  original  equations,  we  have  the  products 

^(  )«+»'.*(  )»-»■ 

in  terms  of  the  squared  functions  of  v,  and  u'. 

Selecting  as  in  a  former  investigation  the  functions  4,  7,  8,  11,  which  were  called 
cc,  y,  z,  in,  it   is   more  convenient  to  use  single  letters  to  represent  the  squared  functions. 

4    =  y,  4    =  ^„  (=  Ci), 


r  z    w 

3+  n/~B, 


I  write 

a  (a +  «').»  (»-«') 

Vti 

4               i   =   P, 

4   =  ; 

7               7    -    Q, 

7   = 

8               8   -   _B, 

8   = 

11             U    -   S, 

11   = 

Then 

X       Y      Z       W 

P-X'  -Y'  +  Z  -  W, 

1> 

Q  =  W'-Z  +r-x', 

<i 

B  =  X'  +Y'-Z'  -If", 

r 

S  =  W'  +  Z'  -  Y'-X', 

s 

Henee 

a(r  +  r)-h{q  +  s)  =  2(^' 

-80X, 

S       „      -K      „     =2 

„     w. 

-/3(p-r)  +  7te-»)  =  2(/3- 

-i'}Y. 

-1       „      +/3      „      -2 

„     z, 

tfl- 


X'  r  z' 

W 

p' 

-0-/3+7 

-8, 

</ 

-8-7+^. 

-a, 

r 

-a  +  (3-7 

-8, 

«' 

=  8  +  7-/3- 

—  a. 

')-«(?' 

+  /)=2(«'- 

-S')X', 

-. 

„       -  2        „ 

If', 

') +  '/(?'■ 

-«')  =  2(/3'- 

■f)  T. 

+  » 

,,      =  2 

Z'. 

70—2 
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By  means  of  these  values,  we  have 

Hci'-S'yx'x  -d-Cp+rXp'+o+S'fe  +  sXs'+s')-"!  [(!>+>■)(<;'+»')+(?■+'■')(?+»•)]. 

4        „        W'W-i'  „  +«•  „  -oS[  „  „  ], 

ii^-i-fY'V  = /3- (P ->■)(/- r-)  +  7" (9 -«)(}'-«')-<J7[(p-'-)((l'-s')  +  (p -/)(,->)], 
4       „       Z'Z    =rf  „  +/}•  „  -B-,[  „  „  ]. 

Hence 

4  (a"  -  S-)  (X'X  -W'W)  =  (p  +  r)  (p'  +  /)  -(q  +  s)  (q'  +  s'}, 
4,(f!'  -i-){Y'Y  -Z'  Z}  =  (p-r)(p  -r)-(q-s}(q  -s). 

and  substituting  in  the  expressions  for  P  and  R, 

4(a=-8')0'-7-)P  = 

(/s- -  7")  Kp +  >■)  (p' +  O -(«  +  »)  tf  +  »')1 -(»■-»)  Kp -'■)(?■-'■')-(?-»)(?'- »■)], 

4  „  B- 

„       [  „  ,.  ]+       „       [  ,,  „  ]. 

Similarly 

i(ff  -s-ywx=. 

"8  VP  +  >■)  (/  +!■')  +  (?  +  «)(?■  +  s')]  -  o-  (P  +  '■)(?■+«')-*'(?  +  »)  (p'  +  r), 
4        „         X'W  = 

„[        „  „         ]-s- 

l(/3'-7")'rF  . 

fil  [(P  -  r)  (?'  -  r')  +  (3  -  s)  (?'  -  s')l  -/»■(?-  •■)  (?' "  «')  -  f  (?  -  »)  ip'  -  r'). 
t        „         Y'Z  - 

„  [  „  „  1-7'  „  -/J'  ,.  1 

whence 

i{«'  -t'){WX-TW)  =  -{{p+r)(<i  +  ,')-(p'  +  r)(q  +  s}l 

i  (/3-  -  Y)  (Z'  Y  -Y'Z) l{p-r)(q-s)-(p'-r)(q-,)l 

and  substituting  in  the  expressions  for  Q  and  iS 

4(,'-8')(,3--7')<3  = 

-{li'-y)l(p  +  r)(q+i)-(p'+,-)(q  +  a)]  +  (c'-S-)[{p-r)(q'-s-)-(p-^Xq-s)l 
4  „  S  = 

-        „        [  „  „  ]-       „        [  „  „  ]. 
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133.     Hence,  collecting  and  redttcing, 
i  (,•-&•)  (fi--f)P - 

—  (a?  —  ^^  +  7^  ~  6=)  (pp'  -  qq'  +  rr'  -  S3')  +  {o?  +  y3^  —  7^  —  S^)  {p/  +  p'r  -  qs'  —  q's), 
i  „  B  = 

(c.=  +  /3'-7--S')(  „  )-(a'-/3'  +  7'-8')(  „  ), 

4  „  «  = 

("=-/3'  +  7'-S')<  „  )-,«'  +  /3'-7'-i-)C  „  ), 

4  „  S  = 

-(«'  +  /3--7'-8")(  „  )  +  („._^  +  7._8.)(  „  ); 

we  have 

3)o(=6')-«'-/3'  +  r'-S',     r,(=c')-ii'  +  P-'f-S', 
and  thence 

'■.■-K-4(»'-»')W-7'); 

the  equations  heiiee  become 

('■d'  -Po')  -P  =  -JJo  (fp'  -  qq'  +  'n-'  -  ss')  +  n  ipr'  +p'r  ~  qs'  ~  (/«), 

„       li=    n(  ,,  )~M  ..  ). 

Q  =    Pd  (pq'  -  p'q  + »"«'  -  ^s)  -  J"!)  (  .-  ). 

„       s--n(  „  )  +  /,„(  „  ). 

On  writing  in  the  equations  Jt'  =  0,  then  P,  Q,  R,  S,  p\  ([,  r',  s'  become  =p,  q,  r,  s, 
Pn,  0,  r„,  0;  and  the  equations  are  (as  they  should  be)  true  identically.  The  equations 
may  be  written 


(8-4)       4      4   =   -4(4.4-7.7  +  8.8   -11.11)   +8(4.8   +   8.4-7.11-11.7), 
„    )       S       8   =   +8(  „  )   -4(  „  ), 

„    )       7       7   =   +4(4.7-7.4  +  8.11-11.8  )   -8(4.11-11.4  +  8.7    -   7.8), 
„    )     U     11    =   -8(  „  )   +4(  „  ). 

There  is  of  course  auch  a  system  for  each  of  the  tiO  Giipel  tetrads. 

Differential  relations  connecting  the  tketa-ftinctions  with  the  quotient-functions. 

134.  Imagine  p,  q,  r,  s,  &c.,  changed  into  w'',  'f;  z',  w^,  &c ;  that  is,  let  x,  y,  z,  w 
represent  the  theta-functions  4,  7,  8,  11  of  u,  v\  and  similarly  a;',  y' ,  ^,  w/  those  of 
m',   i/,   and  m^,   0,   So.   0   those   of  0,   0.     Let   m',  v    be   each   of  them   indefinitely  small; 

and   take   3,   =  ^'' 3~  + "' 77"  >  ^^^   the   symbol   of  total   differentiation    in    regard    to    ?(,   ii, 

the   infinitesimals  w'  and  «/  being  arbitrary:   then,  as   far   as   the   second   order,  we  have 
in  general 

S- («  +  !(',  y+j>')=^0''.  ^)  +  a^(M,  t;)  +  ^5=^(zi,  v). 
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and  hence 


[704 


P  =  {x  +  a«  +  ^d'x)  {x-dx  +  ^'-x),  =  a^  +  [a^'x  - 

and    similarly   for    Q,   R,   S.     Moreover,   observing    that    x'    and 
y  and  v/  are  odd  functions,  of  u',  v,  we  have 


z'    are    even    functions. 


^:,  'J. . 


=  iCo  +  )^x^,  dy„  i 


H3"s 


where  ^x^,  dya,  &c.,  are  what  9X  dy,  &c.,  become  on  writing  therein  ^i  =  0,  i 
0i/o,  dw„  are  of  couiBe  linear  functions,  d'Xa,  d'Zu  qnadric  functions  of  m'  and  v. 
values  of  a/^  ^'^  s'^  w'°  are  thus  a^^  +  a^^X.  d^af'  V  +  2o9%,  (Swg)';   and  we  have 

njfa:,    (ay,)'    »,3%     (atB,)- 


-0; 
The 


»V' 

-jy 

«y 

-yV 

nJs'" 

~fv/ 

jtV 

-t'" 

—  w%' 


-r 

+  37^ 


i-s^v/''    —  wV^  =  —i/^x^ 

f  s^y'^      —  wV^  =  —  W^^     —  y''Za'      -  ™^     +  ^^      -  /      +  '^■ 

135.  On  substituting  these  values,  the  constant  terms  {or  terms  independent  of 
j(',  v)  disappear  of  themselves;  and  the  equations,  transposing  the  second  and  third 
of  them,  become 

^^%  idy^Y  ^.g% J^nY 

{z,'-x,*){xd'x  -(dxf]^  (-ar„V+V^=)    +{    x,Y-^M)  +(-a^oV+Va;=)  +(    x,^^-z„Y). 

„       [y'^y  ~{dy'f]=  -{    x.y -z.Hifi)   -(-a;„=fl?+V2' )  -(    x„V-s,y)  -(-x^'^ +s,'x^). 

„       {id^z  -(dzy]=  i-x^'z' +s^V)    +(    Xahtf-z^y)  +(-flio=a^ +So's' )  +(   x^Y -z^uf), 

„        {wdHo-(dwf]=  -(    x,\!'-z„Y)    -{-x,"^ +z„-'^)  -(    a;,y-3>=)  -(-a;„W+V^), 

■where    it    will    be    recollected    that    x,   y,   z,  in    mean    ^4,   %,   ^a,   ^uCm):    "'a  i^  ^4(0), 
that  is,  C4,  and  s^  is  ^9(0),  that  i 


9^1C0  =  (<^4"'' 

The  ibrmulEe  may  be  written 


But  the  formula*  contain  also 
[u\  v'y,    dy,  =(c/,    c,"~$ii,  v), 


G^% 


(-4    4+8    8) 

(    4    7-8  11)  -(-4    4+8  8) 

(-4    8+8    4)  +(    4  11-8  7) 

{    4  11  -8    7)  ~{-i    8  +8  4) 

where   d''c^,  d%,   do,,  dCa   ai'e   written   in   place   of  0X,  5' 
a  like  system  of  equations  for  each  of  the  Gopel  tetrads. 


(Cs*-Ci')|  4     4         4    j 


fll  11 


+(4    7  ~8  11)i+(-4    8+8    4) 


-(  4  11  -8  7) 
+(_4  4+8  8) 
~(    4    7-8  11) 


+(  4  11  -8  7). 
-(-4  8+8  4), 
+  (4  7-8  11), 
-(-4    4  +8    8), 


,  dw^.     There  is  of  course 
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136.  Observe  that,  dividing  the  first  equation  by  ^4H")i  or  say  by  ^/,  the  left- 
hand  side  is  a  mere  constant  multiple  of  9^  log  ^^ ;  and  the  right-hand  side  depends 
only  on  the  quotient-functions  ^7 -r  ^-4,  a-j-J-^i,  %-^S-4;  each  side  is  a  quadric  function 
of  li,  «'.     Equating  the  terms  in  v!^,  u'v,  v'^  respectively,  we  have 

<C-'°S*"     Si*'°8*"      »'■>!!*•■ 

each  of  them  expressed  as  a  hneai'  function  of  the  squares  of  the  quotient-functions 
^7-^^i.  ^a-^^i.  ^u-^^i.  The  formula  is  thus  a  second-derivative  formula  serving  for 
the  expression  of  a  double  theta-iiinction  by  means  of  three  quotient-flinctions. 


Differential  relations  of  the  theta-funetiors. 

I:i7.     In    "  The    second   set   of  16,"  selecting   the   eight   equations   which   contain  F, 
and   W,,  these  are 

„+.'  .-.■    .*.■   .-,'  (Suffixes  1.) 

a .  «>       S>  .  a       Y       W 

i  (  4  0-0  IJ  -  Y^'+W', 

12  8  -    8  12   =  7'  -  W, 
6  2-2  e  =  w  +  y, 

14  10  -  10  14,   -W  -  Y', 

i  (  o  1-1-1  5]  =  x'  +  z; 

13  S+    9  IS   -X'   ~Z\ 

1  3+3  7    -Z'    +  X'. 

15  11  -111  15    -Z'    -  X'. 


Then,  considering  any  line  in  the  upper  half  and  any  two  lines  in  the  lower  half, 
we  can  from  the  three  equations  eliminate  F,  and  ll^i,  thus  obtaining  an  equation 
such  as 

a.5>.-a,<i.,    r,      w  i-o, 
a.a, -i-a,a„    X',      Z' 

%,%  +  %%„    X',    -Z'    \ 
viz.  this  is 

-•2X'Z'  {XX -X^^,) 

+  {      X'W'+Y'Z')(%X+X,X) 
+  (-   X'W'+  Y'Z')  {X,%  +  &,»,.)  =  0, 

where  the  arguments  of  the  theta-functions  are  as  above,  u  +  u',  it  —  u',  a  +  u',  u  —  u'- 
and  the  suffixes  of  the  X',  Y',  Z',   W  are  all  =  1. 
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138.  Suppose  that  in  this  equation  ii!  becomes  indefinitely  Bmall.  If  Jt'  were  =0, 
the  values  of  X',  Y',  Z',  W  would  be  «,  0,  7,  0  :  hence  u'  being  indefinitely  small, 
we  take  them  to  be  a,  9^,  7,  9S,  where 

are,  in  fact,  lineai'  functions  of  iif  and  v. 
We  have  ^4^0 -^o^,  standing  for 

and  here 

^*  (m  ±  u)  =  ^4  ±  9^4,     S^„  (m  ±  u")  =  X±^,; 
the  function  in  question  is  thus 

(^4  +  3^4)  (^0  ~  3^o)  -  {%  -  d%)  {%  +  d%)  =  2  {'ir^^  -  ^40^0;, 

where  the  arguments  are  u,  v,  and  the  3  denotes  ■«'-;-+ jj' t- , 

ai(        dv 

Also  ^,^i  +  ^i°rj,  that  is,  X{u  +  u)%(tt-u')-\-%(u  +  u')%(:u-u'),  becomes  simply 
=  SS-j^i,  and  similarly  ^laS-a  +  Sa&is  becomes  =2^i3S-8;  and  the  equation  thus  is 

-  2a,7,  ( V^4  -  XdX)  +  (fliaS,  +  7,9/3,)  ^5^,  +  (-  a.dBi  +  7iS/3,)  ^.,^s  =  0, 

where  the  proper  suffix  1  is  restored  to  the  n,  df3,  7,  and  dB. 

139.  The  equation  shows  that  the  differential  combination  X'5%—%d%  is  a  linear 
function  of  ^,^j  and  %3%,  the  coefficients  of  these  products  being  of  course  linear 
functions  of  u'  and  v.     Writing  the  equation 

V^4  -  X^o  =  ^^.^1  +  B^j,% , 

we  can  if  we  please  determine  the  coefficients  in  terms  of  the  constants  c,  c",  c",  c"',  c"; 
Yiz.  taking  v,  v  indefinitely  small,  we  have 

X  =  Co,  9^4  =  m'  (c;"m  +  Crv)  +  V  (C4''«  +  c,'w), 
X  =  c„  d%  =  u-  {C'u  +  c^'v)  -I-  V  (c„"u  -f  c^'v), 
S-j^Ci,      Sy5=         c^'u  +  c/'v, 

or  substituting,  and  equating  the  coefficients  of  u  and  v  respectively,  we  have 
c„  (c,"'«'  +  C4"ii')  -  C4  (co"'w'  +  Co'V)  =  Ac,c,'  +  Bc,c,s, 

Co  (Cj"m'  +  Ci^v)    ~  C4  (c,'''jl'    4-  Co'-o')   =  J,CiC5"  +  BCeCs", 

which  equations  give  the  values  of  A,  B. 

140.  Disregarding  the  values  of  the  coefficients,  and  attending  only  to  the  form 
of  the  equation 
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this  is  one  of  a  system  of  120  equations;  viz.  referring  to  the  foregoing  table  of 
the  120  pairs,  it  in  fiict  appears  that  taking  any  pair  such  as  %%  out  of  the  upper 
compartment  or  the  lower  compartment  of  any  column  of  the  table,  the  corresponding 
differential  combination  ^^^,  — ^jS^u  is  a  linear  function  of  any  two  of  the  four  pairs 
in  the  other  compartment  of  the  same  column. 


Differential  relation  of  u,  v  and  x,  y. 
141.     We  have,  as  before,  in  the  two  notations,  the  pairs 


A 

.B 

11 

.7 

(T 

.DE 

5  , 

9 

D 

.  GE 

13 

,  1 

E 

.CD 

14, 

2 

F 

.AB 

10 

.6. 

From   the   expressions   given   above   for   the   fouj.'  pairs   below    the    line,   it   is  clear   that 
any  linear  function  of  these  four  pairs  may  be  represented  by 

(a-b)-^  ((X  +  fi.y)  Vodela,b,  +  {\  +  /ix)  Vc^^c/alDJ, 

where   \,   /j.   are   constant   coefficients :   the   factor    (a  —  b)    has    been    introduced   for   con- 
venience, as  will  appear. 

We  have  consequently  a  relation 

Vaa^S Vbb, -  Vb"b^ d^aa,  =  ^—  [(\  +  fiy)  Vcdefa,b^  +  (X  +  fj^:)  v'c^d^fTb}, 

where,  as   before,  3  is  used   to   denote  u'-j-+v'-j-,  u   and  v   being  arbitrary  multiphers; 

considering  n-,  v  as  functions  of  x,  y,  we  have 

d  ^dx  d      dy  d 
du     du  die     du  dy ' 

d  ^dx  d      dy  d 
dv     dv  dx     dv  dy ' 

and   thence   d=P^  +  Q  -;- ,  if  for  shortness  P  and  Q  are  written  to  denote  u'  ^  A-v'  ^r 
dx        dy  du         dv 

and  ''>''  -j^  + '"'  -^  respectively. 

142.     The  left-hand  side  then  is 

= p  f  v^  :^  Vbb  -  Vbb;  ^  v^U  Q  f  Ve^,  ;^  Vbb;  -  Vb"b;  :^  v^,V 

V       -dx        ■  '  dx        7  V       'dy  'dy        7 

c.  X.  n 
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the  coefficients  of  P  and  Q  are  at  once  found  to  be 

=  _  ^  (a  -  b)  V^      _  j^  (a,  -  b,)  V^ 
Vab        '         ^        Va,b~ 
respectively,  or  obsemng  that  a-b,  =a^-b„  =a  —  h,  the  equation  becomes 

■P-T^  +  ^-T^—  =  -  a  l(^  +  y"2/)  Vcdefa b,  +  (\  +  MJ^)  "/cdfif  ab) ; 
Vab  ^*,D,         '^ 

or    multiplying    by    Vaba,b,    and    writing    for    shortness    abcdef  =  X,   a,b,c,d,ej^  =  Y,   this 
becomes 


143.  There  are,  it  is  clear,  the  like  equations 

c,a,  [P  + 1  (X"  +  ^"y)  VZ)  +  ca  IQ  + 1  {A."  +  /'^)  VF)  =  0, 

and  it  is  to  be  shown  that  \=\'  =  x"  and  fj.  =  p.'  =  ^".  For  this  purpose,  recurring 
to  the  forms 

Vaa^aVbb, -v'bb,aVaa,=  — ^^  {(X   + /Ly)   V^ddaTb^  +  (>.   +  fix)   "/e,d,e/,abj, 

Vcc,  aVaa,  -  Vaa^SVcc^  ^~e'^  {(V  +  /*"?/)  -/bdefc^a,  +  (X"  +  /i"a!)  Vb,d,e,f,ca], 

multiply  the  first  equation  by  Vcc,,  the  second  hy  Vaa,,  aud  the  third  by  Vbb,,  and 
add :  the  left-hand  side  vanishes,  and  therefore  the  right-hand  side  must  also  vanish 
identically, 

144,  But  on  the  right-hand  side  we  have  the  terrn  ^  Vdefa,b^c,  multiplied  by 

{a~h)c{\+  M)/)  +  (6  -  c)  a  (X'  4-  (.'y)  +  (c  -  a)  b  {\"  +  i^'y), 
ajid  the  term  —  ^  Vd^c,f,abc  multiplied  by 

{a  -  h)  Q,  {\+tia:)  +  (b~  c)  a,  (X'  +  li'x)  +  (e  -  a)  b,  (X"  +  ij."x), 

and  it  is  clear  that  the  whole  can  vanish  only  if  these  two  coefficients  separately 
vanish.     This  will  be  the  case  if  we  have  for  X,  X',  X"  the  equations 

{a  -  ?i)  X  +  (&  -  c)  X'  +  (c  -  a)  X"  =  0, 
c        „       +a       „       -Vh        „        =0, 
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and  the  like  equations  for  /t,  fj,',  fi".     The  equations  written  down  give 
{a.  —  b)\:{h—o)X':{c  —  a)X"  =  a  —  b:b  —  c:c  —  a, 
that  is,  \  =  \'  =\" :   and  similarly  fj,  =  ftf  =  fi." . 

145.     But  this  being  so,  the  three  equations  in  P,  Q  give 

that  is, 

du         dv        x-y^       '^^' 

OK        dv        55  —  .y 
In    these    equations    u     and    v'    are    arbitrary ;    hence    X    and    fi.    must    he    linear 
functions    of   w'    and    is' ;    say    their    values    are    =  om'  +  py',   m^  +  tw'    respectively.     We 
have  therefore 

or,  what  is  the  same  thing, 

- 19  ll  =  (-  +  ^^■)  *-  +  (p  +  ™)  *, 

'wx    Vf' 


"*-^*=-KS-§) 


which  are  the  required  relations,  depending  on  the  square  roots  of  the  sextic  functions 
X  =  abcdef,  and  F  =  a^b,c,d,e,f,  of  a>  and  y  respectively;  but  containing  the  constants 
OT,  p,  (7,  T,  the  values  of  which  are  not  as  yet  ascertained. 

146.     I   commence   the   integration   of  these   equations   on   the   assumption   that  the 
values  !'  =  0,  f  =  0  correspond  to  indefinitely  large  values  of  x  and  y.     We  have 


whore  S=  a  +  6  +  c  +  (/  +  e +■/;   and  thence  the  equations  are 

'*-*=  iS(.+f..,.)-i^^(i.f....). 
,,.,,,„=_i5(i4^...),ii.(i,is,..,). 
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Hence  integrating,  we  have 

and  thence 


[704 


where  the  omitted  terms  depend  on 
Hence,  neglecting  these  terms, 


■Ji  +  iS(o-t(  +  'n)) 


\x    yi 


with    the   indefinitely 


an    equation    connecting    the    indefinitely    small    values    of 
large  values  of  x,  y. 

147.     From   the   equations  A  —  kii'm 'J a,  B  =  k7z;'^b,   taking   {u,   v)    indefinitely   small 
and  therefore  (ic,  y)  indefinitely  largo,  we  deduce 


i-i. 


Cj'ii  +  c"v       k. 


y^ 

1    i\ 


-i'fi-^) 


1  1 


hence    substituting 
multiplier  M,  we  obtain 

which  breaks  up  into  the  two  equations 

<!„--»„|^  +  (iS  +  J(l),7] 


Similarly 


the    foregoing    value,    and    introducing    a 

t  +  TW)  +  |a(<7!i+TB)j, 

■Mk„lp  +  (iS  +  ia)T]. 


c,'  =Mk,  { 
c,i  =  Mka{ 


/ 


0,"  =Mh,  \ 
c,"  -Uk,  ( 
c,."-«i„{ 
c„"  =  ja„( 

C." -*(!„{ 


/     1. 


which  twelve  equations  determine  the  coefficients  ot,  <r,  p,  t  in  terms  of  the  c',  d' 
of  the  odd  fimctiona  5,  7,  10,  11,  13,  14;  and  moreover  give  rise  to  relations  connecting 
these  c',  c"  with  each  other  and  with  the  constants  a,  b,  c,  d,  e,  f. 

148.     It  is  observed  that  if  as  hefore, 

,       ,  d        ,  d  -n  (^    ,  ri  ^ 
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then,  substituting  for  P  and  Q  their  values,  we  have 

=  (fflrw'  +  pv')  9i  +  {(TU'  +  Tif)  9s , 
if  for  shortness 

then  operating  with  9  on  the  equations  A  =  cr^„  Va^,  &c,,  we  have  for  instance 

AdB  -  BdA  =  w%,k,  I      (ww'  +  pv')  (V«  ays  -  V6  BiVa) 

+  (au'  +  Ti/){'Jad^'^b-  Vbd^^a)}, 

which   is   one   of  a   system   of  120   equations,  the   A,  B   being   iii   fact   any   two   of  the 
16  functions. 

Tbese  are  in  fact  nothing  else  than  the  foregoing  system  of  120  equations  giving 
the  values  of  the  differential  combinations  ^i,9^i  —  S-i3S-„,  &e,,  each  as  a  sum  of  products 
of  pairs  of  functions,  only  on  the  right-hand  sides  we  have  expressions  such  as 
Va9iV6  — VASiVct,  &e.,  which  present  themselves  as  perfectly  determinate  functions  of 
a:,  y:  so  that,  regarding  ■au'  +  pv',  <tu'  +  to'  as  given  linear  functions  of  the  arbitrary 
quantities  u,  v',  there  is  no  longer  anything  indeterminate  in  the  form  of  the  equations. 
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705. 


PROBLEMS    AND    SOLUTIONS. 


[From  the  Mathematical  Questions  tvith  their  Solutions  from  the  Edu,cational  Times, 
vols,  XIV.  to  LXi.  (1871—1894).] 

[Vol.  XIV.,  July  to  December,  1870,  pp.  17—19.] 

3002.  (Proposed  by  Matthew  Collins,  B:A.)— If  every  two  of  fivo  circles  A,  B,  C,  D,  E 
touch  each  other,  except  D  and  E,  prove  that  the  common  tangent  of  D  and  E  is  just 
twice  as  long  as  it  would  be  if  D  and  E  touched  each  other. 


Solution  by  Professou  Cayley. 

Consider    the   ellipse    —+^  =  1,   foci   R,   S;   the   coordinates   of  a  point    U  on   the 

ellipse   may   be   taken   to  be   {a  cos  u,  b  sin  u),  and  then   the  distances  of  this  point  from 
the  foci  will  be 

r  —  a(l  —  e  cos  u),     s  =  a  (1  +  e  cos  it). 

Taking  k  arbiti-arily,  with  centre  It  describe  a  circle  radius  a  —  k,  with  centre  S 
a  circle  radius  a  +  k,  and  with  centre  U  a  circle  radius  k  —  ae  cos  u :  say  these  are  the 
circles  R,  S,  U  respectively ;  the  circle  U  will  touch  each  of  the  circles  R,  S  (viz. 
assuming  ae<k<a,  so  that  the  foregoing  radii  are  all  positive,  it  will  touch  the  circle 
R  externally  and  the  circle  S  internally). 

Considering  next  a  point  V,  coordinates  {a  cos  v,  b  sin  v),  and  the  circle  described 
about  this  point  with  the  radius  k  —  aecosv,  say  the  circle  V;  this  will  touch  in  like 
manner  the  circles  R,  S  respectively.  And  the  circles  U,  V  may  be  made  to  touch 
each    other   externally ;    viz.   this   will   be    the   case   if    squared    sum    of   radii  =  squared 
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distance   of    centres,   or   what   is   the   same   thing,   squared   difference    of  radii  +  4-  times 
the  product  of  radii  =  squared  distance  of  centres ;   that  is, 

ctV  (cos  u  —  cos  vf  +  4  (A  —  «e  cos  v,)  {k  —  ae  cos  v)  =  a?  (cos  u  —  cos  vf  +  b-  (sin  u  —  sin  vY, 
or 

2  (k  —  ae  cos  u)(k  —  ae  cos  v)  =  b^  {1~  cos  (u  ~  v)}. 

If  for  a  moment  we  write  tan^K  =  a;,  tan^ii  =  i/,  and  therefore 

1  —  jS^  1  —  «^         .  2x  .  2y 

l+iC=  1+^  1+a!^  1+^ 

n™  (,.  - ,A  - a-^'°)(i-y')  +  fey     ,  _ ^„^^ , , _ „i ^ __ i  (_^_rJl_ 
^       ''"   (1  +  ^^X1+2/=)     '         '''^"    "-"-(i+^Od+^/O' 

we  have 

(    _  ae(l-^)]   f    _  » O-jJI  _      f  (»-?)' 
r      "l+'t-     n       '  i  +  f    )  ■"(!  +  »?) (!+!/■)■ 

(J- -  <w  +  (t  +  lie)  a;-HJ;  -  m  +  (t  +  ae)  j-l  =  6- (■=  -  S)", 
which  is  readily  identified  with  the  circular  relatioir 

or,   what   is   the   same   thing,   in   order   that   the   circles    U,    V   may   touch,   the    relation 
tetween  the  parameters  u,  v  must  be 

Considering  in  like  manner  a  circle,  centre  the  point  W,  coordinates  (acosw,  tsinw), 
and  radius  k  —  aecosw,  say  the  circle  W;  this  will,  as  before,  touch  the  circles  R,  S\ 
and  we  may  make   W  touch  each  of  the  circles  U,   V;   viz,  we  must  have 

^     _,  (/&  +  ne\i        ,    ]      ,       ,\{k  +  ae\i.       .,1      ,       ,/^-aW 

tan  ^  ■{!-, taniwV  —tan  ^  ■!   j tan  '  -it!  >  =tan  '    — - — -7—    , 

{\k  —  ae/         ^    j  [\k-ae/  '    ]  \a^-k'/' 


Uk  +  ae\^ 

[[k 


tan  i«|  -  tan-'  {(f-:^^^*  tan-  4<«|  =  tan-  (^^* , 


where,   in   the   last   equation,   tan-'][^— — J  tan  ^!(|   must  be  considered  as  denoting  i 
value  in  the  first  equation  increased  by  tt.     Hence,  adding  the  three  equations,  we  havi 
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or 
that  is, 

viz.  this  ia  the  condition  for  the  existence  of  the  three  circles  U,  V,  W,  each  toncliiiig 
the  two  others,  and  also  the  circles  R,  8. 

The    circle    R    lies    inside    the    circle    S,    and    the    tangential    distance    is     thus 
imaginary ;    but   defining   it   by   the   equation 

squared  tangential  dist.  =  squared  diat.  of  centres  —  squared  sum  of  I'adii, 

the  squared  tangential  distance  is 

=  4ffl^e^  —  4a\ 

But  if  the  circles  were  brought  into  contact,  the  distance  of  the  centres  would  be 
2k,  and  the  value  of  the  squared  tangential  distance  =  4&°  —  4a^ ;  hence,  if  this  be 
=  one-fourth  of  the  former  value,  we  have 

that  is, 

3ra^  -  4^^  +  ft^e^  —  0, 

the  same  condition  as  above.  The  solution  might  easily  be  vai-ied  in  such  wise  that 
the  circles  R,  8  should  be  external  to  each  other,  and  therefore  the  tangential  distance 
real ;  but  the  case  here  considered,  where  the  locus  of  the  centres  of  the  circles 
(7,   V,   W   is  an   ellipse,  is  the   more   convenient,  and  may  be   regarded   as   the   standard 


[Vol.  XIV.,  p.  10.] 

3144.  (Proposed  by  Professor  Caylet.) — If  the  extremities  A,  A'  of  a  given  line 
A  A'  describe  given  lines  I'espectively,  show  that  there  is  a  point  rigidly  connected 
with  AA'  which  describes  a  circle. 


[Vol.  XIV,,  pp.  67,  68.] 


3120.     {Proposed   by  Professor   Cayley.) — To   find   the   equation   of  the   Jacobian   of 
the  quadric  surfaces  through  the  six  points 

(1,  0,  0,  0),  (0,  I,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1),  (1,  1,  1,  1),  {a,  0,  y,  S). 


Solution  by  the  Pkoposer. 
Writing  for  shortness 

a^^  —  y,    b  =  y  —  a,     c  =  aL  —  ^,    f—a  —  ?>,    g  =  ^  —  h,    h  =  y- 
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a  +  b  +  c  =  0,   af+bff  +  ck  =  0),   the   six   points   lie   in 

each   of 

/-gs  +  aw)  =  0,     y(-  hx  +fe  +  hw)  =  Q, 

■.-fy-¥ow)=0,     w{-ax-by~cz)=0. 

705] 

(so   that   a  +  h  —  g  =  0,  i 
the  plane-pairs 


We  cannot  take  these  as  the  four  quadrics,  on  account  of  the  identical  equation 
0  =  0,  which  is  obtained  by  adding  the  four  equations ;  but  we  may  take  the  first 
three  of  them  for  three  of  the  quadrics,  and  for  the  fourth  quadric  the  cone,  vertex 
(0,  0,  0,  1),   which   passes   through   the   other  five   points;    vi;^.   this   is 

ttay^t  +  b^zx  +  cyxy  =  0. 
We  write  therefore 

P  =  x{hy~  ffs  +  «w),     Q=-yi-hai  -^fz  +  W), 
R  =  s  (gx  —fy  -f  cw),    S  =  aays  +  b0sx  +  c^wy ; 

and  we  equate  to  zero  the  determinant  formed  with  the  derived  functions  of  P,  Q,  -K,  iS 
iu  regard  to  the  coordinates  (x,  y,  z,  iii)  respectively.  If,  for  a  moment,  we  write 
A,  B,  G  to  denote  bg  —  ch,  ch—af,  af—hg  respectively,  it  is  easily  found  that  the 
term  containing  d^,^  is 

{b^s  +  cyy) a> (— agh,  bhf,  c/g,  abc,  —a/'\  —gB,  kC,  aA,  b^g,  -c^'^ce,  y,  z,  wf: 

the  terms  containing  d^  and  d^S  are  derived  from  this  by  a  mere  cyclical  interchange 
of  the  letters  {x,  y,  z),  (A,  B,  G),  {a,  h,  c),  and  (/,  g,  h).  Collecting  and  reducing,  it 
is  found  that  the  whole  equation  divides  by  2abc;  and  that,  omitting  this  factor, 
the  result  is 

ayz  (avf  ~  Sa^)  +  fww  {Qz"  -  jf)  '\ 
+  bzx  {^w''  -  By")  +  gyw  {yx''  -  os^ 
+  <'xy  {yyf  —  B^)  4-  h^w  {aif  —  ^d:')  j 
which,  substituting  for  a,  b,  c,  /,  g,  k  their  values,  is  the  required  form. 
If,  in  the  equation,  we  write  for  instance  ic=0,  the  equation  becomes 
ayzw  {hy  —  ge-\-  mv)  —  0 ; 

or,  the  section  by  the  plane  is  made  up  of  four  lines.  Calling  the  given  points 
1,  2,  3,  4,  5,  6,  it  thus  appears  that  the  surface  contains  the  fifteen  lines  12,  13,  ...,  56, 
and  also  the  ten  lines  123 .  456,  &c. ;  in  all  twenty-five  lines.  Moreover,  since  the 
surface  contains  the  lines  12,  13,  14,  15,  16,  it  is  clear  that  the  point  1  is  a  node 
(conical  point)  on  the  surface ;   and  the  like  as  to  the  points  2,  S,  4,  5,  6. 


[Vol.  XIV.,  pp.  104,  105.] 

3249.     (Proposed   by   Professor   Cayley.) — Given   on   a   given   conic  two  quadrangles 
PQRS    and   pqrs,   having    the    same    centres,   and    such    that   P,  p;   Q,   g;  M,   r;  S,  s 
are   the   corresponding   vertices   (that   is,   the   four   lines   PQ,  RS,  pq,  rs  all  pass  through 
c.  X.  72 
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the  same  point ;  and  similarly  the  lines  PR,  QS,  pr,  qs,  and  the  lines  PS,  QR,  ps,  qr) : 
it  is  required  to  show  that  a  coinc  may  be  drawn,  passing  through  the  points  p,  q,  r,  s 
and  touched  at  these  points  by  the  lines  pP,  qQ.  rB,  s8,  respectively. 


Solution  hy  the  Proposer. 

Taking  the  centres  for  the  vertices  of  the  fundamental  triangle,  the  equation  of 
the  given  conic  may  be  taken  to  be  iK'  +  2/'  +  2^  =  0;  and  then  the  cooidinates  of  P, 
Q,  R.  S  to  be  {A.  B,  G),  (A,  -B,  C),  (A.  B,  -G),  {A,  -B,  -G)  respectively,  where 
A^  +  B^+G''  =  0;  and  those  of  p,  q,  r,  s  to  be  (a,  0.  7),  (a,  -  ^,  7),  (a,  0,  -7), 
(a,  —^,  —7)  respectively,  where  a^  +  ^-\-rf^O.  The  required  conic,  assuming  it  to 
exist,  will  be  given  by  an  equation  of  the  form  te^  +  my^  +  ne'  —  0.  This  must  pass 
through   the   point   (a,   ^,   7),   and   the   tangent   at   this   point   must   be 

x(Br/-G^)  +  y(Ca-Aj)  +  z(A0-Bc)^O; 

that  is,  we  must  have  l<^  +  in^'  +  ny''  =  0,  and 

la  ■  mfi  :  n'y  =  By-C0  :  Ca-Ay  :  A0-Ba. 

The  first  condition  is  obviously  included  in  tho  second ;  and  the  second  condition 
remains  unaltered  if  we  reverse  the  signs  of  B,  ^,  or  of  G,  7,  or  of  B,  ^  and  G,  7. 
Hence  the  conic  passing  through  p,  and  touched  at  this  point  by  pP,  will  also  pass 
through  the  points  q,  r,  s,  and  be  touched  at  these  points  by  the  lines  qQ,  rR,  sS, 
respectively ;   that  is,  the  equation  of  the  required  conic  is 

c 
or,  what  is  the  same  thing. 


[Vol.  XV.,  January  to  June,  1871,  pp.  17 — 20.] 

3206.  (Proposed  by  Professor  Oaylev.) — In  how  many  geomctiieally  distinct  ways 
can  nine  points  lie  in  nine  lines,  each  through  three  points  ? 

3278.  (Proposed  by  Professor  Cayley.)— It  is  required,  with  nine  numbers  each 
taken  three  times,  to  form  nine  triads  containing  twenty-seven  distinct  duads  (or,  what 
is  the  same  thing,  no  duad  twice),  and  to  find  in  how  many  essentially  distinct  ways 
this  can  be  done. 
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Solution  by  the  Proposer. 

Let  the  mimbers  be  1,  2,  3,  4,  5,  6,  7,  8,  9.  Any  number,  say  ],  enters  into  three 
triads,  no  two  of  which  have  any  number  in  common.  We  may  take  these  tnads  to 
be  123,  145,  167.  There  remain  the  two  numbers  8,  9 ;  and  these  are,  or  are  not,  a 
duad  of  the  system. 

Mrst  Case. — 8  and  9  a  duad.  In  the  triad  which  contains  89,  the  remaining 
number  cannot  be  1 ;  it  must  therefore  be  one  of  the  numbers  2,  3 ;  4.  5 ;  6,  7 ;  and 
it  is  quite  immaterial  which;  the  triad  may  therefore  be  taken  to  be  289.  There  is 
one  other  triad  containing  2,  the  remaining  two  numbers  thereof  being  taken  from  the 
numbers  4,  5 ;  6,  7.  They  cannot  be  4,  5  or  6,  7;  and  it  is  indifferent  whether  they 
are  taken  to  be  4,  6 ;  4,  7 ;  5,  6,  or  5,  7 :  the  triad  is  taken  to  be  247.  We  have 
thus  the  triads 

123,  145,  167,  289,  247 ; 

and  we  require  two  triads  containing  8  and  two  triads  containing  9.  These  must  be 
made  up  with  the  numbers  3,  4,  5.  6,  7 ;  but  as  no  one  of  them  can  contain  47,  it 
follows  that,  of  the  two  pairs  which  contain  8  and  9  respectively,  one  pair  must  be 
made  up  with  3,  5,  6,  7,  and  the  other  pair  with  3,  5,  6,  4 ;  say,  the  pairs  which 
contain  8  are  made  up  with  3,  5,  6,  7,  and  those  which  contain  9  are  made  up  with 
3,  5,  6,  4  (since  obviously  no  distinct  case  would  arise  by  the  interchange  of  the 
numbers  8,  9).  The  tnad*?  which  contain  8  must  contain  eaiih  of  the  numbers 
3,  5,  6,  7,  and  they  cannot  be  835,  867,  since  we  have  67  in  the  triad  167 ;  similarly 
the  triads  which  contain  9  must  contain  each  of  the  numbers  3,  5,  6,  4,  and  they 
cannot  be  845,  h'¥t,  '^ince  we  have  45  in  145.     Hence  the  triads  can  only  be 

836,     857     I     934,     956, 

8S7,     856     I     935,     946; 
and   clearly  the   top   row   of  8   must   combine  with   the   top   row   of  9,  and   the  bottom 
row  of  8  with  the  bottom  row  of  9 ;   that  is,  the  system  of  the  nine  triads  is 


in  combination  witii 
or  else  in  combination 

with 

123,  145,  167,  289,  247, 

836,  857,  934,  956, 

837,  856,  935,  946. 

Tliese 

are 

really  systen 

la  of  the 

same  form,  that 

is,  each  of  the 

:m  is 

of  the 

fonn 

BCa          /370 

beO 

OAH         yij, 

mA 

ABy        aflc 

abB; 

viz,  in 

the 

iirst  and  second 

systems  respectively  we  have 

A 

B 

C    a    fl    y    a 

b     c 

sjstoi 

D), 

IT 

1 

3     2     8     7     5 

4     9     (First 

{Second  system), 
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as  one  out  of  many  ways  of  etfecting  the  identification.  Observe  that  there  is  not  in 
the  system  any  triad  of  triads  containing  all  the  nnmbors.  It  thus  appears  that  8,  9, 
a  duad,  gives  only  a  single  form  of  the  system. 

Cor. — It  is  possible  to  find  in  a  plane  nine  points  such  that  the  points  belonging 
to  the  same  triad  lie  in  lined.  The  nine  points  are,  in  fact,  on  a  cubic  curve ;  and 
the  figure  is  that  belonging  to  a  theorem  of  Prof  Sylvester's,  according  to  which  it 
is  possible  to  find  on  a  cubic   curve   a  system  of  points  1,  2,  4,  5,  7,  8,  &c.,  (a  scries  of 


numbers  not  divisible  by  3),  such  that  for  any  triad  (such  as  145)  where  the  sum  of 
the  numbers,  one  taken  negatively,  =0,  the  three  points  are  in  lined;  and  so  also 
that,  if  two  of  the  points  become  identical,  in  the  figure  13  =  14,  then  there  is  not 
any  new  point,  but  the  preceding  points  are  indefinitely  repeated;  thus,  2,  14,  16  benig 
in  lined,  and  14  being  =13,  16  must  be  =11,  and  so  on. 

SecoTid  and  Third  Cases. — 8  and  9  do  not  form  a  duad.  There  are  thus  three 
triads  composed  of  8  with  (2,  3;  4,  5;  6,  7),  and  three  triads  composed  of  9  with 
<2,  3;  4,  5;  6,  7).  If  with  these  numbers  (2,  3 ;  4,  5;  6,  7)  we  form  all  the  aiTange- 
ments  of  three  duada  other  than  those  which  contain  all  or  any  of  the  duads  23,  45,  67, 
there  are  the  eight  arrangements 


A  =  U, 

37, 

66, 

E  =  26, 

35,  47, 

B-U, 

36, 

o7. 

J" -26, 

34,  57, 

0  =  25, 

36. 

47, 

G  -27, 

34,  56, 

i)  =  25, 

37, 

46, 

if -27, 

35,  46, 

where  4    has  a   duad   in   common   with   if,  with   B,  and   with   G:   but   it   has   no   duad 
in  common  \vith  C,  E,  F,  or  H.     We  have  thus  the  sixteen  pairs 

AC,    AE,  Af,     AH, 

BD,    BE,  Bg,    BB, 

CF,    CG,  OH, 

DE,    DF.  DG, 
BG,    FH, 
whore  each  pair  contains  six  different  duads. 
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Combining   AG   with    8,    D,   we   have   the   ti-iads   8  (24,  ;J7,  -56)  and   9  (24,   36,  57), 
that  is,  the  ti-iads 

824,  837,  856 :   924,  936,  957 : 

which,  with  the  original  thi'ce  triads  123,  145,  167,  form  a  system  of  nine  triads; 
S  and  9  might,  of  course,  be  interchanged,  but  no  essentially  distinct  system  would 
aiise  thereby.  Hence  we  have  a  system  of  nine  triads  by  combining  the  original  three 
triads  123,  146,  167,  with  any  one  of  the  sixteen  pairs  AO,  AE,  &c.  But  it  is 
sufficient  to  consider  the  combinations  of  the  three  triads  with  each  of  the  pairs 
AG,  AE,  AF,  AH;  in  fact,  these  are  the  only  systems  which  contain  the  triad  824; 
and  since  there  is  no  distinction  between  the  two  pairs  4,  5  and  6,  7,  or  between 
the  two  numbers  of  the  same  pair,  it  is  allowable  to  take  824  as  a  triad  of  the  system. 
Hence — 

Second  Case. — The  system  consists  of  the  three  triads  combined  with  AE;   viz.  it  is 
123,  145,  167:   824,  837,  856:   926,  935,  947: 


which,   it  is    to    be    observed,   consists    of   three    tiiads    of    triads, 
containing  all  the  nine  numbers ;   viz.  the  system  is 

123,  479,  568:    145,  269,  378:    167,  248,  359. 


triad    of    triads 


Cor, — We   may  have  nine   points   such    that  the   points  belonging  to  the  same  triad 
lie  in  lined,  viz.  the  figure  is  that  of  Pascal's  hexagon  when  the  conic  is  a  line-pair. 

Third   Case. — Combining   the   three   triads  with   AG,  AF,  or   AH,  it  is  readily  seen 
that  we  obtain  in  each  case  a  system  of  the  form 

Aaa ',     Affy,    A^'y', 
B00',     Bya,     By'a' , 
Cyy-  ,     GcL&  ,     Ga'0' , 
viz.  in  the  ease  where  the  pair  is  AG;   that  is,  the  system  is 

123,  145,  167:   824,  837,  856:   925,  936,  947; 
and  in  the  cases  where  the  pair  is  AF  or  AH,  the  identifications  may  be  taken  to  be 
A     B     G      a     ^     y      a'     /3'     7' 


9,     8, 

;     1,     0,     2;     7,     6,     3  .. 

...  (AC). 

9,     8, 

;     2,     3,     4;     C,     7,     5  .. 

...  (AF), 

0,     8, 

;     5,     4,     6;     3,     2,     V   .. 

...(AH) 
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Observe  that  there  is  in  the  system  a  single  triad  of  triads  Aaa',  B00',  Cyy',  con- 
taining all  the  numbers;  viz.  for  the  system  with  AO,  this  is  123,  856,  94-7;  for  the 
system  with  AF,  it  is  145,  83V,  926 ;   and  for  the  system  with  AH,  it  is  167,  824,  935. 

Cor. — It  is  possible  to  find  a  system  of  nine  points  such  that  the  points  belonging 
to  the  same  triad  lie  in  lined.     Such  a  figure  is  this  :— 


The   solution   shows   that   these   are   the   only  systems  of  nine   points   satisfying  the 
prescribed  conditions. 


[Vol.  XV.,  pp.  66,  67.] 

3329.  (Proposed  by  Professor  Cayley.) — It  is  required  to  show  that  every  per- 
mutation of  12345  can  be  produced  by  means  of  the  cyclical  substitution  (12345),  and 
the  interchange  (12), 


Solution  by  the 

It  is  sufficient  to  show  that  the  interchanges  (13),  (14),  (15)  can  be  so  produced; 
for  then,  with  the  interchanges  (12),  (13),  (14),  (15),  we  can,  by  at  most  two  such  inter- 
changes, bring  any  number  into  any  place. 

Writing  P=  (12345),  a  =  {12),  we  have 

(12)  =  a, 

(U)  =  aFaP'aP^oiF'aPaP'a, 
(15)  =  P^a  P, 
as  can  be  at  once  verified ;   and  the  theorem  is  thus  proved. 

I  remark  that,  starting  with  any  two  or  more  substitutions,  and  combining  them 
in  every  possible  manner  (each  of  them  being  repeatable  an  indefinite  number  of 
times),   we    obtain    a   "  group " ;    viz.   this   is    either   (as    in    the    problem   proposed)   the 
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system  of  all  the  substitutions  (or  say  the  entire  group),  or  else  it  is  a  system  the 
number  of  whose  terms  is  a  submultiple  of  the  whole  number  of  substitutions.  The 
interesting  question  is,  to  determine  those  two  or  more  substitutions,  which,  by  their 
combination  as  above,  do  not  give  the  entire  group ;  for  in  this  way  we  should  arrive 
at  all  the  forms  of  a  submultiple  group. 


[Vol.  XV.,  p.  80.] 
3356.     (Proposed   by  Professor   Cayley.)— If  the   roots   (a,  ,8,  7,  8)   of  the   equation 
{a,    b,  c,   d,    e)(u,    iy=0    are    no    two    of    them    equal;    and    if    there    exist    unequal 
magnitudes  0  and  <f>,  such  that 

{d  +  ay  :  {6  +  ^y  :  (e  +  yf  :  (^  +  8)^  =  (0  +  a)*  :  (4>  +  0y  :  (4,+yy  :  (0  +  5)'; 

show  that  the  cub  in  variant 

ace  —  ad-  —  Ifie  —  c^  +  '2hcd  =  0 ; 
and  find  the  values  of  0,  <{>. 


[Vol.  XVI.,  June  to  December,  1S71,  p.  65.] 
3507.     (Proposed   by   Professor   Cayley,) — Show   that,   for   the   qiiadric    cones  which 
pass   through   six   given    points,   the   locus   of    the   vertices   is   a    quartic   surface    having 
upon   it  twenty-five   right   lines ;    and,   thence   or   otherwise,   that   for   the   quadric  cones 
passing  through  seven  given  points  the  locus  of  the  vertices  is  a  sextic  curve. 


[Vol.  XVI.,  p.  90.] 
3536.     {Proposed   by  Pi-ofesaor   Cayley.) — A  particle   desci-ibes   an   ellipse   under  the 
simultaneous   action   of   given    central    forces,   each    varying  as   (distance)"^   at   the   two 
foci    respectively :    find    the    differential    relation    between    the    time    and    the    excentric 
anomaly. 


[Vol.  XVIL,  January  to  June,  1872,  p.  .35.] 
3691.     (Proposed   by  Professor  Cayley.) — If  in  a  plane    A,  B,  G,  D  are  fixed  points 
and  P  a  variable  point,  find  the  linear  relation 

a.PAB  +  p.PBG  +  y.PCD  +  h.PDA^a. 
which  connects  tiie  areas  of  the  triangles  FAB,  &c. 


[Vol.  XVIL,  p.  49.] 
2652.     (Proposed    by   Professor    Cayley,)— Find    the    differential    equation    of    the 
parallel  surfeces  of  an  ellipsoid. 
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[Vol.  xvn.,  p.  60,] 

3677.  (Proposed  by  Profes.9or  CayleY.) — Find  at  any  point  of  a  plane  curve  the 
angle  between  the  normal  and  the  line  drawn  from  the  point  to  the  centre  of  the 
chord  parallel  and  indefinitely  near  to  the  tangent  at  the  point ;  and  examine  whether 
a  like  question  applies  to  a  point  on  a  surface  and  the  indicatiix  section  at  such  poiDt. 


[Yol.  xvn.,  p.  72.] 

3564.     (Proposed   by    Professor    Catley.) — To    determine   the    least    circle    enclosing 
three  given  points. 

[Vol.  xvin,,  July  to  December,  1872,  p.  G8.] 

3876.     (Proposed   by   Professor   Cayley.) — Given   the   constant   a    and   the    variables 

a:,   y,   to   construct   mechanically   — - — — ;    or  what    is    the    same    thing,   given   the   fixed 

points  A,  B,  and  the  moving  point  P,  to  mechanically  connect  therewith  a  point  P' 
such  that  PP'  shall  be  always  at  right  angles  to  AB,  and  the  point  P'  in  the 
circle  APB. 

[Vol.  XX.,  July  to  December,  1873,  pp.  106,  107.] 

3430.     (Proposed   by   W.   J.   G.    Miller.) — Find   the   equation   of  the   first   negative 
focal  pedal  of  (1)  an  ellipsoid,  and  (2)  an  ellipse. 


Solution  by  PROyESSOit  Cayley. 

1.  It  is  easily  seen  that  if  a  sphere  be  drawn,  passing  through  the  centre  of 
the  given  quadric  and  touching  it  at  any  point  (ai',  y,  s'),  then  the  point  (x,  y,  z)  on 
the  required  surface,  which  corresponds  to  {x' ,  y',  s'),  is  the  extremity  of  the  diameter 
of  this  sphere  which  passes  through  ttic  centre  of  the  quadric.  We  thus  easily  find 
the  expressions 


''i^-^' 


.y    2- 


Solving  these  equations   for  x',  y",  /,  and  substituting   in   the  two  equations 
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we  get 

R)'^a'(^" "' 

"'^■''#I"#I')"" ''*■ 

Since  (2)  is  the  differontial  with  respect  to  t  of  (1),  the  result  of  eliminating  t 
between  these  two  equations  is  the  discriminant  of  (1),  Hence  the  equation  of  the 
required  surface  is  the  discriminant  of  (1)  with  respect  to  t.  Since  (1)  is  only  of 
the  fourth  degree,  this  discriminant  is  easily  formed.     If  (1)  be  written  in  the  form 

Af}  +  iBt^  +  %GP  +  4i)(  +  ^  =  0, 

it  will  he  found  that  A  and  B  do  not  contain  x,  y,  z,  while  G,  D,  E  contain  them, 
each  in  the  second  degree.  Now  the  discriminant  is  of  the  sixth  degree  in  the 
coefficients  and  of  the  form  A<^  +  ^'i/r  (see  Salmon's  Higher  Algebra,  \  107) ;  hence 
it  contains  r,  y,  z  only  in  the  tenth  degree.  This  is  therefore  the  degree  of  the 
requiied   suifice 

The  section  of  this  derived  surface  by  the  principal  plane  z  consists  of  the  dis- 
criminant of 

^+ J^  =  i    (3), 

[which   is  of  the   sixth   degreo,  and   is   the  first  negative  pedal    of  ni"^"^~  ■^J'  together 

with  the  conic  (taken  twice),  which  is  obtained  by  putting  *=2c^  in  (3). 

This  conic,  which  is  a  double  curve  on  the  surface,  touches  the  curve  of  the 
sixth  degree  in  four  points. 

2.  The  formulae  for  the  conic  are  quite  analogous  to  those  for  the  ellipsoid,  viz. 
we  have 

«.-j{2-i(Z-+7')},    y=FJ2-i(Z-  +  F-)), 

leading  to  tlie  equations 


and   its   derived  equation,  from   which   to   eliminate  9.     The  first  is  the  cubic   equation 

{A,  B,  G,  D)(B,  iy=0,  where 

^  =  1,     £  =  _ I («.^  +  b%     C  =  iia^x'  +  hy  +  ia^b'),    D=-  2a'i=  (x^  +  y^). 
C.   X,  73 
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Equating  the  discriminant  to  zerti,  this  is 

Or  finally 

+  {9  (a=  -  2&0  a^^^  +  9  (6'  -  2a^)  hy  -  8a"  +  Ua'^b^  +  nd'lf  ~  b'\^  =  0, 
which  is  the  required  equation. 


[Vol  XXI.,  January  to  June,  1874,  pp.  29,  30.] 

by  J.   W.    L.    Glaisheh,   B.A.) — With    four    given    straight    lines 
to  form  a  quadrilateral  inseribabie  in  a  circle. 


Solution  by  Peofessor  Cayley. 

Let  the  sides  of  the  quadrilateral  taken  in  order  be  a,  b,  c,  d;  and  let  its 
diagonals  be  x,  y;  viz.  w  the  diagonal  joining  the  intersection  of  the  sides  a,  b 
with  that  of  the  sides  c,  d;  y  the  diagonal  joining  the  intersection  of  the  sidea 
a,  d  with  that  of  the  sides  b,  e ;  then,  the  quadrilateral  being  inscribed  in  a  circle, 
the  opposite  angles  are  supplementary  to  each  other.  Suppose  for  a  moment  that 
the  angles  subtended  by  the  diagonal  x  are  6,  ir-Q,  we  have 

ic'  =  ly'+ti'-\-  2hc  cos  8,     x^^a^  +  d"-  2ad  cos  Q ; 

and  thence 

{ad,  +  be) «?  =  ad  (i=  +  c^)  +  he  {a^  +  d?)  =  (ac  +  bd)  (ah  +  cd), 

that  B, 

„     /      ,,■,■.  ah +  cd 

ir  =  ((ic+  ba)  -  ,-     ,    , 

'  ad  +  bc 

and  similarly 


agreeing  as  they  should  do  with  the  known  relation  xy  =  ac+bd:  the  quadrilateral 
is  thus  determined  by  means  of  either  of  its  diagonals.  It  is  however  interesting 
to  treat  the  question  in  a  different  manner. 

Considering  a,  h,  c,  d,  x,  y   as   the   sides   and   diagonals   of  a   quadrilateral,  we  have 
between  these  quantities  a  given  relation,  say 

F(a,  b,  c,  d,  X,  3/)  =  0, 

and  the  quadrilateral  being  inscribed  in  a  circle,  we  have  also  the  relation  xy  =  ac  +  bd; 
which  two  equations  determine  x,  y;   and  thus  give  the  solution  of  the  problem. 
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The  expression  of  the  function  F  is  in  effect  given  in  my  paper,  "Note  on  the 
value  of  certain  determinants^  &c.,"  Quarterly  McUkematical  Journal,  t.  ni,  (1860), 
pp.  275 — 277,  [286] ;  viz.  a,  b,  c  being  the  edges  of  any  face,  and  /,  g,  h  the  remaining 
edges  of  a  tetrahedron,  then 

volume  =ji^    {b'c^    {f+lf)  +  c^a^{h^+p)  +  a%''{p  +  g'') 
+  g'h'    (i=  +  c" )  +  hy^  (c=  +  aO  +fy  {a'  +  If) 

-  a?g''k'-}f}v'p-c^fY-aHfc% 

where,  when  the  tetrahedron  becomes  a  quadrilateral,  the  volume  is  =  0. 

In  this  formula,  changing  c,  b,  h,  g,  f,  a  into  a,  k,  c,  d,  x,  y,  we  have  the  required 
equation  F=0;   viz.  this  is  found  to  be 

a'Pc?  +  b^c'S?  +  &(ta?  4-  d?a^¥  -  Vd^  (b^  +  d^)  -  aV  {a?  +  c')  +  afy^{a''  +  h^  +  tf  +  d^-iii^-  f) 
+  3?  (ft'c'  +  bHP  —  o?d^  —  b^c^)  +  y''  {a^c^  +  b^d^  —  a?^^  —  cW)  =  0, 

which,   with   <ey  =  ii/i-\-  bd,   determines   x,   y.     Substituting   in   the   foregoing   equation  for 
xy  its  value,  the  equation  becomes 

(ad  +  bcf  a?  +  {ab  +  crf)=  ;;=  =  2  {a?b'^c?  +  h^H^  +  c^rf^a^  +  d?d%^  +  abed  (ft=  +  &^  +  c^  +  d?)], 
or 

{ad  +  bcf  a!'  +  {ah  +  cdf  y^-2  {ad  +  be)  {ab  +  cd)  {ac  +  bd). 

To  show  more  clearly  how  this  equation  arises,  I  observe  that  we  have  identically 

F-{a^  +  b''  +  d'  +  d^-  a?  —  y^)  {icy  +  ac  +  bd)  {xy  -  ac  -  6cf)  -  2  (atZ  +  6c)  {ah  +  cd)  {xy  —  ae-  bd) 

=  {{ad  ■Vbc)x-  {ab  +  cd)  yf. 

The  resulting  equation  (ad-\- bc)x~{ab +  cd)y  =  0,  together  with  xy  —  ao  +  bd,  gives 
for  X,  y  the  foregoing  values. 


[Vol.  XXL,  pp.  81,  82.] 


4392.  (Proposed  by  S.  Roberts,  M.A.) — If  B^  denotes  the  number  of  terms  in 
a  symmetrical  determinant  of  ^  rows  and  columns,  show  that  the  successive  numbers 
are  given  by  the  equation 

iV* - iVt_,  -{h~  lyNi-,  +  i(k-l)(k-2)  {N^.,  +  (k- S) N-,.,]  =  0, 

k  being  positive  and  No  being  taken  equal  to  unity. 


Solution  by  Peofessok  Cavlev. 

It   is   a   curious  coincidence  that  the  question  of  determining  the  number  of  distinct 
terms    in    a    symmetrical    determinant    has    been     recently    solved    by    Captain    Allan 

73—2 
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Cunningham  in  a  paper  in  the  last  number  of  the  Quarterly  Journal  of  Scimice* ; 
and  the  question  having  been  proposed  to  me  by  Mr  Glaisher,  I  have  also  solved 
it  in  a  paper  [580]  printed  in  the  Apnl  Number  of  the  Monthly  Notices  of  the  Royal 
Astronomical  Society.     I  there  obtain 

iVt  =  1 . 2  . . .  ^  coeff.  a^  in  -tz r, , 

viz.  writing 

I  show  that  u  satisfies  the  differential  equation 

giving   when   the   constant   is   determined 

Writing  the  differential  equation  in  the  form 

we  at  once  obtain  for  N^  the  equation  of  differences 

Nk-kN^^  +  \{k-X){k-^)NT,_,  =  ii, 

which  is  in  fact  a  particular  first  integral  of  Mr  Eoberts's  equation ;  viz.  from  the 
above  equation  we  have 

JVs_,  -  (fc  -  1)  J\^^,  +  4  (A  -  2)  (fe  -  3)  iVi_  =  0, 
and  multiplying  this  last  by  k~\  and  adding,  we  have 

which  is  the  equation  obtained  by  Mr  Roberts.  It  thence  appears  that  the  general 
first  integral  of  his  equation  is 

N^-kN^^,^\{k~l){k~2)Ni_,  =  (-fG1.2...(k~l). 
The  equation 

N^  =  k^i^,  -^^{k-l){k-i) N„_^ 

gives  very  readily  the  numerical  values,  viz. 

1  =  1.1-0 

2  =  2.1-0 
5  =  3.2-1.1 


17  =  4,5  -  3.1  2461  =  7.888  -15. IT 
73-5.17-  6.2  18155  =  8.2461-21.73. 
388  =  6.73-10.5 


I  have  not  the  volume  at   hand  to   refer  to,  but  he  obtains  an   equation   of  differences,  and  gives   the 
-    \  5,  73.  398  (should  be  388),.-. 
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[Vol.  xxiL,  July  to  December,  1874,  pp.  20,  21.] 
I  by  E.  Tucker,  M.A.) — Solve  the  equations 

—  «=  +  »^  +  iC2  =  a  =  4 (1), 

~3f=  +  iCT/  +  y2=6  =  -20     (2), 

-S'  +a:!!  +^s=C  =  -8  (3). 


Note  on  Q>j,estion  4354.     By  Peopessor  Cayley. 

A  question  of  simple  algebra  such  as  this,  becomes  more  interesting  when  intei'- 
prcted  geometrically :   thus,  writing  the  equations  in  the  form 

—  x^  +  (cy  +  xs  =  avf,    ym~'f-\-yz  =  hv?,    sx  +  sy  —  ^^  ctif, 
and  then  putting  for  shortness 

a  =  -a  +  i  +  c,     ^  =  a  —  b  +  c,    j^a  +  b  —  c, 
the  solutions  obtained  are 

ic  :  y  :  z  :  vj  —  aa  :  bff  i  07  :  (a^jy, 

cc  :  y  :  z  :  w  =  a/z  :  h^  :  oy  :  ~  (affyi  ; 
say  these  are 

[aa,  bff,  cy,  (a0j)^]  and  [aa,  J/3,  oj,  -  (a^yf}. 
But  the  equations  are  also  satisfied  by 

(jc^O,  i/  =  2,  w  =  0),     {y  =  (i,  z  =  x,  w  =  0),     (2^  =  0,  x^y,  w=Q), 

or  what  is  the  same  thing,  (0,  1,  1,  0),  (1,  0,  1,  0),  (1,  1,  0,  0).  The  three  equations 
represent  quadric  surfaces,  each  two  of  them  intersecting  in  a  proper  quadric  curve, 
and  the  three  having  in  common  8  points ;  viz.  these  are  made  up  of  the  first 
mentioned  two  points  each  once,  and  the  last  mentioned  three  points  each  twice  1 
2  +  3.2,  =S. 

To  verify  this,  observe  that,  at  each  of  the  three  points,  the  tangent  planes  of 
the  surfaces  have  a  common  line  of  intersection ;  this  line  is  the  tangent  of  the 
curve  of  intersection  of  any  two  of  the  surfaces,  and  the  curve  of  intersection  therefore 
touches  the  third  surface;  wherefore  the  point  counts  for  two  intersections.  In  fact, 
taking  {X,  Y,  Z,  W)  as  current  coordinates,  the  equations  of  the  tangent  planes  at 
the  point  («,  y,  z,  wj  are 

X{2x-y-^)-Ya:  -Zx  4-2a.Fw  =  0, 

-Xy  +  Y{-m  +  2y-s)  -Zy  +  2&Fw  =  0, 

-Xz  -Yz  +Z{-.'£~y  +  2z)  +  2cWw  =0: 

hence  at  the  point  (0,  1,  1,  0)  these  equations  are 

-2X=0,     X+Y-Z^O,    -X-Y+Z=0, 
which  three   planes   meet   in   the    line   X  =  0,    Y—Z  =  0;    and    similarly    for    the    other 
two  of  the  three  points. 
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[Vol.  XXII.,  pp.  60—64.] 

4458.     (Proposed   by   Professor    Cayley.) — Find    (1)    the    intei-sections    of    the    two 
quartie  curves 

Xiab-xyf^ahxia-y^d-y).    fi  (ab  -  xy)' =  ahy  (a  ~  x)  (b  -  x) ; 

and    (2)    trace    the    curves    in    some    particular  cases ;    for  instance,   wlien   a  =  1,   6=2, 
X  =  1,  /A  =  ~  2. 


Solution  by  ths  PltOPOSEK. 

1.  The  16  intersections  ai'e  made  np  as  follows :  5  points  at  infinity  on  the 
line  tB=0,  5  at  infinity  on  the  line  ^  =  0,  the  two  points  {x  =  a,  y  =  b),  (a;  =  6,  y  =  a), 
and  4  other  points,  16  =  6  +  5  +  2  +  4.  As  to  the  points  at  infinity,  observe  that,  as 
regards  the  first  curve,  the  point  at  infinity  on  the  line  ic=0  is  a  flecnode  having 
this  line  for  a  tangent  to  the  flecnodal  branch ;  and,  as  regards  the  second  curve, 
the  same  point  is  a  cusp,  having  this  line  for  its  tangent ;  hence  the  point  in 
question  counts  as  2  +  3,  =  5  intersections ;  and  the  like  as  to  the  point  at  infinity 
on  the  line  y=0.  It  remains  to  find  the  coordinates  of  the  4  points  of  intersection. 
Assume  ay  =  abm,  then  the  equations  become 

\(l-6}y=x+ay-(a  +  b)>i},    1^(1- iay  =  6)X  +  y-{a-\-b)6); 

hence,  eliminating  successively  y  and  -t,  the  factor  1  -  w  divides  out, — this  factor 
belongs  to  the  points  {a!  =  a,  y^h),  {x  =  b,  y=a)  for  which  obviously  oj  =  l — ,  and  the 
equations  become 

(X  -  /ito)  {1  -  w)  +  (a  +  6)  (0  =  (1  +  w)  !C,     (/J,  -  Xw)  (1  -  w)  +  (a  +  i)  w  =  (1  +  m)  y- 

Multiplying  these  two  equa.tions  together,  and  substituting  for  xy  its  value  aboJ, 
we  find 

{(X  -  ^m)  (/j,  -  Xw)  +  {a  +  6)  (X  +  /i)  £o}  (1  -  wf  +  (a  +  by  &)=  -  {1  +  mf  coab  =  0. 

Write,    for    shortness,    p  =  (X  + p)(a  +  h)  —  \^  —  n',    then,    dividing    by    or',    and    writing 

ft)  -1 —  =  fl,  the  equation  is 

(\fiD,+p)(a-2)  +  {a  +  by-ab(n  +  2)  =  0i 

viz,   this   is   a   quadrie   equation  for  fi,     But,  instead  of  fi,  it  is  convenient  to  introduce 

the  quantity  0,  =  ^ — -^ ,  =  ( ] .     The  equation  thus  becomes 

or 

{2\ii{l  +  6) -+  p{l  - 0)]  iO  +  (u  +  by(l  - dy- iab{l  ~ d)  =  0, 
or 

0'  {(a  +by-i(p-  2\n.)}  +0{-  2a'  -2b^  +  4(p  +  2\fj.)\  +{a-by  =  0; 
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viz.  substituting  for  p  its  values,  this  is 

e^  («  +  6  -  2\  -  2fiy  +  2^  I-  (t=  -  &^  +  2  (X  +  /i)  (a.  +  6)  -  2  {X  -  fi-fY  +  (a  -  6)^  =  0  ; 
or  if  we  write 

j1  =  n.^ -  2(t (X.  +  /i)  +  (X. - /l)^     B^¥ -%h  (X -^ f:,)  +  {\- ii)\ 
this  is 

^  (ffl  +i'-2X  -  2/.)^  -2  (^  +B)  e  +  {a-  hf^O, 
whence 

{(a- 6)=  - (^ +-»)  ^P  =  ^  [(^  + -B)' -  (d -?*)=(«  + ^ - 2\ - 2/a)^1 

=  ^  [(^  +  S)=  -  {A  -£)=}  =  445^ ; 
via.  taking  for  convenience  the  sign  —  on  tlie  right-hand  side,  this  is 
{a-hy  -{A  +  B)8  =  -18  ^ AE : 


and  we  have  thus 
that  is, 

0,  ^ 

(a -by 

„_1          a-h      _            ^/A->JB^■a-h 
'  w  + 1      sJA-^/B'     "     •^A-^/B-a  +  b' 

We  may  write 

whence   also   a;  —  y  =  {ii—\)(co  —  l),  as   is  also   seen  at   once   from   the  original  equations; 
then  we  have 


and  the  values  are 


_  (a~b)(/i-X)+b>^A-a-^B 
>/A-'^B-a  +  b 
2X(a-h) 


_  (a  -h)(X-fi)  +  by'A~a  V5 
^A-^B-a  +  b 
which  may  hv,  t?xpiessed  in  the  more  simple  form 
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the  transformations  depending  on  the  identity 

•J  A  —  \/Jo  —a  +  o 

which  is   easily  verified.     Of  course,   since   the   signs  of  -JA,  V-S  are  arbitrary,  we  have 
4  systems  of  values  of  (»,  y),   which  is  right. 

In    the    original    equations,     for    a,    h,    X,   /j,,    a:,   y,    write     1,    A;~^    V,    —  fJ?,    ic^    —y^', 
then  the  equations  become 

V  (1  +  k'c^Yf  =  «"  (1  +  y')  (1  +  k'y%    m'  (1  +  k-'a?y-'Y=y^il  -  x'')  (i  -  1<?x% 

and  we  thence  have 

_x^{\+  y^)  (1  +  %^)  +  iy  V(l^^)  (i"- "^^  _ 
1  +  fe^icy  ' 


\-{-  jj.i  = 


viz.  assuming  iS  =  sn  a  {sinam  a),  iy^sui^,  this  is  X+(d  =  sa.{a  + Qi);  viz.  the  problem 
is  (for  a  given  modulus  k,  assumed  as  usual  to  be  real,  positive,  and  less  than  1) 
to  reduce  a  given  imaginary  quantity  X-^  id  to  the  form  sn  (a  +  /3i).  The  proper 
solution  is  that  in  which  the  signs  of  the  radicals  arc  each  — ,  viz.  it  may  in  this 
case  be  shown  that  the  value  of  x"^  is  positive  and  less  than  1,  that  of  y''  positive. 
The  values  thus  are 

=•  =  5^.(1 +^'+/''-V^)(^  +  ^'  +  j'"-V-B), 


The  solution  is  really  equivalent  to  that  given  by  Richelot  (Grelle,  t.  XLV„  18.5-3,  p.  225). 
To  verify  this  partially,  observe  that,  writing  a;  t  for  Richelot's  tan^0,  tan  ^i^,  we 
have 

fff  +  -  ]  A  =  1  +  V  +  u^ 


giving 

whence 


'^^      -V5; 


Jk' 


2<TX  =  1    +  V  +  ;U 


-^/A,     2T|  =  i  +  X,^  +  /.=  -V-B, 


or   the   above   value   of  a;^  is   =k-'<7T,   agreeing   with   his;    the   value   of  y'  is,  however, 
presented  under  a  somewhat  different  form. 
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2.     The  curves  are 

(2-^j,)-  =  2a,(l-y)(2-y),     -(2-*;,)-  =  y(l-a,)(2-«) (1,  2), 

each  passing  through  the  points  (1,  2)  and  (2,  1) ;  the  four  points  of  intersection 
found  by  the  foregoing  general  theory  are  all  real,  viz.  these  are 

«  =  i  (2  +  V3)  (5  +  Vl'^X     )/  =  -  M- 1  +  VS)  (- 1  +  V'l'?).  say  + 17*00  and  -  0'57, 

+    1-65  +0-94, 

+    1'22  +2'13, 

-    0-12  -3-49. 

The  equation  of  the  curve  (1)  may  also  be  written  in  the  forms 

f  {x^  -  2x)  +  '^yx  -  4!J5  +  4  =  0,     a^y  +  a^  (-  2)/2  +  2y  -  4)  +  4  =  0. 

The  original  form  shows  that,  if  y  is  between  1  and  2,  x  is  negative — (but  by  a 
further  examination  it  appears  that  there  is  not  in  fact  any  branch  of  the  curve 
between  these  limits  of  y) — but  y  being  outside  these  limits,  then  x  is  positive ;  in 
fact,  the  whole  curve  lies  on  the  positive  side  of  the  axis  of  y.  And  then  the  inspec- 
tion of  the  iirst  quadric  equation  shows  that  the  lines  a>  =  0  and  x=1  are  each  an 
asymptote. 

The  point  at  infinity  on  the  axis  of  y  is  in  fact  a  flecnode,  the  tangent  to  the 
flecnodal  branch  being  a;  =  0,  and  that  of  the  ordinary  branch  x=2. 

Similarly,  from  the  second  quadric  equation,  it  appears  that  the  line  ^=0  is  an 
asymptote ;  the  point  at  infinity  on  the  axis  of  x  is  in  fact  a  cusp,  the  axis  in 
question  ^  =  0  being  the  cuspidal  tangent. 

The  equation  of  the  curve  (2)  may  also  be  written  in  the  forms 

a^=  +  («*  -  7fl;  +  2)  y  +  4  =  0,     (jr'  +  ?/)  a;'  -  7)/iK  +  2?/  +  4  =  0. 

The  original  form  shows  that,  if  x  is  between  1  and  2,  y  is  positive ;  but  that  x 
being  beyond  these  limits,  y  is  negative;  and  as  regards  the  first  case,  x  between 
1  and  2,  we  at  once  establish  the  existence  of  an  oval,  meeting  the  line  y  =  l  in 
the  points  ic  =  2  and  ^,  and  the  line  i/  =  2  in  the  points  x  =  l  and  f ;  it  is  further 
easy  to  see  that  the  horizontal  tangents  of  the  oval  are  y  =  yig-(25  +  Vll3),  =say  2'2 
and  0'9. 

The  remainder  of  the  curve  lies  wholly  below  the  line  y  =  0.  The  first  quadi'io 
equation  shows  the  asymptote  a^  =  0 ;  the  point  at  infinity  on  the  axis  of  y  is  in 
fact  a  cusp,  having  the  axis  itself  for  the  cuspidal  tangent.  The  second  quadric 
equation  shows  the  asymptotes  y  =  0,  y  =  —  \;  the  point  at  infinity  on  the  axis  of 
a:  is  in  fact  a  flecnode,  having  the  line  7/  =  0  for  the  tangent  to  the  flecnodal  branch, 
and  y  =  —  \  for  that  of  the  other  branch.  It  is  further  seen  that  there  are  two 
vertical  tangents  a5=  J(ll  ± '/113)=  10'8  or  0'2;  the  former  of  these  touches  a  branch 
c.  X.  74 
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lying  wholly  between  the  two  asymptotes  y  =  0,  y  —  —  1 ;  the  latter  one  of  the  branches 
belonging  to  the  cuspidal  asymptote  a;  =  0 ;  this  last  branch  cuts  the  asymptote  x  =  0 
at  ^  =  -  2,  and  then,  cutting  the  asymptote  y  =  —  l  and  « =  —  ^  (=  -  O'S),  goes  on  to 
touch  at  infinity  the  asymptote  ?/  =  0.     It  is  now  easy  to  trace  the  curve. 

The   figure   shows   the   two   curves.     The  curve   (1)   is  shown  by  a   continuous  line, 
the  curve  (2)  by  a   thick  dotted  line;   the   points   1,  2,  3,  4   show   the   above   mentioned 


four  intersections  of  the  curves;  the  point  1  and  the  dotted  branch  through  it  are 
of  necessity  drawn  considerably  out  of  their  true  positions;  viz.  as  above  appearing, 
the  ^-coordinate  of  1  is  =17-00,  and  the  equation  of  the  vertical  tangent  to  the 
branch  is  3;=10-8. 


[Vol.  XXII.,  pp.  78,  79.] 

by  A.  B.  Evans,  M.A.) — Find   the   least   inte 
y  that  will  satisfy  the  equation  ay'  —  9oSy^  =  —  l. 


values  of  x  and 


Sohitim  by  Professor  Cayley. 

The  values  are  given  in  Degen's  Tables,  viz. 

it;  =  2746864744,     ?/  =  88979677. 

The   work   referred  to   is   entitled   "Canon  Pellianus,   sive   Tabula  simplicissimam   aequa- 

tionis   celebratissimffi   f  =  a^  +  l   solutionem   pro    singulis    numeri  dati    valoribus    ah    1 

usque  ad  1000  in  numeris  rationalibus  iiademque  integris  exhibens.  Auctore  C.  F.  Degen, 
Hafnife  (Copenhagen),  1817." 
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Table  I.,  pp.  3 — 106  gives,  for  all  numbers  1  to  1000,  the  denominators,  (?)  the 
quotients  of  the  convergent  fraction  of  fja,  and  also  the  least  values  of  x,  y  which  will 
satisfy  the  equation  ic^  — aj/'=  +  l.     Thus 

-SO,  1  ,  6,  1  ,  2  ,  1  ,  3  ,  8,  1  ,  1  ,  (4  ,  4  ), 
1  ,  53,  8,  41,  17,  87,  16,  7,  32,  29,  (13,  18), 
488830275367615376,     1509053184366037107S. 

Table  II.,  pp.  109 — 112,  is  described  as  giving  for  all  those  values  of  a  between 
1  and  1000,  for  which  there  esists  a  solution  of  the  equation  a?  —  a'>^  =  —\,  the  least 
values  of  co  and  y  which  satisfy  this  equation:  thus  953,  x  and  y  as  above,  It  is, 
however,  to  be  noticed  that  the  values  of  a  =  Q^  +  1,  for  which  there  is  the  obvious 
solution  x=^,  j/=l,  are  omitted  from  the  table.  The  reason  for  this  appears,  but 
the  heading  should  have  been  different. 


[Vol.  XXIII.,  January  to  July,  1875,  pp.  18,  19.] 

4528.  (Proposed  by  Professor  Caylet.) — A  lottery  is  arranged  as  follows : — There 
are  n  tickets  representing  a,  b,  c  pounds  respectively.  A  person  draws  once ;  looks 
at  his  ticket ;  and  if  he  pleases,  draws  again  (out  of  the  remaining  « —  1  tickets) ; 
looks  at  his  ticket,  and  if  he  pleases  draws  again  (out  of  the  remaining  Ji  —  2 
tickets) ;  and  so  on,  drawing  in  all  not  more  than  k  times ;  and  he  receives  the 
value  of  the  last  drawn  ticket.  Supposing  that  he  regulates  his  drawings  in  the 
manner  most  advantageous  to  him  according  to  the  theory  of  probabilities,  what  is 
the  value   of  his   expectation  ? 


Solution  by  the  Peoposek. 


Let  the  expression  "a  or  a "  signify  "  a  or  a,  whichever  of  the  two  is  greatest," 
and  let  Mi{a,b,c,  ...)  denote  the  mean  of  the  quantities  (a,  6,  c,  ...),  viz.  their  sum, 
divided  by  the  number  of  them. 

To  fix  the  ideas,  consider  five  quantities  a,  b,  c,  d,  e,  and  write 
if,  (a,  b,  c,  d,  e)  =  M^  {a,  b,  c,  d,  e), 

M^{a,  b,  c,  d,  e)  =  M,  {a  or  M,(b,  c,  d,  e),  b  or  M,{a,  c,d,e\...,e  or  M,{a.  b,  c,  d)], 
M^(a,  b,  c,  d,  e)  =  Mi{a  or  M^(b,  c,  d,  e),  b  or  M^ia,  c,  d,  e),  ...,  e  or  M^{a,  b,  c,  d)}, 

and  so  on.     And   the   like   in   the   case   of  any   number  of  quantities   a,   b,   c, 

Then  the  value  of  the  expectation  is  =Mh(a,  b,  c,  ,..). 
For,  when  ^  =  1,  the  value  is  obviously  =St(a,  b,  c,  ...). 

74—2 
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When  A=2,  if  a  is  drawn,  the  adventurer  will  he  satisfied  or  he  will  draw  again, 
according  as  a  or  Mj  (6,  c,  ...)  is  greatest,  viz.  in  this  case  the  value  of  the  expectation 
is  "a  or  M-i{h,  c,  ...)." 

So  if  6  is  drawn,  the  adventurer  will  be  satisfied  or  he  will  draw  again,  according 
as  6  or  Jf,(a,  c,  ...)  is  greatest;  viz.  in  this  case  the  value  of  the  expectation  is 
"h  or  Ml  (a,  c,  ...)";  and  so  on;  and  the  several  cases  heing  equally  prohahle,  the 
value   of  the   total   expectation   is 

=  Jf,  {d  or  Mr(b,  0,  ...),     b  or  M,(a,  c,  ...),  ...}=il/,(a,  b,  c,  ...): 
and  the  like  for  k  =  B,  i'  =  4,  &c. 

For  instance,  a,  b,  e,  d  =  l,  %  3,  4,     jlf,(l,  2,  3,  4)  =  Jf-, 

M,{\,  2,  S,  4)  =  M,(1  or  f,  2  or  f ,  3  or  f,  4  or  f)  =  ilfx(|,  |,  f,  ^)  =  f|, 
Jf,(2,  3,  4)  =  5fj(2  or  \,  3  or  |,  4  or  %)  =  M,{\,  f,  |)  =  -^, 
M,(l,  3,  4)  =  J1/.(1  or  I,  3  or  I,  4  or  |)  =  il/,(f  f,  t)  =  -^, 
Jlf,(l,  2,  4)=ilf,(l  or  t,  2  or  i  4  or  %)  =  Mi(\,  %,  |)=-^, 
J)f,(l,  2,  3)  =  ilfi(l  or  f,  2  or  I,  3  or  f)  =  i¥,(i,  |,  §)  =  Jf?, 
Jf^a,  2,  3,  4)  =  i/,(l  or  V.  2  or  Y,  3  or  ^,  4  or  ^)  =  Mi(^,  ^-,  ^,  Y)  =  tf, 
if,{l,  2,  3)  =  3&e., 

i¥,(l,  2,  3,  4)  =  i/,(l  or  4,  2  or  4,  3  or  4,  4  or  3)  =  Jfi(4,  4,  4,  4)  =  4. 
Or  finally 

Jf„  M„  M„  M,  =  ^,  H,  M.  4  =  M.  H.  H.  I!- 

Cor.  If  the  a,  h,  c,  ...  denote  penalties  instead  of  prizes,  then  the  solution  is 
the  same,  except  that  "a  or  a "  must  now  denote  " a  or  a,  whichever  of  them  is 
least." 


[Vol.  xxm.,  pp.  47,  48,] 

4681.  (Proposed  hy  the  Bev,  M.  M.  U.  Wilkinson.) — A  witness,  whose  statement  is 
what  he  opines  once  in  m  times,  and  whose  opinion  is  correct  once  in  n  times,  asserted 
that  the  number  of  a  note,  issued  by  a  bank  universally  known  to  have  issued  notes 
numbered  from  B  to  B  +  A  —  1  inclusive,  was  B  +  P,  where  P  is  either  0,  1,  2,  ..., 
or  ^—1.     Prove   (1)   that   the   probability   that   the   note   in  question  was  that  note  is 

The  above  witness  also  said  that  the  note  was  signed  by  X,  it  being  universally 
known  that  X  has  signed  one  note,  and  Y  the  remaining  A  —  1  notes ;  find  (2)  the 
probability  that  this  last  statement  was  correct. 
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Remark  hy  Professor  Cayley, 

There  is  a  serious  difficulty  in  the  question,  or  the  answer ;  I  think,  in  the 
question.  Try  the  answer  in  numbers  m  =  10,  n=  10.  The  witness  says  what  he 
opines  once  out  of  10  times — he  is  in  fact  an  atrocious  har ;  and  he  opines  rightly 
once  out  of  10  times,  that  is,  wrongly  9  times  out  of  10 ;  he  is  therefore  a  blunderer — 
but  a  remarkably  ingenious  one,  in  that  the  chances  are  so  greatly  against  his  blunder- 
ing upon  a  right  result. 

He  says  that  the  note  was  signed  by  X,  and  the  chance  of  this  being  so  is  found 
to  be  1^  +  ^=^,  or  more  than  -^j  the  larger  part  ^^  of  this  is  obtained  as 
follows : — the  witness  having  said  that  the  note  was  signed  by  X,  the  chances  are  9 
out  of  10  that  he  thought  the  reverse;  and,  thinking  the  reverse,  the  chance  is  9 
out  of  10  that  he  thought  wrongly,  viz.  that  the  note  was  signed  by  X.  But  can 
the  statement  of  such  a  witness  create  any  probability  in  favour  of  the  event  ? 

The  fallacy  seems  to  consist  in  the  assumption  that  n  can  have  a  determinate 
value  irrespective  of  the  nature  of  the  opinion.  Suppose  there  are  500  notes,  and 
that  the  opinion  is  that  the  note  was  a  definite  number  99 ;  it  is  quite  conceivable 
that,  in  forming  a  series  of  such  opinions,  the  witness  may  be  wrong  9  times  out 
of  10.  But  let  the  opinion  be  that  the  note  was  not  99;  no  amount  of  ingenuity 
of  blundering  can  make  him  wrong  9  times  out  of  10  in  a  series  of  such  opinions. 
If  it  couid,  a  friend  who  knew  the  true  opinion  of  the  witness,  would  be  able  9 
times  out  of  10  to  know  the  number  of  the  note,  from  the  mere  fact  that  the 
opines   that   the   note   is   not   a   named   number. 


[Vol.  sxm.,  p.  58.] 
4638.  (Proposed  by  Professor  Cayley.) — Find  the  equation  of  the  surface  which  is 
the  envelope  of  the  quadrie  surface  aa?  +  hy'^  +  cz^  +  dw^  =  0,  where  a,  6,  c,  d  are  variable 
parameters  connected  by  the  equation  Abe  +  Bca  +  Gab  +  Fad  +  Qhd  +  Hod  =  0 ;  and 
consider  in  particular  the  case  in  which  the  constants  A,  B,  0,  F,  Q,  H  satisfy  the 
condition 

{AFf  +  {BGf  +  {CH'f  =  0. 


[Vol.  XXIV,,  July  to  December,  1875,  p.  41.] 
4694.  (Proposed  by  Professor  Cayley.) — Taking  F,  F'  a  pair  of  reciprocal  points  i 
respect  to  a  circle,  centre  0;  then  if  F,  F'  are  centres  of  force,  each  force  varying  s 
(distance)-",  prove  that  (1)  the  resultant  force  upon  any  point  P  on  the  circle  is  i 
the  direction  of  a  fixed  point  ,S  on  the  axis  OFF' ;  and  if,  moreover,  the  forces  a 
the  unit  of  distance  are  as  (0#)""~"  to  (0^')^'"""",  then  (2)  the  resultant  force  i 
proportional  to 

(SP)"*'""",(i'F)"^*"+", 

where  PF  is  the  chord  through  S. 
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[Vol,  XXIV.,  pp.  72—74] 

4793.     (Proposed  by  Professor  Wolstenholme,  M.A.) — If  i/  =  iC"(loga.')'',  where  n  and  r 
are  integers,  prove  that 

d"j^^     r(r-I)         d-^^'y     r(r- l)(r  -  2)  (3r-5)         rf-+-^y 
rf>+'-  ^2  (iiE"+^-'  "^24  (/a:''+'-^  "^ "  ■  ■ 


f(2'-^-l)a 


the  coefficients  being 

^^ij._i     i^x'-'     A'-'l'^ 


d«"+^ 


|r-l    '      \r-2    '      |r-_3    '  ji  "  .  and  1 ; 

so   that   the   result   may   be   symbolically   written 

where    D    denotes   t-   and    operates    on    -t-^   only,    and    A    operates    on    1"^^    only,    the 

terms   after    the    rth    all    vanishing    since   A'"ic"  =  0,   when   m   is    an    integer   >h.     The 
calculations   involved   prove   that,   when   .x  —  1, 


A"-=a^  - 


(n-l)(n~2) 


Solution  by  Pbofessoe  Caylby. 

Since    ;/ =  «"  (log  ie)',    therefore    (icd^  —  n)  y  =  rx"  {\og  xy-'- ;    by    repeating    the    same 
operation,  we  have 

(fljdj, -«)';/  =  [r]'' a;" ;   whence  d^''(a!d^~nyy  =  [rY[nf. 
Now,  for  any  value  whatever  of  the  function  y,  we  have 

rfj»  (iB^  -  nfy  =  ^a;''4'-+''j,  +  B(^^d/-^'^hj  +  Gar-^d/+''-'y  +  &c., 
the    coefficients   A,  B,   C,  ...  being    functions,   presumably   of   r,    n,   but    independent   of 
the   form   of   the   function    y.     It   will,   however,   appear    that   A,   B,   G,  ...  are,   in   fact, 
functions  of  )■  only. 

To   see   how    this   is,   observe  that   {aidx-nf  consists   of  a   set   of  terms 

{ccd^f,    (0  =  0  to  r), 

where  (xd^^Y  denotes  0  repetitions  of  the  operation  mdi,;  by  a  well-known  theorem,  this 
is  =  [xds  +d  —  1]*,  where,  after  expansion  of  the  factorial,  (xd^y  is  to  be  replaced  by 
3fd/,   thus 

{xd^y  =  [xd^  +  1]^  =  x'd^'  +  icdj,,    (xd^y  =  [xd^  +  2y=x'd/  +  Sx^d^^  +  2a^4.  &c. ; 
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thuB  {xdx  —  nY  consists  of  a  series  of  terms  x^d-^^,  {6=0  to  r),  and,  operating  with 
t^it",  this  last,  ^{dx  +  dxT,  consists  of  a  series  of  terms  such  as  da'dj;'""',  where  the 
unaccented  symbol  operates  on  the  afi,  and  the  accented  symbol  on  the  y ;  the  term 
is  thus  x^-' d^'^^~'- ,  or  observing  that  6  —  a.  is  at  moat  =r,  and  putting  it  =r~ky 
the  term  is  af-'^d^*",  viz.  d.J^ixdx  —  nf  consists  of  a  series  of  terms  of  the  form 
x''~''dj^'^^ ;  or,  what  is  the  same  thing,  d^^ (xd^  —  nYy  is  a  series  of  the  form  in 
question. 

To   understand   how   it    can    be    that    the   coefftcients   A,   B,    C,  ...  are   independent 
of  n,   take   the   particular   case   r  =  2 ;    then   we   have   here 

c^i"  (xd,^  -  ^fy  =  Ai^d^"^''y  +  Bxdx"+^y  +  Cd^^'p. 

The  right-hand  side  is 

4"  [a^dx^  -  (2w  -  1)  xd„  +  n^]  y, 
which  is 

=  [x^d^-^^  +  2ma:dj"+'  +  {'n?  —  n)  d^]^]  y 

-(2?i-l){  ^rf/+^+  Mrf/}y 

hence 

^=1,     5  =  2ra-(2n,-l),  =1,     C={n^~n)-n(tn-l)-\-n\  =0; 

and  we  thns  see  also  how  in  this  particular  ease  the  last  coefficient  is  =  0,  viz.  that  we 
have 

dj"  {xd^  -  n'fy  =  x'^d^'^-^'^y  +  md^'-'^'^y, 
without  any  term  in  d^y. 

To  iind  the  coefficients  A,  B,  G,  ...  generally,  write  i/  =  af+"+*,  then  xdx~n  =  r  +  d, 
and  consequently 

d^"  (xd^  -  nfy,     =  (r  +  &f  d^' a?^-"'^\     =  {r  +  ^^  [r  +  «  +  Sf^'^^  ; 
whence 

(r  +  ^)'-[r-l-w  +  e]''  =  7l[r  +  ^ +  «]"+>•  +  £  [r  +  ^ +■«]"+'-'  + ; 


or,  what  is  the  same  thing, 

(/■  +  ^r  =  ^[r  +  ^]'  +  B[r  +  ^]'-'+ 

Since  the  left-hand  side,  and  every  term  [r  +  6f  <^i  *1^^  right-hand  side,  contains 
the  factor  r  -vB,  there  is  not  on  the  right-hand  side  any  term  [r  -|-  ^^ ;  dividing  the 
equation  by  r-^d,  it  then  becomes 

(r+^)>-'  =  ^[r+^-l]'-'  +  5[r  +  ^-l]'-^+ , 

and  we  thus  have 

viz,   writing    r -I- ^  =  1  4- ic,   Ua  =  (\-\-iaf~'^,   and    taking    the    terms    in    the 
the   series   is   the   well-known   one 
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Hence,  in  general, 


where  observe  that  the  last  term  is  =ccdsP'-^^y. 

For  the  function  i/  =  a:" (logic)",  the  value  of  each  aide  is  =  [r]'' [«.]". 


[Vol.  xsiv.,  pp.  89—91.] 


4752.     (Proposed    by   Professor    Cayley.) — Mr   Wolstenholme's    Question    30(37    may 
evidently  be  stated  as  follows : — 

If  {a,  b,  a)  are  the  coordinates  of  a  point  on  the  cubic  curve 

a^  +  ¥  +  (^  =  (b  +  c){c  +a)(a  +  b), 
and  if 

(b^ -h c^ -a'')x  =  {c^+  a^  ~¥)y  =  (a^  +  Jf  -  0^)2 ; 

then  (a;,  y,  z)  are  tho  coordinates  of  a  point  on  the  same  cubic  curve. 

This   being  so,   it   is   required   to    find    the   geometrical   relation   of    the   two   points 
to  each  other. 


Solution  hy  Professor  Cayley. 
1.     On    referring    to    Professor    Wolstenholme's    Solution    of   the    original    Question 
8067   {Reprint,   Vol.   Xlll.,  p.  70),  it  appears  that  the  coordinates   (x,  y,  z)  of  the   point 
in  question  may  be  expressed  in  the  more  simple  form 

X  :  y  :  z  =  a{-a  +  b  +  e)  :  h{a-b  +  c)  :  c(«  +  5-o); 

viz.  the  given  relation  between  {a,  b,  c)  being  equivalent  to 

iabc  •¥  (-  a  +  b  +  c)(a-b  +  c){a+  b  -  c)  =  0, 
we  have 

.,     /7        .o         —iabc 
a^  —  (b~  cf  =  — i , 

and  thence 

6- +  0- -  <..  =  2,»  (l  +  ^,4!^!  =  2fe  f  ^^±|±-n 

and  consequently 


whence  the  transformation  in  question. 

2.  Writing  for  greater  symmetry  {x,  y,  z)  in  place  of  (a,  b,  c),  and  (x,  ij,  z') 
in  place  of  {x,  y,  z),  the  coordinates  {x,  y,  s)  and  (x',  y',  z')  of  the  two  points  are 
connected  by   the   relation 

x'  :  y'  :  z'  =  x{-x-^y  +  z):  y(x-y  +  z)   :  z{x-\- y  -  z), 
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and  ivc  thence  at  once  deduce  the  converse  relation 

!e  -.y  :  s  =  fl^'(-a/ +  /  + s')  i  ,y'(a;'-/+/)  :  z' {x  +  y' -  ^f). 
Hence,  writing 

{-x+y-^z,     x-y+s,     x-¥y -z)^{^,   V,    ^), 
and  similarly 

(-  a:'  +  y'+  s,     x'  -  y'  +  /,     x'  +  y'^^)  =  {^',  ^',  ^'), 
we  have 

a!   :  y-  :  z' =  x^  :  yv  ■  ^C     X'  :  y  :  z^x^'  :  ;/V  r  z'^', 

and  thence  also  ||^'  =  tjij'  =  ^ ',  so  that,  regarding  (f,  i},  f ),  (f ',  77',  ^')  as  the 
coordinates  of  the  two  points,  we  see  that  these  are  inverse  points  one  oi'  the  other 
in  regard  to  the  triangle  |^  =  0,  jj  =  0,  ^—0. 

To    complete    the    solution,    we    must    introduce    these    new    coordinates    into    the 
equation    of   the    cubic    curve.     Writing    this    under    the    form 

d>xyz  +  1{-x  +  y^z){x-y  +  z){x  +  y~z)  =  0. 
and  observing  that 

the  equation  is 

('?  +  0{?+f)(l  +  ^)+2?^?=0; 

viz.  this  is  a  cubic  curve  inverting  into  itself.  And  the  two  points  in  question  are 
thus  any  two  inverse  points  on  this  cubic  curve. 

S.     In  regard  to  the  original  form,  that  the  point  {x,  y,  z)  deiined  by  the  equations 

fl! (-  a=  +  6=  +  e^)  =  y  (o? -lp  +  c^)  =  z (a^  +  62 _ c^), 

lies  on  the  cubic  curve 

a'^¥  +  c'-{b-v  c)  (c  +  a)  (a  +  6)  =  0, 

Professor  Sylvester  proceeds  as  follows: — Writing 

fe  y,  ,)  =  («•  -  (6-  -  c')',  V  -  (C  -  »■)',  »•-(■.■-  i-)'l,  -  (^1.  -B,  C). 
suppose ;   and 

F{a,h,c)  =  a'  +  h'+d'-(b  +  c)ic  +  a)(a  +  h), 
he  observes  that  the  tnith  of  the  theorem  depends  on  the  identity 

F(A,  B,C)+F  (a,  b,  c)  F(a,  -  b,  e)  F(a,  b,  -  e)  F(a,  -  6,  -  c)  =  0, 

and  that,  in  oi-der  to  prove  the  identity  generally,  it  is  sufficient  to  prove  it  for  the 
three  cases  a=  =  0,  a^^b^  +  c^,  a'^^b^,  which  may  be  effected  without  difficulty. 

4.     But,  for  a  general  proof  of  the  identity,  write 
\  =  b^  -i-tf,     fi  =  b^  -  c^, 
so  that 

A  =  0/  -fjj',     B  =  {a^  +  jj.)  (-  a?  +  X),     C  =  (-  a?  +  \)  (a'  -  /x), 
c.   X.  75 
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whence 

- F {A,  E,C)  =  -  (a^  -  ij^y  +  2 (o.^ -  \y  (a''  +  3a>0 -  Sa'b'ti' (a^ -  fi') {a'^-X), 

=  a'^  -  6Xa"'  +  (6V  +  V  -  86=0-)  a^  +  X(-  2V  -  lSf>.^  +  Sb^d'}  a« 

+  ^=  (18V  -  S/i-  +  86*e')  a"  +  X^l^ (-  6X'  -  SbV) re=  +  /*". 
Moreover 

F(a,b,c)  =  a[a'-(b  +  cy]~{l)  +  o){a:^~-(b-Gy]. 
therefore 

F{a,-b,-c)^a.{a^-(b  +  cy]  +  {b  +  c){a'^-{b-cy}; 

F{a,  b,  c)  F  (a,  -  ft,  -  c)  =  «=  {«=  -{b  +  cf}"  -  (b  +  cf  {a^  -  (6  ~  cfY 
=  a'  -  2y^a^  +  7^7^ 4-  2g=)  a^~j'^\ 
if  7  =  6  +  <;,   S  =  6  —  c.     By   changing   the   sign   of    c,   we   intei'change   7   and   S,   and   we 
thus  have 

#(a,  6, -c)#(((, -6,  c)  =  a«-3S=a^+S^(27=  +  8-^)«^-7^g% 

and  the  identity  to  he  verified  is  thus 

[a' - Srfa"  +  7^(7=  +  2S^)  a^  -  7=8''}  [a' -  S^'-a'  +  8=  {27=  +  S'}  r.C-  -  7^^^} 

=  a'^  —  SXffl^"  + +/^*,  wf  siipr^i; 

the  values  of  X,  ^  in   terms  of  7,  8  are  X.  =  ^(7^+80.  f^~J^i    substitnting  these  values 
on  the  rJght-haiid  side,  the  verification  can  be  completed  without  difficulty. 


[Vol.  XXV.,  January  to  July,  1876,  p.  82.] 

4946.  (Proposed  by  Professor  Cayley.) — Show  that  the  attraction  of  an  indefinitely 
thin  double  convex  lens  on  a  point  at  the  centre  of  one  of  its  faces  is  equai  to  that 
of  the  infinite  plate  included  between  the  tangent  plane  at  the  point  and  the  parallel 
tangent  plane  of  the  other  face  of  the  lens. 


[Vol.  xxvL,  July  to  December,  1876,  pp.  41,  42.] 

5020.  (Proposed  by  W.  S.  B.  Woolhouse,  F.E.A.S.)— Let  1,  S,,  S^,  B„...,S,,  be 
the  first  differences  of  the  coeiHcients  of  the  expansion  of  the  binomial  (1  +  jb)™  taken 
as  far  as  the  central  or  maximum  coefficient ;   also  let 

.  =  i(«+l)B.     «'.in(n-l),     ."  =  i(..-l)(..-2),  &c.; 
then  show  that  the  algebraic  function 

x'  -  SiX'-'  +  S,y  -  S.x''"  4-  &e. 

is   divisible   by   (a;  — 1)"   without    a    remainder;    and    that    the    sum    of   the    numerical 
coefficients  of  the  quotient  is  equal  to  1,S.5  ..,  2k  —  1. 

[See  Solution  to  Question  1894,  Reprint,  vol.  v.,  p.  113.] 


Hosted  by 


Google 


705]  PROBLEMS   AND    SOLUTIONS,  595 

Solutiim  hy  Professor  Cayley. 

Mr  Woolhouse's  elegant  theorem  depends  ultimately  on  the  property  of  triangular 
numbers  ^(«),  =\{n^~n);  then  <^(7i  +  l)  =  ^(-)i),  so  that,  writing  down  the  series 
of  triangular  numbei-s  backwards  and  forwards, 

...,     10,     6,     3,     1,     0,     0,     1,     3,     6,     10,... 
,    a,     b,     G,    d,     e,    f,    g,    h, 

we  have,  in  fact,  a  continuous  single  series  obtained  by  giving  to  n  the  different 
negative  and  positive  integer  values,  zero  included. 

Thus  a  particular  case  is 

{l+xy-  ^{1  +  xf+'d{l  +  !c)-5  =  0  {mod.  x')^l  .Z  .6x'  +  kc.x'  ■\- ..., 

where,  on  the  left-hand  side,  the  exponents  are  the  triangular  numbers  0  {n  + 1), 
n  =  0  to  3;  and  the  coefiicienSs,  after  the  firat,  ai'e  the  differences  of  the  binomial 
coefficients  of  the  power  2n  (in  the  particular  case,  ?i  =  3) ;  viz.  the  binomial  coefficients 
being 

1,     C,     15,     20,     15,     6,     1, 
the  difierences  taken  as  far  as  they  arc  positive  are 

5,     9,     5. 
Expanding  the  several  terms  and  writing  down  only  the  coefficients,  we  have  a  diagram 
1,     6,     15,     20,     15,     6,    1, 
-  5      1,     S,       3,       1, 
+  9      1,     1, 
-5      1, 
The  theorem  in  the  particular  case  depends  on  the  identities 
]  _    .5  +  9-5=0, 
6-15  +  9         -  0, 
5-1.5  =0, 

20-5  =1.3.5; 

or  wi'iting,  as  above,  h,  g,  f,  e,  to  denote  the  triangulai'  numbers  6,  3,  1,  0,  these  may 
be  replaced  by 

h"  -  53"  +  9/"  -  5e«  =  0, 

/*  -5y  +9/  -5e    =0, 

^/.(/*-l)  -5.^g(s-l)  +...  =0, 

ih(h-l)(h-2)-5.^ff(g~l)(g~2)  +  ...  =1.3.5; 
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each  equation  by  those  which  precede  it,  these  become 
k"  -  bg"  +  9/"  -  5e"  =  0, 
A"  -  bg^  +  9/'  -  Se"  =  0, 

A^  -  o^i^  +  9/^  -  56^  =  1 . 2 .  3 . 1  .  3  .  5. 

Consider    any   one    of   these,    for    instance    the    third;    the    function    on    the    left- 
hand   is 

lA=-(6-l)(/^  +  (15-6)/'-(20-15)e^ 

or,  introducing  the  vakies  b,  a,  d  as  above, 

\h^ -  &(f  + 15/^ - 20e=  -i- \hd?-%if+lb\ 

which   is,   in   fact,   =  0,   if  6,   c,   d,   e,  f,   g,   h    are    any    successive    triangular   numbers ; 
viz.  this  is  an  immediate  consequence  of  the  well-known  theorem 

l(fl4-6r-6(^-l-5)™+15(^-l-4r-20(^-|-3)'»-H5{e-|-2)"'-6(S  +  l)™-M9"' 
=  A*^™,  =  0  for  any  value  of  m  up  to  m  =  5,  and 
=  1.2.3.4.5.6  for  m=6. 

We   have  thus    all    the    equations   except   the   last;    and   as   regards   the   last   equation, 
observe  that  the  equation  to  be  verified  is 

1  [H^  +  6)  (^  +  5)]' -  6  [M^  +  5)  (^  +  4)?  +  ...  =  1  ■  2  .  3  . 1 .  3 .  5, 

viz.  this  may  be  replaced  by 

l(f  +  6)«-6(6'-F5y+...  =  2M.2.3.1.3.5  =  2.4.6.1.:3.5  =  1.2.3.4.5.6, 

which  is  right. 

It   is   clear  that   the  proof,  although   worked   out   on   a   particular  case,  is  perfectly 
;   and  Mr  Woolhouse's  theorem  is  thus  proved. 


[Vol.  XXVI.,  pp.  77,  78.] 
5079.     (Proposed  by  Professor  Cayley.) — Show  that  the  curve 

-  {(1  -  f )  i\W  -  (7  -  8i)f  {(«^  -  7  -  i^+y% 

where   i  =  (V— 1)   ^^s   usual,  is   a   real   bicircular   quartic   having   the   axial   foci 
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Solution  by  the  Proi'OSER. 
Consider  the  equation 
(I  +  mi)t  [(^  -  flif  +  j.]l  +  ,  (!  ^  „„■)!  [(»  +  /3i).  +  s-]!  =  (i  +  rt>  ({«  -  7  -  «0'  +  !/■]*. 
This  is 

(i  +  mi)  jiB"  +  J"  -  /?■  -  2(3=]  +'f(l~mi){x'  +  if-ff-  +  2pxi\ 

-ix  +  fii)  \x^  +  7f- 13^  +  /S=  +  7'  -  S^  -  2ta'  ~  2  (a;  -  7)  gij 
+  mt'+  »i-)l  [(!■  +  J-  -  OT'  +  ■'.8''«']'  -  0, 
where,  putting  the  imaginary  part  equal   to  zero,  we  have 

m  (1  -  5")  («•  +  ji' - /3')  -  2i  (1  -  5') /S^!  -  f>  («•  +  !/•  - /3' +  W  +  7"  -  S")  -  27ai)  +  2X  (,»■  -  7)  8  =  0, 
which  will  he  true  identically  if 

m(l  —if}  —  fi  =  0, 
-Hl-<f}ff  +  n  +  XS  -0, 
-ji(;3'  +  7>-S")- 2x78  =  0. 


The  last  gives 
and   then 


so  that,  putting 
we  have 


X-(?(/3^  +  7'-&^),     ^  =  -2%8,     ^arhitrary; 

l(l-q')l3-SS(li'  +  y'-S'-2j')=eS(ff'-j'-S'), 
m(l-g")--29S7-, 

9S  =  (l-,/)A  or  »  =  <l-</)f, 
i_a"-7--8",     m=-2^7, 
X.(l-{')|(;3"  +  7'-S'),     M-(l-9-)f(-27S). 
!  ±mi=0  +  7i)'-S", 


and  the  equation  is 

l(fi-jir-Sf  K^-isi)' +,/]>+ qKff  +  vY- Sf{(>i+i3iy+f  ]• 

-  |(1  -  «■)  §}  V  -  (7  -  SiW  K'"  -  7  -  K)'  +  !/•)■. 

which   ia   a    real    curve    having    the    axial   foci   +  ^i,   —fii;    7  +  81;    7— Si;    viz.   j  +  Si 
being  a  foens,  anr!  the  curve  being  real,  it  is  clear  that  y  —  Bi  is  also  a  focus. 
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[Vol.  xxvu.,  January  to  June,  1877,  p.  20.] 

5130.  (Proposed  by  Professor  Cayley.) — Show  that  the  envelope  of  a  variable 
circle,  having  its  centre  on  a  given  conic  and  cutting  at  right  angles  a  given  circle, 
is  a  bicircular  quartic;  which,  when  the  given  conic  and  the  circle  have  double  contact, 
becomes  a  pair  of  circles;  and,  by  means  of  the  last-mentioned  pai'ticular  ease  of  the 
theorem,  connect  together  the  porisms  arising  out  of  the  two  problems — 

(i)     Given   two   conies,   to    find   a  polygon   of    n   sides   inscribed    in   the   one   and 
circumscribed  about  the  other. 

(ii)     Given   two   circles,   to   find   a  closed   series   of    n   circles    each    touching    the 
two  circles  and  the  two  adjacent  circles  of  the  series. 


[Vol.  XXVU.,  pp.  81—83.] 


6208.  (Proposed  by  Professor  SYLVESTER.) — Let  the  inagnitude  of  any  ramification 
signify  the  number  of  its  branches,  and  let  its  partial  magnitudes  in  respect  to  any 
node  signify  the  magnitudes  of  the  ramifications  which  come  together  at  that  node. 
If  at  any  node  the  largest  magnitude  exceeds  by  k  the  sum  of  the  other  magnitudes, 
let  the  node  be  called  superior  by  k,  or  be  said  to  be  of  superiority  k;  but  if  no 
magnitude  exceeds  the  sum  of  the  other  magnitudes,  let  the  node  be  called  subequal. 
Then  the  theorem  is,  in  any  ramification,  ettlier  there  is  one  and  only  one  subequal 
node ;  or  else  there  ai'e  two  and  only  two  nodes  each  superior  by  unity,  these  two 
nodes  being  contiguous. 


Sohdion  hy  Priji'ESMdr  Cayley. 

The  proof  consists  in  showing  that  (1)  there  cannot  be  more  than  one  subequal 
node ;  (2)  there  cannot  be  more  than  two  nodes  each  superior  by  unity :  and  if 
there  is  one  such  node,  then  there  is,  contiguous  to  it,  another  such  node ;  (3)  starting 
from  a  node  which  is  superior  by  more  than  unity,  there  is  always  a  contiguous 
node  which  is  either  of  smaller  superiority,  or  else  subequal ;  for,  these  theorems 
holding  good,  we  can,  by  (3),  always  arrive  at  a  node  which  is  either  subequal  or 
else  superior  by  unity;  in  the  former  case,  by  (1),  the  subequal  node  thus  arrived 
at  is  unique ;  in  the  latter  case,  by  (2),  we  have,  contiguous  to  the  node  arrived 
at,  a  second  node  superior  by  unity ;  and  we  have  thus  a  unique  pair  of  nodes  each 
superior  by  unity. 

I  will  prove  only  (3),  as  it  is  easy  to  see  that  the  like  process  applies  to  the 
proof  of  (1)  and  (2). 

Let  the  whole  magnitude  be  n ;  and  suppose  at  a  node  P  which  is  superior  by 
k,   the   largest   magnitude   is   a,   and   that   the   other   magnitudes   are,   say,  ^,   7,  S.     We 
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have  a  =  ^  +  y  +  S  +  k;  and  since  w  =  a  +  ^  +  7  +  S,  we  have  thence  n  =  2a  —  k,  or 
a^^(n  +  k),  0  +  y  +  S^^(n  —  k) :  clearly  k  is  even  or  odd,  according  as  n  is  even 
or  odd. 

Suppose  now  that  we  pass  from  P,  along  the  branch  of  magnitude  a,  to  a 
contiguous  node  Q;  and  let  the  magnitudes  for  Q  be  a.',  jS',  7',  S,  e',  where  a.' 
denotes  the  magnitude  for  the  branch  QP.  We  have  a'  —  ^  +  y  +  B  +  l:  for  the 
ramification  consists  of  the  branch  QP  and  of  the  ramifications  of  magnitudes  0,  7,  S 
which  meet  in  P.     We  have  thus 

o'-i(«-i-)  +  l.i»-i(t-2); 
and  thence 

/3'+7'  +  ^'  +  e'  =  iw+|(A'-2), 

Supposing   here   that   k   is  greater   than   1,   viz.   that   it   is  —  or  >  2,  k—2  is  0  or 

positive ;    and    if   a'    be    the    greatest    magnitude    belonging   to   the   node    Q,   this  is   a 

subequal  node.  But  it  may  be  that  a'  is  not  the  greatest  magnitude ;  supposing  then 
that   the   greatest   magnitude   is   &',   we   have 

a'  +  j'  +  ^'  +  e'^  ^n  -^(k-2)  +  y  +  S' +  /, 
and  thence 

/3'  ~(r^'  +  y+S'  +  i')^k-2--2  (7'  +  S'  +  e')  ; 

viz.  either  the  node  is  subequal,  or  else,  being  superior,  the  superiority  is  at  most 
=  k  —  2;  that  is,  if  from  the  node  P,  of  superiority  =  or  >  2,  we  pass  along  the 
branch  of  greatest  magnitude  to  the  contiguous  node  Q,  this  is  either  subequal,  or 
else  of  superiority  less  than  that  of  P;   which  is  the  foregoing  proposition  (3). 

The  subequal  node,  and  the  two  nodes  of  superiority  1,  in  the  cases  where  they 
respectively  exist,  may  be  termed  the  centre  and  the  bicentre  respectively;  and  the 
theorem  thus  is,  every  ramification  has  either  a  centre  or  else  a  bicentre.  But  the 
centre  and  the  bicentre  here  considered,  due  (as  remai-ked  by  Professor  Sylvestei-)  to 
M.  Camille  Jordan,  and  which  may  for  distinction  be  termed  the  centre  and  the  bicentre 
of  magnittide,  are  quite  distinct  from  the  centre  and  the  bicenti-e  discovered  by  Professor 
Sylvester,  and  considered  in  my  researches  upon  trees,  British  Association  Report, 
1875,  [610].  These  last  may  for  distinction  be  termed  the  centre  and  the  bicentie  of 
distance:  viz.  we  here  consider,  not  the  magnitude,  but  the  length  of  a  ramification,  such 
length  being  measured  by  the  number  of  branches  to  be  travelled  over  in  older  to 
i-each  the  most  distant  terminal  node.  The  ramification  has  either  a  centie  or  eke 
a  bicentre  of  distance :  viz.  the  centre  is  a  node  such  that,  for  two  or  more  of  the 
ramifications  which  proceed  from  it,  the  lengths  are  equal  and  superior  to  those  of 
the  other  ramifications,  if  any ;  the  bicentre  a  pair  of  contiguous  nodes  such  that, 
disregarding  the  branch  which  unites  the  two  nodes,  there  are  from  the  two  nodes 
respectively  (one  at  least  from  each  of  them)  two  or  more  ramifications  the  lengths 
of  which  are  equal  to  each  other  and  aujicrior  to  those  of  the  other  ramifications, 
if  any. 
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It  is  very  noticeable  how  close  the  agreement  is  between  the  proofs  for  the 
existence  of  the  two  kinds  of  centre  or  bicentre  respectively.  Say,  first  as  regards 
distance,  if  at  any  node  the  length  of  the  longest  branch  exceeds  by  k  the  length 
of  the  next  longest  branch  or  branches,  then  the  node  is  superior  by  k,  or  is  of 
the  superiority  k ;  but,  if  there  are  two  or  more  longest  branches,  then  the  node  is 
subequal.  And  say  next,  in  regard  to  magnitude,  if  at  any  node  the  largest  magnitude 
exceeds  by  k  the  sum  of  all  the  other  magnitudes,  the  node  is  superior  by  k,  or 
has  a  superiority  k;  but  if  the  lai'gest  magnitude  does  not  exceed  the  sum  of  the 
other  magnitudes,  then  the  node  is  subequal.  Then,  whether  we  attend  to  distance 
or  to  magnitude,  the  three  propositions  hold  good;  (1)  there  cannot  be  more  than 
one  subeqiial  node;  (2)  there  cannot  be  more  than  two  nodes  each  superior  by 
unity :  and  if  there  is  one  such  node,  there  is  contiguous  to  it  another  such  node ; 
(3)  stai'ting  from  a  node  which  is  superior  by  more  than  unity,  there  is  always  a 
contiguous  node  which  k  of  smaller  superiority  or  else  subequal ;  whence,  as  in  the 
solution  just  referred  to,  there  is  always,  as  regards  distance,  a  centre  or  a  bicentre  ; 
and  there  is  always,  as  regards  magnitude,  a  centie  or  a  bicentre. 


[Vol.  xxvii.,  pp.  89,  90.] 
On  Mr  Artmnas  Martin's  First  Question  in  Probabilities.     By  Professok  Cayley. 

The  question  was,  "  A  says  that  B  says  that  a  certain  event  took  place :  required 
the  probabihty  that  the  event  did  take  place,  ^i  and  p,  being  A's  and  B's  respective 
probabilities  of  spealdng  the  truth." 

The  solutions,  referred  to  or  given  on  pp,  77—79  of  volume  xxvii,  of  the  Reprint, 
give  the  following  values  for  the  probability  in  question  : — 

Todhunter's  Algebra  ^1^^  + (1  —  jJi)(1 -p.). 

Artemas  Martin p,  \.Pi'P^+(J  ~lh){^  "POl- 

American  Mathematicians  and  Woolhouse...  p,p^. 

It  seems  to  me  that  the  true  answer  cannot  be  expressed  in  terms  of  only 
l\  aod  Pi,  but  that  it  involves  two  other  constants  ,8  and  k;  and  my  value  is — 

Cayley    p,p.+ ;8(1 -pO(l -p,)  +  A(l  -  ;S)(l-i)0- 

In  obtaining  this  I  introduce,  but  I  think  of  necessity,  elements  which  Mr  Woolhouse 
calls  extraneous  and  imperfect. 

B  told  A  that  the  event  happened,  or  he  did  not  tell  A  this;  the  only  evidence 
is  ^'s  statement  that  B  told  him  that  the  event  happened;  and  the  chances  are 
p,  and  l—pi-  But,  in  the  latter  case,  either  B  told  A  that  the  event  did  not 
happen,  or  he  did  not  tell  him  at  all ;  the  chances  (on  the  supposition  of  the 
incorrectness   of  A's   statement)   are   0   and   1— /3;    and   the   chances   of  the  three  cases 
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are  thus  pj,  /3(1— pi),  and  (1  — ^)(1  — pi).  On  the  suppositions  of  the  first  and  second 
cases  respectively,  the  chances  for  the  event  having  happened  are  p^  and  l—ps)  on 
the  supposition  of  the  third  case  (viz.  here  there  is  no  information  as  to  the  event) 
the  chance  is  k,  the  antecedent  probability ;  and  the  whole  chance  in  favour  of  the 
event  is 

p,p,  +  0(1-  p,)  (1  -p,)  +Ic(l-  /3)  (1  -  p,). 

If  ^=1,  we  have  Todhunter's  solution;  if  ;3  =  0,  and  also  k  =  0,  we  have  the  solution 
preferred  by  Woolhouse;  hut  we  do  not  (otherwise  than  by  establishing  between  k 
and  ;S  a  relation  which  is  quite  arbitrary)  obtain  Martin's  solution.  The  error  in 
this  seems  to  be  as  follows : — A  says  that  B  told  him  as  to  the  event,  and  says 
further  that  B  told  him  that  the  event  did  happen ;  the  probability  of  the  truth  of  the 
compound  statement  is  taken  to  be  =pi^;  whereas,  in  calling  the  probability  of  A's 
speaking  the  truth  pi,  we  mean  that  if  A  makes  the  statement,  "B  says  that  the 
event  took  place,"  this  is  to  be  regarded  as  a  simple  statement,  and  the  probability 
of  the  truth  of  the  statement  is  =pi;  viz.  I  think  that  Martin  introduces  into  his 
solution  a  hypothesis  contradictory  to  the  assumptions  of  the  question. 

I  remark  further  that  in  my  solution  I  assume  that  the  event  is  of  such  a 
nature  that,  when  there  is  any  testimony  in  regard  to  it,  the  probability  is  determined 
by  that  testimony,  irrespectively  of  the  antecedent  probability.  This  is  quite  consistent 
with  the  antecedent  probability  being,  not  zero,  but  as  small  as  we  please ;  so  that, 
if  ^  is  (as  it  may  very  well  be)  indefinitely  small,  the  whole  probability  is  the  same 
as  if  k  were  =0.  But  there  is  absolutely  no  reason  for  assigning  any  determinate 
value  to  (3 ;  so  that  the  solutions  p^p,  +  (1  — ^i)  (1  -p^)  and  p^p^,  which  assume 
respectively  /3  =  1  and  ^  =  0,  seem  to  me  on  this  ground  erroneous. 


[Vol.  XXVIII.,  June  to  December,  1877,  p,  17.] 

5306.     (Proposed    hy  Professor    Cayley.) — If   a,    0,   y,   B;    a^,   ^^,   yj,   S,, 
that 

(«.-^)(A-7i)  =  («-S)(^-7). 

(A-S.)(7i-«0  =  (^-S)(7-a),     (7i-80(«i-^i)  =  (7-S)(«~S); 

show  that  the  three  equations 

-l(^-a)l(»!-S)l-(a.-/3)l(a^-7)»l'. 


'(A-S.)(7.-S.)' 
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are  equivalent  to  each  other;  and  show  also  that,  consistently  with  the  foregouig 
relations  between  the  coDstants,  the  differences  «!  — Si,  y9i  — Si,  71  —  ^1  may  be  so 
determined  that  the  equations  in  {a>,  a;-^  constitnte  a  particular  integral  of  the 
differential  equation 

dx  _      dXi 


[Vol.  XXIX.,  Jaouary  to  June,  1878,  p.  20.] 

4870.  (Proposed  by  Professor  Cayley.) — Given  three  conies  passing  through  the 
same  four  points ;  and  on  the  first  a  point  A,  on  the  second  a  point  B,  and  on 
the  third  a  point  G.  It  is  required  to  find  on  the  first  a  point  A',  on  the  second 
a  point  B',  and  on  the  third  a  point  C,  such  that  the  intersections  of  the  lines 

A'B'  and  AC,  A'C  and  AB,  tie  on  tho  first  conic; 

BC  and  BA,  BA'  and  BC,   lie  on  the  second  conic; 

CA'  and  GB,  C'B'    and  VA,   lie  on  the  third  conic. 


[Vol.  xxis.,  pp.  96,  97.} 
5625.     (Proposed  by  Professor  Cayley.) — The  equation 

[5^(3:  +  ^+  zy  —  ^z  —  ziK  ~xi/Y  =  4i{2q  +  1)  xyz  {x  +  T/  +  z) 
represents    a    trinodal    quartic    curve    having   the   lines  x  —  O,  y  =  0,   2  =  0,   x  +  y  +  z  =  0 
for   its   four  hitangents ;    it  is   required   to   transform   to   the  coordinates  X,  Y,  Z,  where 
X=0,  Y—0,  Z=0  represent  the  sides  of  the  triangle  formed  by  the  three  nodes. 


[Vol.  XSXL,  January  to  June,  1879,  p.  38.] 

5387.     (Proposed    by   Professor   Cayley.) — Show    that   a   cubic    surface   has  at   most 
4  conical  points,  and  a  quartic  suriace  at  most  16   conical  points. 


[Vol.  xxxiL,  July  to  December,  1879,  p.  35.] 
5927.     (Proposed  by  Professor  Cayley.) — If  {a  +  ^  +  y  +  ...]^,  denote  the  expansion  of 
(a +  ^  +  7+ ...)'',  retaining  those  terms  JVa"^ V^"*  ■  ■  ■  "'ily  ^^  which 

b  +  c  +  d+  ...■^p-1,     G  +  d+  ...i^p-2,  &c.  &c.; 


u'ove  that 


."(»-.!).. 


1.2 

..(.i-l)(n-2),. 
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[Vol.  XXXIII.,  January  to  July,  1880,  p.  17.] 
6156.     (Proposed   by   Professor    Oayley.) — Given,    by   means    of   their    metrical    co- 
ordinates, any  two  lines ;    it   is   required  to   find   their   inclination,  shortest   distance,  and 
the  coordinates  of  the  lino   of  shortest  distance. 

N.B. — If  X,  /J.,  V  are  the  inclinations  of  a  line  to  three  rectangular  axes,  and 
a,  0,  7  the  coordinates  to  the  same  axes  of  a  point  on  the  line,  then  the  metrical 
coordinates  of  the  line  arc 

a,  b,  c,  f,  g,  h, 

=  cos  \,     COS  fi,     COS  V,     0  COS  v~y  cos  /i,     7  cos  \~  a  cos  v,     a  cos  /a  —  /3  cos  \ 
satisfying  identically  the  relations 

(s'^  +  6^  +  c*  =  1 ,     af+bg  +  ch^O. 


[Vol.  xxxvL,  1881,  p.  21.] 

6470.     (Proposed    by    Professor    Cayley.) — It    is    required,   by    a    real    or   imaginary 
linear  transformation,  to  express  the  equation   of  a  given  cubic  curve  in  the  form 


!cy-z^  =  {{^  -ai'){^-  }<?a?)]K 


[Vol.  XXXVI.,  p.  64.] 

6766.     (Proposed  by  Professor  Cayley,) — Find  the  stationary  and  the  double  tangents 
of  the  curve  a^  +  ^  +  «*  =  0. 


Solution  hy  the  Proposer. 
Take  I  a  fourth  root  of  —  1 ;  m  and  n  fourth  roots  of  + 1 ;  then  the  28  double 
the  lines  x  =  ly,  x  =  lz,  y=U,  (4  +  4  +  4  =)  12  lines ;  and  the  lines 
x-\-'my  +  'nz=Q,  16  lines;  and  the  first  12  of  these,  each  counted  twice,  are  the  24 
stationary  tangents.  In  fact,  any  one  of  the  12  lines  is  an  osculating  tangent,  or 
line  meeting  the  curve  in  4  coincident  points ;  it  counts  therefore  once  as  a  double 
tangent,  and  twice  as  a  stationary  tangent.  There  should  consequently  be  16  other 
double  tangents;  and  it  only  needs  to  be  shown  that  these  are  the  16  lines 
(s-\-my-^m  =  fi.  Consider  any  one  line  x  +  my  +  ns  =  0\  for  its  intersections  with  the 
curve  a^  +  y  +  3'  =  0,  we  have 

(my  +  mf  +  j/*  +  2*  =  0, 


or,  as  this  may  be  written, 

viz.  this  is 

or,  what  is  the  same  thing. 


{my  +  nzf  +  my  +  m's^  =  0 ; 

2(1,  2,  %  2,  l\my;  nzf  =  i), 

2[(1,  1,  l\my,  mfJ^Q: 


76—2 
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so  that  the  line  is  a  double  tangent,  the  two  points  of  contact  being  given  by  meana 
of  the  equation  (1,  1,  l\mp,  mf^O;  viz.  o>  being  an  imaginary  cube  root  of  unity^ 
we  have  ns  =  eom^  or  afmy :   and  thence,  for  the  points  of  contact, 


valuew  which  satisfy,  as  they  should  do,  the  two  equations 

x  +  my  +  nz  =  0   and   o^  +  y^  +  z*  =  Q. 


[Vol.  xxxVL,  pp.  106,  107.] 
6800.     (Proposed  by  W.  J.  C.  Miller,  E.A.)— Prove  that,  if 

ays    _     hzx    _     cxy    _ 

then 

a?  +  ^^'  +  c^  =  ohc  +  4. 


Note  on  Question  6800.     By  Professor  Cayley. 

The   identity   given   by  the   solution   is   a   verj'  intoi'cstiug   one.     Instead   of  a,  b,  c, 
writing  (a,  h,  c)-^d,  we  have 

4rf»  ~d{o?  +  lr-{-c'')  +  aha  =  0, 
satisfied  by 

a  -.b  :  G  :  d^a:{f-\-z^)  :  y{z'  +  a^)  :  ^{x'  +  f)  :  xyz; 

or,  considering  {a,  b,  a,  d)  as  the  coordinates  of  a  point  in  space,  and  (x,  y,  z)  as 
the  coordinates  of  a  point  in  a  plane,  we  have  thus  a  correspondence  between  the 
points  of  the  cubic  surface  4'df  —  d{Q?  +  li'-\-d')  +  abc  —  G,  and  the  points  of  the  plane. 
To  a  given  system  of  values  of  {m,  y,  £)  there  corresponds,  it  is  clear,  a  single  system 
of  values  of  {a,  b,  c,  d);  and  it  may  be  shown  without  difiiculty  that,  to  a  given 
system  of  values  of  (a,  b,  c,  d)  satisfying  the  equation  of  the  surface,  there  cor- 
respond two  systems  of  values  of  (x,  y,  e)\  the  plane  and  cubic  surface  have  thus  a 
(1,  2)  correspondence  with  each  other. 


[Vol.  XXXVII.,  1882,  p.  74.] 
5244.     (Proposed  by  Professor  Catlbt.) — Writing  for  shortness 

F=a^  +  B'-/3'-y',     G  =  ff'  +  B'- 'f  -  a\     £"  =  7^+ S^- n^- ^ 
A  =  a=  +  ^-  +  7=  +  S" ; 
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show  that  the  equation 

+  LM{HA  +  2N){a?y^  +  s^w')  -  2w^78  FGHA  xym 
belongs  to  a  16-3iodal  quartic  surface,  having  the  nodes 
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and  the  sixteen  singular  tangent  planes  represented  by  the  equations 


[Vol  xxxvm.,  1883,  pp.  87—89.] 

7190.     (Proposed   by  Professor  Wolstenholme,  M,A.) — ^If  x,  y,  z  be  three  quantities 
satisfying  the  two  symmetrical  equations 

yz+z(c-i'xy  =  Q,    ie^  + 1/^  +  s^  +  ^xyz  =  0 ; 
prove    that    (1)    they    will    also    satisfy    one    of    the    two    pairs    of    semi -symmetrical 


y''z  +  A  -}-  x^y  ^{y-s){z-  x)  {x  ~y),  =  +  ayyz, 
y^-\-zx^  +  xy^={y-s){z-x){a;-y),  ^-xyz; 
and  (2)  one  set  of  the  following  equations  will  also  be  satisfied : — 

{a?  +  yz  —  y''  =  Q,     y  +  sx-z^^O,     z"  +  ay  -  x^  =  0) ; 

(iC=  -I-  2/2  -  s'  =  0,     e^+sx-x'^O,     ^  +  wy-y''  =  0). 


Solution  by  Professor  Cayley. 

The   two   symmetrical   equations   represent   a   conic   and   a   cubic  respectively;    they 
intersect   therefore   in   6   points,   and   if  we   denote   by  a  a   root   of  the   equation 

vP  +  u^-2u-l  =  0, 
then  the  other  two  roots  of  this  equation  are 


-1-1,  ,. 


-1 


.  if  a^  +  a=  -  2«  - 1  =  0,  then  ' 


(u-a)(u+l+'^j  (m  +  ^)  =u'  +  u'- 
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an  identity  which  is  easily  verified.     It  may  be  remarked  that,  if 

(&«  =  —  ! , 

^  a 

then 

^'^~  a  +  1'     ^'^~'^' 

the  left-hand  aide  of  the  last  mentioned  equation,  thus  is  (u  —  a){u  —  <pa)(u  —  ^''a), 
which  remains  unaltered  when  a  is  changed  into  0k  or  ^^a.  Then  the  coordinates 
of  the  six  points  of  intersection  can  be  expressed  indifferently  in  terms  of  any  one 
of  the  roots  (a,  /3,  7),  viz.  the  coordinates  are 

(m^-1,  -a,  -1),     (-1,  a=-l,  -a),     (-a,  -1,  a=-l),...(l,  2,  3), 
(a=-l,  -1,  -a),     {~a,  a=-l,  ~1),     (-1,  -a,  a=-l),  ...(4,  5,  6); 

or  they  are  equal  to  the  like  exprewsiona  in  ^  and  in  y  respectively ;  say  these  are 
the  coordinates  of  the  points  1,  2,  3,  4,  5,  6  respectively,  as  shown  by  the  attached 
numbers.     Thus,  writing 

a;,  y,  2  =  a'-l,  -a,  -1, 
we  find 

a^+f'  +  sfl  +  4<xi/s^(oc'-iy  -f^-l  +  ia.{a?-l) 

=  0.^-  3a'  +  3a'  +  3a=  -  4a  -  2  =  (a'  +  a^  -  2a  -  1)  (a'  -  a^  +  2)  =  0, 

which  verifies  the  formula!  for  the  six  points  of  intersection.     Take,  again, 

a:,t/,3  =  0i'~l,  -a,  -1; 
then  we  find 

'i/z^  +  23^  +  ayj/"- =  —  a  -  (a?  —  ly  +  a'  (a^  ~  1)  =  a^  -  a  —  X, 

y^'z  •{■  z^a;  -^  a?y  =  -  a^  +  {cL^  -Vj  —a  (n^  -  1^  =  -m'  +  2«'- a  -  1. 

Or,  since  a'=  —  a'^ -l-2a-|-l,  and  thence 

a''  =  3a^  -  a  -  1,     a"  =  -  4a^  +  5a  +  3, 
the  last  equation  becomes 

y''z  +  s^x  +  a?y  =  2a^  -  2a  -  2. 
We  have  also 

ayyz  =  a'  —  a,  =  —  a-  +  a  +  1 ; 

henco  the  point  in  question  is  situate  on  each  of  the  cubics 

yz''  +  zai'  +  xy"^  +  a:fljz  =  0,     '>fz  +  ^x  +  ai'y  +  %xyz  =  0, 
ifz  +  !flx-i-iify~2  {y2^  +  za?  +  icy^)  =  0  ; 

and   this,   of   course,   shows    the    points    1,   2,   3    are    all    three    of    them    situate    upon 

each    of    the    three    cubics;    and    in    precisely   the    same    manner    it    appears    that    the 

points   4,   5,   6   are   all   three   of  them   situate   on   each   of  the   three  cubics 

yz^  +  za?  -\-  xy'  +  2xyz  =  0,     y'z  +  s'at  +  (t?y  +  xyz  =  0, 

yz''  +  3^  -f-  ayif  —  2  {y'^z  +  z^x  +  afy)  =  0. 
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Again,  from  the  values  x,y,z^i^—l,  —a,  -1,  we  have 

x''  +  ys  —  y^  =  0,    y^  +  za!-z^  =  0,    z^ +  xy -x''  =  0; 

viz.  the  point  1  lies  on  each  of  these  conies;  similarly  the  point  2  lies  on  each  of  the 
same  conies ;  and  the  point  3  hes  on  each  of  the  same  conies ;  that  is,  the  conies  in 
question  have  in  common  the  points  1,  2,  3. 

In  like  manner,  the  conies 

x'^  +  ys-  s'-O,     y^  +  zx-x^  =  0,     z'^  +  xy -y'' =0, 

have  in  common  the  points  4,  5,  6. 

The  general  result  is  that  the  given  conic  and  the  cubic  meet  in  six  points  forming 
two  groups  of  points  (1,  2,  3)  and  (4,  5,  6) ;  through  the  points  (1,  2,  3)  we  have 
three  cubics  and  three  conies;  and  through  the  points  (4,  5,  6)  we  have  three  cuhics 
and  three  cooics. 

If  in  the  equation  x'  +  a?  —  '2.x  —  l  =  Q,  whose  roots  are  a.,  4>  (n),  </i^  (a),  we  put 
iC  =  2cos^,   the   equation    becomes 

2  (3  COS  e  +  cos  30)  +  2  (1  +  cos  26')  -  4  cos  £>  -  2  -  0, 
or 

2cos3^  +  2coB2^  +  2e 

or  the   three   roots   are   2cos^7r,   2coa|7r,    2cos^7r.     The   two   equations 

ys!+  zx  +  xy  =  0,    x^  +  y^  +  z^  +  3xy2  —  0, 

are  satisfied  if  x-.y  ■.z=  these  three  roots  in  any  order,  giving  the  six  solutions.  The 
semi-symmetrieal  systems  are  satisfied,  the  one  by 


:  y,  =cos|7r  :  cos^tt 


and  the  other  by 

z  :  y  :  X, 


[Vol.  xxxrx.,  1883,  p.  31.] 

6689.  (Proposed  by  Professor  Cayley.) — Show  (1)  that  the  apparent  contour  of  a 
Steiner's  surface  {2xyz -\- y^z^  +  z^x'^-\-x^'!f  =  G),  as  seen  from  an  exterior  point  on  a  nodal 
line  (say  the  axis  of  z),  projected  on  the  plane  of  the  other  two  nodal  lines,  is  an  ellipse 
passing  through  the  four  points  (+ 1,  0)  and  (0,  ±  1) ;  and  (2)  find  the  surface- contour, 
or  curve  of  contact,  of  the  cone  and  surface. 
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[Vol.  XXXIX.,  p.   49.] 

4722.     (Proposed    by  Professor    Cayley.) — 1.     Show   that   the    eonditiona   in  regard 
to  the  reality  of  the  roots  of  the  equation 

are,  if 

(4«i=  -  3a)'  -  (Sm'  -  9ma  -  27^)^  =  - , 

then  the  roots  are  two  real,  two  imaginary ;   but  if 

(im?  -  3«)=  -  (8m»  -  9ma  -  27 Af  =  + , 
then,  if  simultaneously 

a  =  +  ,     A(ma-9A)^  +  , 

the  roots  are  all  real,  but  otherwise  they  are  all  imaginary. 

2.     If  the   roots    of    the    foregoing   equation   are   all    imaginary,  then    for   any   real 
value   whatever   of  ?/,   the   roots   of  the   equation 

(ii?  +  f~  af  +  16A  (x  -  m)  =  0 
are  all  imaginary. 


that  is, 


[Vol.  sxxix.,  pp.  69,  ?0.] 

4387.  (Proposed  by  Professor  Cayley.) — Using  the  term  "  Cassiniau "  to  denote  a 
bi-circular  quartic  having  four  foci  in  a  right  line ;  show  that  the  equation  of  a 
Cassinian  having  for  its  four  foci  the  points  cc-=a,  x  =  b,  x  =  c,  ce='d  on  the  axis  of 
ic,  may  be  written  in  the  four  equivalent  forma 

(          .      ,     T(d-c),  T{b-d),    p(c-h)UAi,  Bi,  a.  D^)^0, 

T(c  —  d),              .       ,  p(d  —  a),     fr(a-c) 

a{d-h),     p{a-d),  .     ,     r(b-a) 

p(b-c),     aic-a),  t(«-6), 

T{d- c)B^  +  a {b  - d)Ci  +  p  (c-b)Di  =  0, 

T(o~d)Ai          .  +p{d-a)Ci+a{a-c)iy'  =  Q, 
&c.,  &c, 

where    A^,    B^,    (7-,    D^    are    the    distances    from    the    four    foci    respectively,    and    the 
parameters   p,   <j,   t  are   connected   by   the   equation 

f{a-d){b-6)\<7^Q>-d-){c-(i)^r'{fi-d){<x-h)^^. 

Show   also  that   the   curve   has,   at  right   angles  to  the  axis  of  x,   two  double  tangents, 
the  equation  whereof  is  any  one  of  the  three  equivalent  forms 

(([+  d-2«)(&  +  c-2ic)  :  (i  +  rf-2«)(c+a-2a:)  :  (c+ (^ - 2a;)(a +  & - 2a:)  =  p2  :  <7=  :  t=. 
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[Vol.  XL.,  1884,  p.  32.] 
7376.     (Proposed   by   Professor   Cayley.) — Show   how   the   construction   of  a  regular 
heptagon  may  be  made  to  depend  on  the   triseetion  of  the  angle  coB~^(g-„J. 


[Vol.  XL.,  p.  110.] 
7352.     (Proposed   by   Professor   Cayley.) — Denoting   by  x,  y,  z,  |,  jj,  ^  homogeneous 
linear  functions  of  four  coordinates,  such  ■  that  identically 

a:  +  J  +  3  +  ^  +  7,  +  ^=  0,     ax  +  hy  +  cz-Yf^^  97)  +  H=0, 
where   af  =  bg—ch  =  l;    show   that 

is   the   equation   of  a   quartic   surface   having   the   sixteen   singular  tangent  planes  (each 

touching  it  along  a  conic) 

a;=0,     y  =  0,    s  =  0,     J-0,     -7  =  0,     f  =  0, 
ie  +  y-i-z  =  0,    ie  +  tj  +  e  =  0,     ax  +  by  +  cz=0,     ax+gy)  +  ce^O, 
^  +  2/4-3  =  0,     a:  +  y+^=0,    f^  +  by  +  cz=0.     cuii  +  by  +  h^=0, 

^       .        y       ,        ^-       _n  ^       I      _1      ,        f__n 

l-bc'^l-ca^l-ah      ''     l-gb.'l-hfl-fy 


[Vol.  XLi.,  1884,  p.  37.] 
5421.     (Proposed  by   Professor   Cayley.) — -Suppose 

8^  -  m,  (a^  -  a,),  m^  {w  -  a^),  m^  (x  ~  Oj),  m,  (x  -  a,) ; 
where,  for   any  given   value   of  x,  we  write   +,  — ,  or   0,  according  as   the   linear  ftmcfcion 
is   positive,   negative,   or  zero,   and   where   the    order    of   the   terms   is   not   attended   to. 

If  X  is   any   one   of  the   values   a,,  a^,  Oj,  »j,  the   corresponding  S  is   0  +  +  +,   0 , 

0  +  +-,  or   Oh :   and   if  /  denote  indifferently  the  first   or  the   second  form,  and   R 

denote   indifferently  the  third  or  the  fourth  form :   then   it   is  to  be  shown  that  the   four 
S's  are  B,  R,  E,  R,  or  else  R,  R,  I,  I. 


[Vol.  XLiv.,  1886,  p.  109,] 
8340.  (Proposed  by  F.  Mobxey,  B.A.)— Show  that  (1)  on  a  chess-board  the  number 
of  squares  visible  is  204,  and  the  number  of  rectangles  (including  squares)  visible  is 
1,296;  and  (2)  on  a  similar  board,  with  n  squares  in  each  side,  the  number  of 
squares  is  the  sum  of  the  iirat  n  square  numbers,  and  the  number  of  rectangles 
(including  squares)  is  the  sum  of  the  first  n  cube  numbera 
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In   a  board    of   n^    squares,   the    number    of   pairs   of   vertical   lines   at   a   distance 
from    each    other    of    n  —  r+l    squares    is   =r;    and    the    number    of    pairs    of    horizontal 
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lines   at   a   distance   from   each   other   of  n  — ,?   squares   is   =  s.      Hence    the    number 
rectangles,    breadth    n  —  r  +  l    and    depth    n  —  s  +  1,    or    say    the    number    of 


rectangles,  is  =  r. 


("- 


fl)(n-»  +  l) 


For    instance,   «.  =  4,   the    number    of   rectangles   44,   43,   34,   &c.,   is   shown   in   the 
hence   the   whole  number  of  rectangles  is  (1  +  3  +  3  +  4)^  =  1^  +  2'  +  3'  +  4^,  and 
so  for  any  value  of  n. 

The   same   diagram   shows   that   the  whole   number   of  squares   is   =  1^  +  2*  +  S*  +  4^ ; 
and  so  for  any   value  of  n. 


[Vol.  XLVL,  1887,  pp.  49,  50.] 

8636.     (Proposed  by   Professor  Mahendea  Nath  Eay,  M.A.,  LL.E.) — Show  that  the 
following  equations  are   satisfied  by  the  same  value  of  x,  and  fiod  this  value : — 

ax(!^~  a')*  +  hx  (x^ ~  6')*  +  ca:(af-(f)i  =  2abc, 
2  ix^  -  u?)^  (!c->  -  b')^  (^  -  c=f  =w(a'  +  b'  +  c^-  2«'). 


Solution  by  Professor  Cayley. 
The  second  equation  rationalised  gives 
[x'  -4a^(a^+b^  +  c^)  +  4a^  (b'c^  +  c'a'  +  a^h^)  -  ia'b^c^  =  4«»  ~  4ie*  (a^  +  &«  +  c=)  +  «=  (a=  +  b'  +  c^f ; 


that  is. 


V!!^  =  4a=iiV 
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if,  for  shortness. 

We  thence  find 

V  {ij!=  -  a^)  -  a'  (-  a=  +  6'  +  c% 

V  (a:'  -  6^)  =  &=  (ct^  -  6^  +  0=)^      V  (af  -  c')  =  c'  (a?-  +  b^-  cj, 

and  therefore  also 

V  Wic^  {of  -  a'^)  =  4a^i V  (-  tt=  +  6^  +  c')",  &e. 

Or,  assuming  the  sign  of  the  square  roots, 

^^axix'-  a^f  =  2abc  (-  a^  +  a'6'  +  a'c=),     V  J«  (a;=  -  6')!  =  2a6c  (+  a^6=  -  &*  +  fr^cO, 

V  Gc  (ic^  -  c=)4  =  2aic  (a'c'  +  b''c'  -  c% 

whence,  adding,  the  whole  divides  by   V   and  we  have 

ais{^-  ft^)*  +bx(x'~-  b'f  +  Cic  (x^  -  d')^  =  2abc, 

the  second  equation.  Obserre  that  the  second  equation  rationalised  gives  an  equation 
of  the  form  (a^,  1)'  =  0 ;  the  foregoing  value  x"  =  ia^b^^j^  is  thus  one  of  the  four 
values   of  a^. 


[Vol.  XLVIL,  1887,  p.  141.] 
5271.     {Proposed    by    Professor    Caylet.)— If    to    be    an    imaginai-y    cube    root    of 
unity,  show  that,  if 


then 


and  explain  the  general  theory. 


[Vol.  L.,  1889,  p.  189.] 

3105.  (Proposed  by  Professor  Caylet.)— The  following  singular  problem  of  literal 
partitions  arises  out  of  the  geometrical  theory  given  in  Professor  Cremona's  Memoir, 
"Sulle  trasformazioni  geometriche  delle  figure  piane,"  Mem.  di  Bologna,  torn.  v.  (1865). 
It  is  best  explained  by  an  example : — A  number  is  made  Up  in  any  manner  with  the 
parts  2,  5,  8,  11,  &c.,  viz.  the  parts  are  always  the  positive  integers  =  2  (mod.  3); 
for  instance,  27=1.11+8.2.  Forming,  then,  the  product  of  27  factors  a?'-(bcdefghiy, 
this  may  be  partitioned  on  the  same  type  1.11  +  8.2  as  follows, 

a'bcde/ghi,     ah,    ac,     ad,     ae,     af,     ag,    ah,    ai. 

(Observe   that   the   partitionment   is   to    bo    symmetrical    as    regards    the    letters    which 
have  a  common  index.)     But,  to  take  another  example, 

37=0.11+3.8  +  1.5  +  4.2  =  1.11+0.8  +  4.5  +  3.2. 
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